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Preface 



A large number of decision making and optimization problems can be 
formulated as follows: Given a set of feasible alternatives and a binary 
relation better than for a consistent mutual comparison of alternatives, find 
the best alternative. As a rule, the set of feasible alternatives is specified by a 
number of conditions as a subset of a given underlying set. The underlying set 
is usually equipped with some mathematical structure that can be more or less 
helpful in searching for the best feasible alternative. For almost all parts of this 
book, the underlying set is a finite-dimensional Euclidean space. 

In a typical deterministic framework, the binary relation enabling compari- 
son of alternatives is represented by a real- valued function / mapping the set of 
feasible alternatives into the set of real numbers in such a maimer that a feasible 
alternative x is better than a feasible alternative y if and only if f{x) > f{y) 
or f{x) < f{y), one of these possibilities selected. In the former case the 
problem of finding the best alternative becomes that of maximizing / over the 
set of feasible alternatives; in the latter case, minimization of / is required. 
Construction of such an objective function may be a nontrivial task. Moreover, 
for some practically relevant binary relations such representations do not exist. 
It is therefore sometimes preferable or necessary to represent some relations 
by means of several functions. The meaning of maximization or minimization 
with respect of several real- valued functions may vary according to the under- 
lying binary relation. For example: in some situations, the decision maker can 
be interested in finding a Pareto maximizer; in other situations, his wish may 
be to find a compromise solution. 

Convexity of sets in linear spaces, and concavity and convexity of func- 
tions lie at the root of beautiful theoretical results that are at the same time 
extremely useful in the analysis and solution optimization problems, regard- 
less of whether the optimization is required with respect to a single objective 
or multiple objectives. Fortunately, not each of these results relies necessarily 
on convexity or concavity. Some of them, for example the results guaranteeing 
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that each local optimum is also a global optimum, can be derived for substan- 
tially wider classes of problems. A large portion of the first part of this book 
is concerned with several types of generalized convex sets and generalized 
concave functions. In addition to their applicability to nonconvex optimiza- 
tion, they are used in the second part, where decision making and optimization 
problems under uncertainty are investigated. 

Uncertainty in the problem data often cannot be avoided when dealing with 
practical problems. It may arise from errors in measuring physical quantities, 
from errors caused by representing some data in a computer, from the fact 
that some data are approximate solutions of other problems or estimations by 
human experts, etc. Over the last thirty years, the fuzzy set approach proved to 
be useful in some of these situations. It is this approach to optimization under 
uncertainty that is extensively used and studied in the second part of this book. 

Usually, the membership functions of fuzzy sets involved in such problems 
are neither concave nor convex. They are, however, often quasiconcave or 
concave in some generalized sense. This opens possibilities for application of 
results on generalized concavity to fuzzy optimization. Interestingly, despite 
of this obvious relation, the interaction between these two areas has been rather 
limited so far. It is hoped that the presented combination of ideas and results 
from the field of generalized concavity on the one hand and fuzzy optimization 
on the other hand will be of interest to both communities and will result in an 
enlargement of the class of problems that can be satisfactorily handled. 

In Chapter 1, for reader’s convenience, we review some basic notation and 
concepts necessary for understanding of the text, particularly, we present some 
introductory elements of linear algebra and calculus. 

In Chapter 2, we deal with generalized convex sets. The most natural 
generalization of convex sets are starshaped sets. As further generalization 
of starshaped sets we obtain path-connected sets, invex sets and univex sets. 
Finally, we introduce a new class of generalized convex sets. 

Chapter 3 begins with the classical definitions of concave and quasiconcave 
functions. Then we introduce starshaped functions, quasiconnected functions, 
and a concavity of functions with respect to suitable sets of mappings and 
functions. This approach enable us to cover several other ways of introducing 
generalized concavity known from the literature. Differentiable generalized 
concave functions are also studied and mutual relationships among different 
classes of functions are presented. An application to constrained optimization 
is discussed. 

In Chapter 4, we deal with functions defined on the n-dimensional 
Euclidean space R” and having their values in the unit interval [0, 1] of real 
numbers. Such functions naturally appear in optimization under uncertainty 
where they can be interpreted as membership functions of fuzzy subsets of 
R” or possibility distributions, etc. Using the notions and properties of trian- 
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gular norms and triangular conorms, we introduce and study new classes of 
functions related to concavity. We call them (#, T)-concave functions because 
they are defined by choosing a class $ of suitable mappings and a triangular 
norm T. We focus on deriving conditions under which local maximizers of 
such functions are also global maximizers. 

In Chapter 5, we prepare a material for further study of multi-objective 
optimization problems by analyzing some properties of general aggregation 
operators applied to criteria in the form of generalized concave functions. We 
look for conditions guaranteeing some attractive local-global properties of 
aggregating mappings. In this context we review mainly well known classes 
of averaging aggregation operators: compensative operators, order-statistic 
operators and OWA operators. We present also general classes of aggregation 
operators generated by Sugeno and Choquet integrals. 

In Chapter 6, we deal with fuzzy sets. Already in the early stages of the 
development of fiizzy set theory, it has been recognized that fuzzy sets can be 
defined and represented in several different ways. We define fuzzy sets within 
the classical set theory by nested families of sets, and then we discuss how this 
concept is related to the usual definition by membership functions. Binary and 
valued relations are extended to fuzzy relations and their properties are exten- 
sively investigated. Moreover, fuzzy extensions of real functions are studied, 
particularly, the problem of establishing sufficient conditions under which the 
membership function of the function value is quasiconcave. Sufficient con- 
ditions for commuting the diagram ’’mapping - a-cutting” is presented in the 
form of classical Nguyen’s result. 

In the second part of this book, we are concerned with applications of the 
theory presented in the first part. 

In Chapter 7, we consider the problem to find a ’’best” decision in the set of 
feasible decisions with respect to several criteria functions. Within the frame- 
work of such a decision situation, we deal with the existence and mutual 
relationships of three kinds of ’’optimal decisions”: Weak Pareto-Maximizers, 
Pareto-Maximizers and Strong Pareto-Maximizers - particular alternatives sat- 
isfying some natural and rational conditions. We study also the compromise 
decisions maximizing some aggregation of the criteria. The criteria considered 
will be functions defined on the set of feasible decisions with the values in the 
unit interval. As mentioned above such functions can be interpreted as mem- 
bership functions of fuzzy subsets and will be called fuzzy criteria. Later on, 
in Chapters 8 and 9, each constraint or objective function of the fuzzy mathe- 
matical programming problem will be associated with a unique fuzzy criterion. 
From this point of view. Chapter 7 could follow the Chapters 8 and 9, which 
deal with fuzzy mathematical programming. Our approach is, however, more 
general and can be adopted to a more general class of decision problems. The 
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results of Chapter 5 are extended and presented in the framework of multi- 
criteria decision making. 

Fuzzy mathematical programming problems (FMP) investigated in Chap- 
ter 8 form a subclass of decision-making problems where preferences between 
alternatives are described by means of objective functions defined on the set 
of alternatives in such a way that greater values of the functions correspond to 
more preferable alternatives. The values of the objective function describe ef- 
fects from choices of the alternatives. The chapter begins with the formulation 
of a FMP problem associated with the classical mathematical programming 
problem (MP). After that we define a feasible solution of FMP problem and 
optimal solution of FMP problem as special fuzzy sets. From practical point 
of view, a-cuts of these fuzzy sets are important, particularly the nonempty 
a-cuts with the maximal a. Among others we show that the class of all MP 
problems with (crisp) parameters can be naturally embedded into the class of 
FMP problems with fuzzy parameters. 

In Chapter 9, we deal with a class of fuzzy linear programming problems 
(FLP) and again introduce the concepts of feasible and optimal solutions - the 
necessary tools for dealing with such problems. In this way we show that the 
class of classical linear programming problems (LP) can be embedded into the 
class of FLP problems. Moreover, for FLP problems we define the concept 
of duality and prove the weak and strong duality theorems. Furthermore, we 
investigate special classes of FLP - interval LP problems, flexible LP prob- 
lems, LP problems with interactive coefficients and LP problems with centered 
coefficients. 

In Chapter 10, we first recall elementary concepts and basic models of 
deterministic machine scheduling. Then we discuss some of them in nondeter- 
ministic situations. We present motivation examples characterizing difficulties 
that may occur under uncertainty of problem parameters. Then we investigate 
some particular fuzzy models with fuzzy due dates, fuzzy processing times and 
fuzzy precedence relations. Finally we discuss some directions of the future 
research in the area of fuzzy machine scheduling. 
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THEORY 




Pure thought is always better than thoughtless counting 

— Paul Halmos and Steven Givent 
in Logic as Algebra 




Chapter 1 

PRELIMINARIES 



We assume that the reader is familiar with standard set theoretic concepts, 
introductory elements of linear algebra, and basic material from calculus. To 
avoid misunderstandings and for reader’s convenience, we review some basic 
concepts, results and notations. 

If a is an element of a set A, we write a € A; if not, we write a ^ A. When 
A is a subset of B (proper or improper), we write A C B. The union and the 
intersection of sets A and B is denoted by .4 U B and AOB, respectively. The 
empty set is denoted by 0, and the symbol A\B stands for the set of elements 
of A that do not belong to B. 

A binary relation on a set A is a subset of the Cartesian product Ax A. If :< 
is a binary relation on A and (a, b) belongs to ■<, then we usually write a :<b 
instead of (a, b) G 

A binary relation r< on A is called 

(i) reflexive if a :< a for each a G A, 

(ii) antisymmetric if a 6 and b<a imply a = 6 for all a, h G A, 

(iii) transitive ifa:<b and b:< c imply a :< c for all a,b,cE A, 

(iv) linear if a :< bar b :< a for all a,b£ A. 

If a binary relation :< on A satisfies (i) - (iii), then it is called a partial 
ordering relation on A. A partial ordering relation on A satisfying (iv) is called 
a linear ordering relation on A. 

Let be a partial ordering relation on a set X and let A be a subset of 
X. Then a; G X is an upper bound of A if a < x for all o G A. An upper 
bound u of A is called the supremum of A if, for each upper bound x of A, we 
have u ■< X. The supremum of A is called maximum of A if it belongs to A. 




6 



GENERAUZED CONCAVITY 



We write u = sup ^ if u is the supremum of A, and u = max ^ if u is the 
maximum of A. Analogously, an element x G X is a lower bound of A if 
X a for all a € A. A lower bound u of A is the infimum of A if x u 
for each lower bound x of A. We write u = inf A if u is the infimum of A. 
If the infimum u of A belongs to A, then we call it minimum of A and write 
u — min A. 

A set L with a partial ordering relation :< is a lattice, if inf{x, y} and 
sup{x, y} exist for all x, y G L. 

Our working space throughout this book is the set R” of ordered n-tuples 
of real numbers equipped with the structure of a real vector space and the 
standard Euclidean stmcture. 

The former means that if A is a real number (called also a scalar) and x = 
(^1,6) • • • > ^n), y = (^ 1 , r?2, • • • , ‘fin) are from R", then the multiplication of 
X by A and the summation of x and y are defined by 

Ax = (A^i, A^2) • • • ) -^^n) 



and 

X + y = (^1 +^7l,^2 + ^72 ,•••,^n+^ 7n)• 

The latter means that R” is equipped with the inner (scalar) product (x, y) 
defined by 

(a:, y) = 6^1 + 6^2 + • • • + Cnr/n- 

It should be pointed out that this vector space can also be considered as an 
affine space with specified origin. As a consequence, elements of R” can 
be called vectors or points depending on which structure is more appropri- 
ate or emphasized. Similarly, the numbers Ci>^2i • • - )Cti from which x = 
(^1) ^2) • • • j ^n) is composed are called components or coordinates of x. The 
vector whose all components are zero is denoted 6 and called the zero vector. 

Let us now recall without proofs some basic concepts and facts concerning 
the vector and affine space structures of R”. An element x of R” is a linear 
combination of a nonempty subset A of R", if x = f°r some posi- 

tive integer m, real numbers Ai, A2, . . . , Am and elements oi, 02, . . . , Um of A. 
The empty set has, by definition, only one linear combination, namely, the zero 
vector. Depending on additional restrictions on A 1 , A2, . . . , Am, we obtain var- 
ious classes of linear combinations. The following ones are used extensively 
in the book. 

A linear combination \iOi is called 

■ an affine combination, if ^^=1 = 1; 

■ a convex combination, if Aj = 1 and Aj > 0 for i = 1, 2, . . . , m; 

■ a convex conical combination, if Aj > 0 for z = 1, 2, . . . , m. 
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By somewhat misusing the language, we often write ”a combination of 
elements” instead of ”a combination of a set”. 

A subset S of R” is called linear (affine, convex), if S contains all its 
linear (affine, convex) combinations. Linear subsets are also called (linear) 
subspaces of R”, and affine subsets are also called cffine subspaces. The 
intersection of all linear (affine, convex) sets of R” containing a subset S of 
R” is called a linear (affine, convex) hull of S. It turns out that a linear (affine, 
convex) hull of S is equal to the set of all linear (affine, convex) combinations 
of S, and is also the smallest, with respect to inclusion, linear (affine, convex) 
set containing S. The convex hull of a set S is denoted by Conv(5). 

If X and y are points of R", then the convex hull of the set {a;, y} is called 
the line segment joining x and y. The line segments are denoted by I(x, y). 
Obviously 

I(ar, y) = {2 G R" I z = a; + A(y - a:), A G [0, 1]}. 

It is an easy exercise to show that a subset 5 of R” is convex if and only if 
I(x, y) C S whenever x,y G S. 

If X and y are two different points of R”, then the affine hull of the set {a;, y } 
is called the line going through x and y and is denoted by L(a;, y). Obviously 

L(a:, y) = {z E R" \ z = x + A(y — x), \ E R}. 

The half line emanating from x through y is the set of all points of the form 
a; + A(y — a:), where A > 0, that is, 

H(x, y) = {z E R” \ z = X + A(y — x), A > 0}. 

An important concept for study of sets in vector spaces is that of linear 
independence. A vector x is said to be linearly dependent on a set S, if it 
can be expressed as a linear combination of vectors from S. If x is not 
linearly dependent on S, then it is said to be linearly independent of S. A 
set U containing at least two vectors is said to be a linearly independent set, 
if each vector x E U is linearly independent of ?7 \ {x}. By convention, the 
empty set and the sets consisting only of a single nonzero vector are linearly 
independent; the set consisting only of the zero vector is a linearly dependent 
set. Often we say linearly dependent or independent vectors instead of linearly 
dependent or independent sets of vectors. Obviously vectors xi,X 2 ,..., Xm 
are linearly independent if and only if the equality ~ ^ implies 

Aj = 0 for alH = 1, 2, . . . , m. 

A subset S of linearly independent vectors from a subspace L of R" is said 
to be a basis for L, if S generates L in the sense that L is the linear hull of S. 
Every subspace of R"^ has a basis and any two bases of a given subspace have 
the same number of elements; this number is called the dimension of the 
subspace. 
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The set {ei, 62, . . . , e^} of vectors 

ei = (1,0,0,...,0), 

62 = (0,1,0,...,0), 

en = (0,0,0,...,1), 



is a basis of R”. This basis is called the canonical basis of R”. It follows that 
the dimension of R” is n. 

The operation of multiplication of a vector by a scalar A and addition of 
vectors are extended to subsets A and B of vectors by 

XA = {2: € R” 1 X = Xa, a G A}, 



and 

A + B = {x E R” \ x = a + b, acA, bE B}. 

If A consists of a single vector a, that is, A = {a}, then we write a + B instead 
of {a} + B and say that the set a + B is a translate of B by the vector a. 
Obviously A + B can be interpreted as the union of all translates a + B of B 
for a E A. It turns out that every affine subspace A of R" can be expressed as 
a translate a + L of a linear subspace of R”. Under the dimension of A, we 
understand the dimension of the corresponding linear subspace. The dimension 
of the arbitrary nonempty subset of R” is then defined as the dimension of its 
affine hull. 

Now we turn our attention to topological concepts induced by the inner 
product 

n 

i^^y) = 

2=1 

First we notice that R” can be considered as a norm space, or as a metric 
space by defining the Euclidean norm ||xH of a vector x and the Euclidean 
distance d{x, y) from a point a: to a point y as follows: 

l|x|| = (x,x )2 and d(x,2/) = ||x-y||. 

Observe that d{x,y) is the usual distance from x = (^1,^2, • • -j^n) to 
y = {r}i,T)2, ■ ■ ■ , r?„), because 



d{x, y) = ||x -y\\ = {x-y,x-y)2 = 






L2=1 



1 

2 
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Having the concept of a norm or a distance at our disposal, we define the 
standard topology of R” as follows. First we define, for each x E R” and 
5 > 0, the open ball B{x, 6) centered at x with radius 5 by 

B{x,6) = {yER^\d{x,y)<6}. 

Then we say that a point x E R” is an interior point of the set 5 C R”, if 
there is a 5 > 0 such that B{x, S) C S. Next we say that a set S is open if each 
of its points is an interior point of S. 

The family of all open subsets of R” defined in this manner is called the 
standard topology for R”. If <S is a nonempty subset of R", then the topology 
relative to S is the family of all sets U such that 17 = 5 n F for some open set 
FofR”. 

The interior of a set 5, denoted by Int(5) , is the union of all the open subsets 
of S. Obviously the interior of S is the set of all interior points of 5. 

The relative interior of a set S, denoted by Rlint(5), is the union of all the 
open sets in the relative topology to S. 

A set S is closed if its complement C{S) = R” \ 5 is open. The closure 
Cl(5) of 5 is the intersection of all the closed sets containing S. Also, a point 
X is in Cl(5) if and only if, for every (5 > 0, the open ball B(x, contains at 
least one point of S. 

The boundary Bd(5) of a set S is defined by Bd(5) = Cl(5) D C1(C(5)). 
A set S is bounded if there exists (i > 0 such that S C B{x, S). A closed set 
S is said to be regular if Cl(Int(5)) = S. A set S is said to be compact if it is 
closed and bounded. 

Two sets A and B are separated if both AnCl(R) and C1(A) nR are empty. 
A set S is connected if S is not a union of two nonempty separated sets. 

An infinite sequence of points in R” is said to converge to the 

limit X, if the sequence {d{xki of numbers converges to zero ask 

+ 00 . If converges to x, we write Xk x or limxfe = x. Important 

observations are that if a sequence converges, then its limit is unique and that a 
sequence converges if and only if each component converges. It is also useful 
to notice that a set S is closed if and only if every convergent sequence of 
points from S has its limit in 5. 

Finally, we recall some notation and concepts related to real-valued func- 
tions defined on subsets of R”. Let a be a real number and X be a subset of 
R”. For a function / : X R, we find useful to introduce the following sets: 

■ The set 

U{f,a) = {xEX\f{x)>a} 
is called upper-level set of / at a. 

■ The set 

L{f,a)^{xEX\f{x)<cc] 
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is called lower-level set of / at a. 

■ The set 

H{f,a) = {xcX\f{x) = a} 
is called level set of / at a. 

■ The set 

Epi(/) = {(x,f)GXxR|/(a;)<f} 
is called epigraph of /. 

■ The set 

Hyp(/) = {(x,f)GXxR|/(o:)>f} 
is called hypograph of f. 

Also the following properties of real-valued functions will be used in the 
sequel. A function / : A" — > R is said to be 

■ upper semicontinuous on X (USC on X) if all its upper-level sets U (/, a) 
are closed. 

■ lower semicontinuous on X (LSC on X) if all its lower-level sets L{f, a) 
are closed. 

■ continuous on X if it is both upper and lower continuous on X. 

Since we are interested in optimization problems, the following well known 
fact is of great importance. 

Theorem 1.1 Let X be a nonempty compact subset 0/ R”. A function 
f : R” R upper semicontinuous (lower semicontinuous) on X attains 
its maximum (minimum) on X. 

As a consequence, each continuous function on a nonempty compact set X 
attains both its maximum and its minimum on X. 




Chapter 2 



GENERALIZED CONVEX SETS 



In this chapter we first generalize convex sets by introducing the concept of 
starshaped sets, which is ”one-step” more general than the concept of convex 
sets. Then we make further steps generalizing the starshaped sets to obtain 
path-connected sets, ^-convex sets and some other types of generalized convex 
sets. The generalized convex sets will serve as a basis for defining generalized 
concave and convex functions, which will be introduced in the third chapter. 
We also pay attention to the separability of starshaped sets. 

1. Convex Sets 

Having surveyed the basic structures of R”, we now direct our attention to 
the basic ideas of convex sets. As mentioned in the introduction the notion of 
a convex set can be defined as follows. 

Definition 2.1 A subset X o/R" is a convex set if, for every x,y £ X,we 
have I(x, y) C X. 

Geometrically, a set is convex if with the end points belonging to X the 
whole line segment joining the end points lies in X. The following theorem 
is basic in the study of convex sets. It was first published by Caratheodory in 
1907. The proof is elementary and can be found in [67]. 

Theorem 2.2 (Caratheodory) T/" 5 is a nonempty subset o/R”, then every 
X G Conv(iS') can be expressed as a convex combination of n + \ or fewer 
points of S. 

Let 5 be a convex set. A point x €. S is called an extreme point of S, if 
S \ {cc} is convex. The set of all extreme points of S is denoted by Ext(5). It 
is a well known fact that nonempty every compact convex subset 5 of R" is 
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the convex hull of its all extreme points, i.e., 

S = Conv (Ext(5)) . 

The convex hull of a finite set is called a polyhedron. The extreme point 
of a polyhedron S is called a vertex of S. If 5 = {xi,X 2 , ■ ■■, 2 :^+ 1 } and 
dim(5) = k, then Conv(5) is called a k-dimensional simplex. Also the points 
xi,X 2 ,..., Xk +1 are vertices of the fc-dimensional simplex Conv(5). Finally, 
we state a definition of strict convex sets. 

Definition 2.3 A convex set X C R” that contains at least two points is 
said to be strictly convex if, for every pair of different points x and y in the 
boundary of X, each point Aa; + (1 — X)y with A € (0, 1 ) belongs to the 
interior of X. 

Notice that for each strictly convex set it holds Int(X) 7 ^ 0. We have also 
the following characterization of strictly convex sets; see [3]. 

Proposition 2.4 Let X c R” be a convex set with\ni{X) 7 ^ 0. ThenX is 
strictly convex if and only if all its boundary points are extreme points. 

A detailed treatment of convex sets can be found in the monographs [130], 
[67]. 

2. Starshaped Sets 

In the following definition we generalize the concept of convexity. 

Definition 2.5 Let X be a subset o/R", y c. X. The set X is starshaped 
from y if, for every x G X, we have I(x, y) C X. The set of all points y € X 
such that X is star shaped from y is called the kernel of X and it is denoted by 
Ker(X). The set X is said to be a starshaped set if Ker{X) is nonempty, or X 
is empty. 

Clearly, X is starshaped if there is a point y E X such that X is starshaped 
from y. From the geometric viewpoint, if there exists a point y in X such 
that for every other point x from X the whole segment I(a;, y) connecting the 
points X and y belongs to X, then X is starshaped. Evidently, every convex 
set is starshaped. For a convex set X, we have Ker(X) = X. Moreover, in 
the 1 -dimensional space R, convex sets and starshaped sets coincide. In the 
following examples we demonstrate that this conclusion is not true in R 



Example 2.6 The Star set. In Figure 2.1 (a) we have the non-convex star- 
shaped set JCi in R^. The dark shaded hexagonal K is the corresponding 
kernel. □ 
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Example 2.7 The Moon set. In Figure 2. 1 (b) we have the non-convex star- 
shaped set X 2 in R^. The kernel is the singleton K. □ 

Example 2.8 The Twin set. In Figure 2.1 (c) we have the non-convex star- 
shaped set Xs in R^. The corresponding kernel is the segment K. □ 

Example 2.9 The Dirichlet set. Let / : [0, 27 t) {0, 1} be the Dirichlet 

function, i.e. /(y?) = 0 if </? e [0, 27 t) is a rational number and /((/?) = 1 if (/j G 
[0, 27t) is an irrational number. Let X 4 = {(x,y) € R^ | x = rcos(/?, y = 
rsimp, 0 < r < 0 < (p < 27t}, see Figure 2.1 (d). The corresponding 

kernel is the singleton K. Notice that X 4 is not convex and in every open ball 
centered at any point of X 4 there exist points not belonging 10 X 4 . □ 




(C) 



(d) 



Figure 2.1. 
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Example 2.10 In Figure 2.2 we have the convex (starshaped) set X 5 in 
defined as follows: X 5 = {(x, y) \ x > 0,y > \/x}. Then Xq defined as the 
complement of X 5 in R^, i.e., Xe = R^ \ X 5 , is starshaped; it is, however, a 
non-convex set. □ 




Figure 2.2. 



Non-convex starshaped sets in R^, particularly starshaped polyhedra, have 
been known since the antiquity. According to the book [24] star polygons were 
first studied mathematically by Thomas Bradwardine (1290-1349) and were 
later investigated by the famous astronomer Johannes Kepler (1571-1630). A 
starshaped polyhedron can be obtained from a regular polyhedron by a process 
called stellation. This process is based on the idea of extending either faces 
of edges of the polyhedron and it was first described by Kepler in his book 
Harmonices Mundi published in 1619. 

Further on, we shall investigate the properties of the starshaped sets. We 
begin with the well known results about kernels. 

Proposition 2.11 Let X be a subset o/R”. Then the kernel Ker(X) is 
convex. 

Proof. Obviously, if X is not starshaped, then Ker(X) is empty, therefore 
convex. 

Let X be starshaped, xi,X 2 € Ker(X) and A € (0, 1). By definition of 
Ker(X) we have 2 = Axi -I- (1 — X)x 2 G X. We show that z G Ker(X) 
by contradiction. Suppose the opposite, then there is a u G X and 6 G (0, 1) 
such that u = -t- (1 — S)z ^ X. Since u E X, X 2 C. Ker(X), we have 

4- (1 — e)x 2 G X for every e G (0, 1). Then there exists eo G (0, 1) such 
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that for It? = £ow+(l— £ 0 ) 3^2 we get t; = 7ory+(l— 7o)a^i for some 70 G (0, 1), 
see Figure 2.3. As ry G X, xi G Ker(X), we have, by the definition of kernel, 
V = jqw + (1 — 7o)a:i G X, a contradiction. ■ 




X2 

Figure 2.3. 



Proposition 2.12 Let A c R'", B c R”, a g R. Then 



Ker(A) + Ker(R) C Ker(A + B) 


(2.1) 


aKer(A) = Ker(aA). 


(2.2) 



Proof. 1. Suppose that A and B are nonempty, otherwise the proof is 
trivial as A + 0 = A for each A c R”. To prove inclusion (2.1), let y G 
Ker(A) + Ker(5). There exists a G Ker(A), b G Ker(S), with y = a + b. 
Taking arbitrary x G A + B and A G (0, 1), we show that Ax + (1 — X)y G 
A + B. Indeed, there exists u E A, v G B with x = u + v, such that 
Ax + (1 — X)y = [Au + (1 — A)a] + [Au + (1 — X)b]. The first term on the 
right side of the last equation belongs to A, whereas the second one belongs to 
B. Consequently, Ax + (1 - X)y G A + B, thus y G Ker(A + B). 

2. Now we prove equality (2.2). If y G aKer(A), then there is u G Ker(A) 
with y = au. Taking arbitrary x G a A and A G (0, 1), we show that Ax + 
(1 — X)y G aA. 

There existsu G A withx = au and then Ax+(1 — A)y = a[Au + (l — A)u], 
where the term in parentheses belongs to A, therefore Ax + (1 — X)y G a A. 
We have just proved 

aKer(A) C Ker(aA). (2.3) 



On the other hand, suppose that y G Ker(aA), then y G a A and there is u G 
A with y = au. Without loss of generality we assume a ^0. Using ^ instead 
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of a and a A instead of A in (2.3), we obtain ^Ker(a^) C Ker(^ayl) = 
Ker(.4) and therefore u = £ ^Ker(a^) C Ker(yl). Hence, u € Ker(yl) 

and y = au £ aKer(>l). ■ 

Proposition 2.13 Let A c R”, B c R", a £ R, A, B be starshaped. 
Then A + B and aA are starshaped. 

Proof. We show that A + R is starshaped. As A, B are starshaped, there 
exists yi € Ker(A), and t /2 £ Ker(R). By (2.1) yi+y^C. Ker(A + B), thus 
A + R is starshaped. 

Similarly, since A is starshaped, there exists y £ Ker(A), and by (2.2) 
ay £ Ker(o;A), thus a A is starshaped. ■ 

The following example shows that the opposite inclusion to (2.1) does not 
hold in general. 

Example 2.14 Define Ai = {{xi,X 2 ) G R^ | a;i = 0 ,X 2 € [0, 1]}, A 2 = 
{(xi,X 2 ) 6 R^ I xi € [0, 1], X 2 0}, A = Ai U A 2 , R = {a; = (xi,X 2 ) € 
R^ I xi e (0,1), X 2 € (0,1)}. It can be verified that Ker(A) = {(0,0)}, 
Ker(R) = R, consequently Ker(A) + Ker(R) = R. We can easily see that the 
point (a?! , a: 2 ) = (1, 5 ) belongs to Ker(A + R), however, it does not belong to 
R = Ker(A) + Ker(R). □ 

Now, we present some topological properties of starshaped sets. We shall 
see that some properties of starshaped sets are parallel to convex sets, some of 
them are, however, different. 

Observe first that the interior of a starshaped set is not necessarily starshaped 
as it is evident from Example 2.7. In that example the interior Int(A’ 2 ) of the 
Moon set X 2 is an open set with Ker(Int(X 2 )) = 0. 

On the other hand, it follows from the definition of starshaped sets that any 
two points from a starshaped set can be connected by line segments with each 
point of the kernel, which implies connectedness of the starshaped set. 

An intersection of starshaped (non-convex) sets does not need to be star- 
shaped as the intersection may be disconnected. However, the following result 
holds. 

Proposition 2.15 Let Ai, i £ I, be a family of starshaped sets, where I is 
an arbitrary set. Then 



flKer(A0cJCer f]Ai . 

i€l \i€l ) 

Proof. Let x £ flig/Ker(Ai), y £ z = Xx + (1 - X)y with 

A £ (0,1). Since Ker(Aj) C Aj for each i £ I we have x £ f]^^jAi. 




Generalized Convex Sets 



17 



Moreover, for each i 6 / we have x € Ker(Aj) and y 6 Ai, hence z € A- 
Therefore, 2 ; G Hie/ consequently x € iiCer (Dig/ • • 

Corollary 2.16 //"Pljgj Ker(Aj) ^ 0, j4j is star shaped. 

The problem we deal now with is whether the closure of a starshaped set 
is starshaped. The answer is positive as it follows from the next proposition, 
which itself is an interesting result. 

Proposition 2.17 If A c R” is starshaped then 

Cl(Ker(7l)) C Ker(Cl(A)). (2.4) 



Proof. Let x G Cl(Ker(A)). Then there exists a sequence Xk,k= 1,2,..., 
with Xk € Ker(^) and Xk x. We prove the proposition by contradiction. 
Assume that x ^ Ker(Cl(A)), then there exist y G C1(A) and A G (0, 1) 
such that 2 = Arc + (1 — X)y ^ C1(j4). Likewise, there exists a sequence yk, 
k = 1,2,..., with yk e A and yk y. Setting Zk = \xk + (1 - A)yfe, we 
obtain Zk € A for all A: = 1,2,..., and Zk z. Consequently, 2 G Cl(A), a 
contradiction. ■ 

Corollary 2.1% If A C R” is closed and star shaped, then Ker(A) is 
closed. 

Proof. If A is closed then C1(A) = A and from (2.4) we obtain 

Cl(Ker(A)) C Ker(A). 



Hence Ker(A) is closed. ■ 

Corollary 2.19 If A C R” is star shaped, then C\{A) is starshaped. 

Proof. Let A be a nonempty starshaped set. Then Ker(A) is nonempty. By 
(2.4) Ker(Cl(A)) is nonempty, thus C1(A) is starshaped. ■ 

The opposite inclusion to (2.4) is not true in general as the following exam- 
ple shows. 

Example 2.20 Define Ai = {(xi,X 2 ) G R^ | rci G (-1,0), rc 2 = 0}, 
A 2 = {(xi,X 2 ) G R^ I rci G (0, 1), rc 2 G (0, 1)}, A = Ai U A 2 . We can see 
thatKer(A) = {(0,0)} = Cl(Ker(A)) and Ker(Cl(A)) = {(rri,rc 2 ) € R^ | 
rci G [0, 1], rc 2 = 0}, proving that Cl(Ker(A)) ^ Ker(Cl(A)). □ 
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Caratheodory’s Theorem (Theorem 2.2) provides a combinatorial character- 
ization of convex sets. In some sense, an analogical result for starshaped sets 
was obtained by M. A. Krasnosselsky in 1946; see [130]. This theorem is pop- 
ular under the name of ’’art gallery theorem”; An art gallery consists of several 
connected rooms in which the walls are completely covered with pictures. The 
theorem implies that if for each three paintings in the gallery there exists a 
point from which all three can be seen, then there exists a point from which all 
the paintings in the gallery can be seen. This theorem is an interesting appli- 
cation of the theorem discovered by E. Helly as early as in 1913. The Helly’s 
theorem, which is based on Caratheodory’s Theorem 2.2, can be formulated as 
follows; see [67]. 

Theorem 2.21 (Helly) Let IF be a family of compact convex subsets ofH^ 
containing at least n + \ members. If every n -I- 1 members ofT have a point 
in common, then all the members of T have a point in common. 

More precisely stated, Krasnosselsky ’s theorem gives a Helly-type combi- 
natorial criterion for determining whether or not a compact set is starshaped. 
The following definition will be useful. 

Let 5 be a subset of R”. A point y C. S is said to be visible from a point 
X e S via S if the segment I(a:, y) C S. The set of all points of S visible from 
X € 5 via S is called the x-star of S. 

Theorem 2.22 (Krasnosselsky) Let S be a subset o/R” containing at least 
n 4- 1 points. If for each n + 1 points of S there is a point from which all n + 1 
points are visible, then the set S is starshaped. 

The simple proof of the theorem can be found in [67]. In Theorem 2.22, 
the assumption that ’’for each n -1- 1 points of S there is a point from which all 
n+\ points are visible”, can be weakened to the assumption that ’’for each n+1 
regular points of S there is a point from which all n -t- 1 points are visible”. 
A point y € 5 is a regular point of S if there exists a closed halfspace which 
contains the y-star of S and which has y in the corresponding hyperplane. It is 
evident that a regular point of S is always a boundary point of S. For this and 
some other generalizations of Krasnosselsky and Helly’s theorems; see [130]. 

3, Strongly Starshaped Sets 

In this section we restrict our interest to a special class of starshaped sets 
having full dimension in R”. 

Definition 2.23 Let X be a nonempty and closed subset o/R", y E X. 
The set X is strongly starshaped from y if y E Int(X) and for every x E X, 
the half-line H(y, x) does not intersect the boundary Bd(X) more than once. 
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The set of all points y C X such that X is strongly star shaped from y is called 
a strong kernel of X and it is denoted by Ker*(X). The set X is said to be a 
strongly starshaped set ifKer*{X) is nonempty. 

Proposition 2.24 If A is a strongly starshaped subset o/R”, then A is 
star shaped and 

Ker*(A) C Ker(.4). (2.5) 



Proof. Let y e Ker*(^), x E A,x f^y and A G (0, 1). We must show that 
z — y + A(a: — y) E A. Assume the contrary, that is, z = y + \{x — y) ^ A. 
Since A is closed, we have Bd(A) C A and the half-line H(y, x) intersects 
the boundary Bd(A) at u' = y + t!{x — y) for some 0 < f < A and also at 
u" = y -\- f (x — y) for some X < t", which contradicts the assumption that 
H(y , x) does not intersect the boundary Bd(A) more than once. Consequently, 
y E Ker(A). ■ 

Proposition 2.25 If A is a closed starshaped subset o/R" such that 
Int(Ker(A)) ^ 0, then A is strongly starshaped and 

Int (Ker(A)) C Ker*(A). (2.6) 



Proof. Let y € Int (Ker(A)), x E A and x ^ y. We show that the half- 
line H( 2 /, x) does not intersect the boundary Bd(A) more than once. Assume 
the contrary, that is, the half-line H(y, x) intersects the boundary Bd(A) at 
u' — y + i!{x — y) for some 0 < and also at u" = y f'(x — y) for some 
0 < f", where t! < t". 

Since y E Int (Ker(A)), we can find a ball B{y,e) C Ker(A). Moreover, 
it is easy to demonstrate that there exists a sufficiently small ^ > 0 such that 
for any v' E B{u',S) and v" E B(u'’,S) with v' ^ A, u" G A there exist 
y' E B(y, e) and A G (0, 1) such that v' = Xy' + (1 — X)v". But this is a clear 
contradiction with the fact that y' E Ker(A). Thus, the half-line H(j/, x) does 
not intersect the boundary Bd(A) in more than one point. ■ 

Proposition 2.26 If A is a strongly starshaped subset of ’R'^.thenKer* (A) 
is convex. 

Proof. Let x,y E Ker*(A), x E A and A G (0, 1). We show that z = 
y -|- X{x — y)E Ker*(A), particularly, we show that the half-line H(z, u) does 
not intersect the boundary Bd(A) more than once. Assume the contrary, that 
is, the half-line H(z, u) intersects the boundary Bd(A) at u' = z + if (u — z) 
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for some 0 < t' and also at u" = z + i!'{u — z) for some 0 < t" , where 
t' <i!'. Using a similar way of proof as was used in the preceding proposition, 
we obtain the required contradiction. ■ 

Corollary 2.27 If A is a strongly starshaped subset o/R” such that 
Int(Ker(^)) 0, then 

Int (Ker*(A)) = Int(Ker(^)) and Cl (Ker*(A)) = Ker(A). (2.7) 



Proof. The first identity in (2.7) follows directly from (2.5) and (2.6). If A 
is strongly starshaped, then A is closed. By Corollary 2.18, Ker(A) is closed 
and by Int{KeT{A)) ^ 0, we obtain Cl(/nf (Ker*(A))) = Cl (Ker*(j4)). 
Applying the first identity of (2.7), we obtain the second one. ■ 

Now, we formulate the counterpart of Proposition 2. 1 2 for addition and mul- 
tiplication of strongly starshaped sets. 

Proposition 2.28 Let Abe a strongly starshaped subset o/R” and X be 
a star shaped subset o/R". 

(i) If A + X is closed, then A + X is strongly star shaped. 

(ii) If X > 0 then XA is strongly starshaped. 

Proof, (i) Let a G Ker*(A), xC.X,z = a + x and let u be an arbitrary 
point from A + X. We show that the half-line H( 2 , u) does not intersect the 
boundary Bd(A) more than once. On the contrary, suppose that the half-line 
H{z, u) intersects the boundary Bd(A + X) at u' = z + f{u — z) for some 
0 < and also at u" = z + f'{u — z) for some 0 < t", where If < If'. By 
a construction similar to the proof of Proposition 2.25, we obtain the desired 
contradiction. Hence, the first part of the proposition follows. 

(ii) This part is a direct application of the definitions of starshaped and 
strongly starshaped sets. ■ 

4. Co-Starshaped Sets 

In this section we study co-starshaped sets which are special sets in some 
sense complementary to starshaped ones. 

Definition 2.29 Let X be a subset o/R", y ^ X. The set X is co- 
starshaped from y if for every x C X, the set Jl{y,x) \ I(x,y) is a subset 
of X. The set of all points y G R” such that X is co-starshaped from y is 
called a co-kemel of X and it is denoted by Ker ooCA"). The set X is said to be 
a co-starshaped set ifKsXoo{X) is nonempty. 
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Note that in Definition 2.29, the set H(y, x) \ I(a:, y) = {z E R” | z = 
y + t{x-y),t> 1}. 

Definition 2.30 Let X be a nonempty and closed subset o/R”, y ^ X. 
The set X is strongly co-starshaped from y if, for every x E X, H(y, x)C\X is 
either empty or contains at least two points, and the half-line H(y, x) does not 
intersect the boundary Bd(X) more than once. The set of all points y G R" 
such that X is strongly co-starshapedfrom y is called a strong co-kemel ofX 
and it is denoted by Ker^(X). The set X is said to be a strongly co-starshaped 
set i/Ker^(X) is nonempty. 

By the definitions, each strongly co-starshaped set is co-starshaped. More- 
over, if X is strongly co-starshaped, then Kerc«(X) C Ker^(X). The follow- 
ing proposition is useful. Its proof is straightforward and follows directly from 
the definitions of regularity, closedness and complementarity. 

Proposition 2.31 IfX is a regular subset o/R*^ and x E R”, then 

Cl {C [x X)) = X Cl {C (X)) . 



Corollary 2.32 A regular set is strongly starshaped if and only if the clo- 
sure of its complement is strongly co-starshaped. 

Corollary 2.33 A regular set is strongly co-starshaped if and only if the 
closure of its complement is strongly star shaped. 

Example 2.34 Let X be a nonempty open convex set. Then Int(X) = 
Int(Ker(X)) 7^ 0, and C1(X) is regular and convex. By Proposition 2.25, 
X is strongly starshaped and by Corollary 2.32, Cl {C (X)) is also strongly 
co-starshaped. □ 

5. Separation of Starshaped Sets 

The separation property plays a crucial role in many applications of convex- 
ity. Roughly speaking, if the intersection of two convex sets is either empty 
or coincides with the intersection of their boundaries, then these sets can be 
separated by the level set of a nonzero linear function, or, geometrically, by a 
hyperplane. The separation property for two convex sets easily follows from 
the following simple property: If a point does not belong to a closed convex 
set, then this point can be separated from this set by a hyperplane. In case the 
point belongs to the boundary of the set, this property is called the supporting 
property. Generalizations of these concepts are studied in the framework of 
abstract convexity; see [25], [110]. 
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In this section, after starting with standard theory of separation of two con- 
vex sets by a hyperplane, we present an interesting notion of separability of 
starshaped sets by finite families of hyperplanes and by finite families of lin- 
early independent linear functionals; see [110], [112]. We also show that the 
separability by a finite family of linearly independent linear functions can be 
studied in the framework of cone separability. Both concepts of separation are 
suitable for separating of special non-convex sets, particularly starshaped and 
co-starshaped ones; see also [110], [112], [131]. 

5.1. Separating Hyperplanes 

In this section we will look carefully at the problem of separation and then 
use our results to obtain a characterization of closed convex sets. The essential 
role is played here by the concept of a hyperplane which is a natural general- 
ization of the concept of a line in and a plane in R^. 

Definition 2.35 A mapping f : R” — » R"* is said to be linear if it is 
additive and homogeneous, that is, for every x,y € R" and A € R, it holds 

f{x + y) = fix) + f{y) 

and 

/(Ax) = A/(x). 

If m = 1, then the mapping f is called a linear functional. For a nonzero 
linear functional f and a € R, the level set 

Hif,a) = {x€Bf\f{x) = a} 

is called a hyperplane. The upper level set U (/, a) and lower level set L{f, a), 
where 



U{f,a) = {x e R” I /(x) > a}, 

L{f, a) = {x € R” 1 fix) < O'}, 

are called the closed half-spaces. 

The following proposition gives a correspondence between linear function- 
als and vectors. A simple proof can be found in [67]. 

Proposition 2.36 Let f : —^Kbea linear functional. Then there 

exists a unique vector u G such that 

fix) = iu, x) 



holds for all x £ R”. 
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Corollary 2.37 Let H be a hyperplane in R”. Then there exists a vector 
u ^6 and a number /3 € R, such that 

H = {xeBP\ {u,x)=^}. 

Definition 2.38 Let A, B be nonempty subsets o/R”, let f : R’^ — + R 6e 
a nonzero linear functional, and a G R. The hyperplane H (/, a) separates 
the sets A and B if one of the following holds: 

(i) f{x) < a for all x £ A and f{y) > a for all y E B, 

(ii) f{x) > a for all x E A and f{y) < a for all y E B. 

Definition 2.39 Let A,B be nonempty subsets o/R", / : R” R 

be a nonzero linear functional, and a G R. The hyperplane H (/, a) strictly 
separates the sets A and B if one of the following holds : 

(i) f{x) < a for allx E A and f{y) > a for all y E B, 

(ii) f{x) > a for all x E A and f{y) < a for all y E B. 

Definition 2.40 Let A, B be nonempty subsets o/R". We say that A and 
B are (strictly) separable if there exists a hyperplane that (strictly) separates 
A and B. 

We notice that strict separation of two nonempty sets requires that the sets 
are disjoint, while mere separation does not. Although it is necessary that two 
sets should be disjoint in order to be strictly separable, this condition is not 
sufficient, even for closed convex sets. Thus the problem of the existence of a 
hyperplane (strictly) separating two sets is more complex than it might appear 
at first glance. The following theorems give the solution of the problem of 
(strict) separation. The corresponding proofs can be found in [67]. 

Theorem 2.41 Let A, B be nonempty convex subsets of such that 

Int(A) ^ 0 andlat{A) D R = 0. 

Then the sets A and B are separable. 

It is easy to see that the requirement that one of the sets must have a 
nonempty interior cannot be eliminated. However, it turns out that this 
requirement can be weakened. The next theorem gives the best possible char- 
acterization of a separation of two convex sets. Two immediate consequences 
follow. 

Theorem 2.42 Let A and B be nonempty convex subsets ofRA, such that 
dim(A U R) = n. Then A and B are separable if and only if 

Rlint(A) n Rlint(R) = 0. (2.8) 
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Corollary 2.43 Let A and B be nonempty convex subsets o/R”. If (2.8) 
holds, then A and B are separable. 

Corollary 2.44 Two disjoint nonempty convex subsets o/R” are separa- 
ble. 

Now, we turn to the problem of strict separation of two nonempty convex 
sets by a hyperplane. It is easy to construct examples of two disjoint non- 
compact convex sets that cannot be strictly separated. However, if both sets 
are compact, then such a separation is always possible. In fact, the following, 
slightly stronger result, holds. 

Theorem 2.45 Let A and B be nonempty convex subsets of such that A 
is compact and B is closed. Then A and B are strictly separable if and only if 
A and B are disjoint. 

Several extensions of this theorem are of particular interest. For example, 
the following results are quite useful. 

Theorem 2.46 Let A and B be nonempty compact subsets o/R”. Then A 
and B are strictly separable if and only if 

Conv(A) n Conv(R) = 0. 

Corollary 2.47 A point x can be strictly separated from a compact set A 
by a hyperplane if and only if x ^ Conv(.A). 

Corollary 2.48 A point x can be strictly separated from a compact set A 
by a hyperplane if and only if for each subset S ofn ■+■ 1 or fewer points of A, 
there exists a hyperplane strictly separating x and S. 

5.2. Separation by a Family of Hyperplanes 

In this section we extend the concept of separation of two sets by a hyper- 
plane to the concept of separation of two sets by the level set of the minimum 
of a finite family of linear functionals. 

Definition 2.49 Let A and B be nonempty subsets o/R”. The family H = 
{Hi I Hi — Hi{fi, ai),i = 1,2, ...,m} of hyperplanes separates the sets A 
and B if one of the following holds: 

(i) for every pair x £ A and y £ B there exists Hj £ Ti such that 

fj{x) < aj, 

aj < fj{y), 
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(ii) for every pair x E A and y E B there exists Hj 6 H such that 

fj{x) > aj, 

> fjiy)- 

Definition 2.50 Let A and B be nonempty subsets o/R”. The family B, = 
{Hi I Hi = Hi{fi, ai), i = 1 , 2 ,..., m} of hyperplanes strictly separates the 
sets A and B if one of the following holds : 

(i) for every pair x E A and y E B there exists Hj E H such that 

fj{x) < Oj, 

otj < fjiy), 

(ii) for every pair x C: A and y E B there exists Hj EH such that 

fj{x) > aj, 

> fjiy)- 

Definition 2.51 Let A and B be nonempty subsets o/R”. We say that A 
and B are (strictly) separable by a finite family of hyperplanes if there exists a 
finite family of hyperplanes that (strictly) separates A and B. 

If m — 1, i.e., if the family H contains only one hyperplane, then Defini- 
tions 2.38 and 2.39 are equivalent to Definitions 2.49 and 2.50, respectively. 
The following proposition gives a sufficient condition for separation of two 
sets by a finite family of hyperplanes. 

Proposition 2.52 Let A and B be nonempty subsets ofBJ'’. If one of the 
following conditions (i) or (ii) holds, then A and B are separable by a finite 
family of hyperplanes: 

(i) there exists a family of linear functionals {f i | i = 1,2, . . .,m}anda E R 
such that 

min{/j(a:) | i = 1, 2, . . . , m} < a 

for allx E A and 

min{/i(y) I i = 1, 2, . . . , m} > a 



for all y G B; 

(ii) there exists a family of linear functionals [f i \ i = 1,2, .. .,m} and 
a € R such that 



min{/i(2;) | i = 1,2, . . .,m} > a 
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for allx G A and 



mm{fi{y) \ i = 1,2, . . .,m} < a 



for all y G B. 

Proof. Let condition (i) be satisfied and let x G A and y G B. If j is the 
index from (1,2,..., m} where the minimum of {fi(x) \ i — 1,2,..., m} 
is attained, we have fj{x) = min{/i(x) | i = 1,2, ...,m}. Consequently, 
fj{x) < a. Since foiy G B we have fj{y) > mm{fi{y) \ i = l,2,..., m} > 
a, then H = {Hi \ Hi = Hi{fi, a),i = 1, 2 , . . . , m} is the family of hyper- 
planes we look for. 

For condition (ii) the proof is analogous. ■ 

5.3. Separation by a Family of Linear Functionals 

Proposition 2.52 leads to the following generalization of the concept of sep- 
aration by a finite family of hyperplanes. 

Definition 2.53 Let A and B be nonempty subsets o/R". The family T = 
[fi \ i = 1,2, .. ., m} of linear functional fi : R” ^ R separates the sets A 
and B if each fi is nonzero and one of the following holds: 

(i) for every pair x G A and y G B there exists fj G T such that 

fj{x) < fj{y); 

(ii) for every pair x G A and y G B there exists f j G if such that 

fj{x) > fj{y). 

Definition 2.54 Let A and B be nonempty subsets o/R". The family = 

{fi \ i = 1,2, .. ., m} of linear functionals fi : R" — > R strictly separates the 
sets A and B if each fi is nonzero and one of the following holds: 

(i) for every pair x G A and y G B there exists fj G T such that 

fj{x) < fjiy)-, 

(ii) for every pair x G A and y G B there exists fjGiF such that 

fj{x) > fj{y). 

Definition 2.55 Let A and B be nonempty subsets o/R”. We say that A 
and B are (strictly) separable by a finite family of linear functionals if there 
exists a finite family of linear functionals that (strictly) separates A and B. 
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If m = 1, i.e., if the family contains only one linear functional, then the 
concepts of separation by a hyperplane and separation by a linear functional 
coincide. For m > 1, the same statement is not true, see Example 2.56. 

Clearly, if A and B are separable by a family of hyperplanes {Hi \ Hi = 
Hiifi, a), i = 1,2, . . m}, then A and B are separable by a family of linear 
functionals {/j | i = 1,2, The following examples show that the 

opposite assertion does not hold. 

Example 2.56 Let A and B be subsets of R, .A = {0}, B = {—1, 1}. It 
is obvious that A and B cannot be separated by any hyperplane. Let for every 
X € R, /i(x) = X, / 2 (x) = —X and let a = 0. Clearly, A and B are separable 
by the family of 2 hyperplanes [Hi \ Hi = Hi{fi,Q),i = 1, 2}. Hence, A and 
B are also separable by the family of 2 linear functionals {/i , / 2 }- D 

Example 2.57 Let A and B be arbitrary nonempty subsets of R, let for 
every x 6 R, /i(x) = x, / 2 (x) = -x. Then for each pair a C A and h e B 
either a < 6 or a > 6. In the former case, f\ (a) < /i (6); in the later case we 
have / 2 (a) < /2(5). Hence, A and B are separable by the family of 2 linear 
functionals { /i , /2 } . LI 

Example 2.58 Let A = X and B — where I is the set of all integers. 
It is clear that A and B are not separable by any finite family of hyperplanes, 
however, by Example 2.57, A and B are separable by the family of two linear 
functionals. □ 

The last two examples also show that there must be some additional 
restricting requirement on the separating family of linear functionals, other- 
wise every two subsets (even overlapping ones) could be separable by a finite 
family of linear functionals. The requirement of linear independence of lin- 
ear functionals, introduced by the following definition, turns out to be suitable 
for this purpose. Also notice that the definition is based on Proposition 2.36, 
according to which for every nonzero linear functional / : R*^ — > R there 
exists a unique vector u € R" such that /(x) = («, x) for all x € R". 

Definition 2.59 Let /i, /2, • • • , /m be linear functionals on R", and let 
ui,U 2 , . . ■,Um be vectors such that fi{x) = {ui,x) holds for all x G R" 
and every i = 1, 2, . . . , m. We say that the linear functionals fi,---,fm ore 
linearly independent if the vectors Ui , . . . , Um ore linearly independent. If the 
linear functionals fi,. ..,fm ore not linearly independent we say that they are 
linearly dependent. 

5.4. Separation by a Cone 

We turn now to the problem of separating two sets by a cone. 
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Definition 2.60 A subset C o/R" is called a cone if for each x e C and 
each X> Owe have Xx £ C. A cone C is said to be solid z/Int(C') ^ 0. Let S 
be a subset o/R”. A subset 

Cone{S) = {x G R” | x = Ay, y 6 5, A > 0} 

is called a conic hull of S. 

Evidently, a conic hull Cone{S) of any subset S of R" is a cone. If S is 
convex then Cone{S) is a convex cone. It is well known (see e.g. [67]) that a 
subset C of R” is a convex cone if and only if C + C = C*. 

Definition 2.61 Let A and B be nonempty subsets ofK^.Cbea convex 
solid cone. We say that the cone C separates the sets A and B if one of the 
following holds: 

(i) there exists y G R” such that 

A Cy + C and (y + Int(C')) n R = 0. 

(ii) there exists y G R” such that 

B C y + C and (y + Int(C)) fl .A = 0. 

The sets A and B are said to be cone-separable if there exists a convex solid 
cone C, which separates A and B. 

It is convenient to present cone separation in terms of separation by a 
finite family of linear functionals. Recall the correspondence between linear 
functionals and the inner product in Proposition 2.36 and consider m vectors 
ui,U 2 , . . . , Um in R”. Let 

= {xgR" I (uj,x) <0,j = l,2,...,m}, 

Cm = {x G R" 1 (uj,x) > 0,j = l,2,...,m}. 

Clearly, both and are open convex cones. If m < n and Uj, j = 
1, 2, . . . , m, are linearly independent, then both and are nonempty. 

Proposition 2.62 Let C be a solid cone in R" and y G Int(C'). Then there 
exist n linearly independent vectors ui,U 2 ,---,Un in R"^ such that C 
Int(C) and {uj,y) = 1 for all j G J = {1, 2, . . .,n}. 

Proof. Let R = {x G R” | (y, x) = 0}. Since y G Int(C), it follows that 
there exists a simplex S C H such that 9 G Rlint(5) and y + S € Int(C'). Let 
Si, S 2 , . • • , 5n be vertices of S. Theny-Hsi, y-l-S 2 > ..., y + Sn are the vertices 
of y -f 5. We now verify that vectors 

y, y + Si, y + S 2 , . . . , y + Sfc-I, y + Sk+i, ...,y + Sn, (2.9) 
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are linearly independent for each k = 1,2, Assume that there exist 

numbers ai,i = 1,2, .. .,n such that 



e = aky + '^ ai{y + Si) = i^oii\y + ^ ( 2 - 10 ) 

i^k \i=l / ijtk 

Since y is orthogonal to H and SiC H, \i follows from (2.10) that 

n 

J]a^ = 0. (2.11) 

i=l 

Applying (2.10) once again, we obtain aiSi = 9. Since 6 € Rlint(5), 
it follows that its vertices Si are linearly independent, hence ai = 0 for all 
i C. J and i ^ k. Combining this result with (2.11) we obtain a*; = 0. Thus 
the vectors (2.9) are linearly independent. It follows that the system of linear 
equations 

(«) y) = 1 , y + Si) = Q,iC J,ii^k, 

has the unique solution denoted by u fc. 

Now, we check that u\,U 2 ,-..,Un are linearly independent vectors. Since 
{uk, Si) = —1 for alii ^ k, it follows that 



Hk = {xeH\{uk,x)<0}jl^H. 



Moreover, it follows that {uk,Sk) > 0, since otherwise S C Hk, which is 
impossible since 6 is an interior point of S with respect to H. 

Let /3k, k £ J, he numbers such that X)fc=i PkUk = 9. Then 

n n 

^ Pk{uk, y) = /3fc = 0. 

k=l k=l 

Therefore, for i = 1, 2, . . . , n, we have 



n 

^ ^ Pki'^k^ ^i) 

k—l 



k^i 

^i) ^ ^ Pk 

k^i 
n 

Sj) - ^(/3fc + A) 
fc=i 

A (1 - Si)) . 



Since {ui,Si) ^ 1, it follows that (3i = 0. 
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Thus, the set of linearly independent vectors {tt i, U2, . . . , «n} has the fol- 
lowing property: for each k, all vertices of the simplex S excluding the ver- 
tex Sjfc belong to the hyperplane (uk,y) = 1 and Sk belongs to the halfspace 
(ufe, y) > 0. Consequently, S can be represented in the following form: 

5 = {x I {uk, x)>l,k = l,2,...,n, (y, x) = 0}. 

Since {uk, j/) = 1, we also have 

y + S = {x\ {uk, x) >0, k= {y, x) = ||i/|| (2.12) 

From (2.12) we obtain the equality 

Cone{y -I- 5) U {0} — {x \ {uk,x) >0, k = 1,2,..., n}. 

Since y + S C Int(C), it follows that 

Cm = {aJ € R" I {uj, x) > 0, y = 1, 2, . . ., m} C Int(C). 



Further on, we shall investigate a particular case where A contains only one 
point. 

Proposition 2.63 Let B be a nonempty subset of BA, y ^ B, and J — 
{1,2,..., n}. The point y and the set B are cone-separable by a cone C 
such that y G Int(C) if and only if there exist linearly independent vectors 
ui,U 2 , . ..,Un such that 



min{(uj,y) I y G J} > 0 (2.13) 



and 



min{(uj,y) | j G J} > sup{min{(uj,x) | j G J} 1 x G B}. (2.14) 



Proof. Assume that there exists a convex solid cone C such that 

(y -t- Int(C)) n R = 0 

and let G Int(C). Then there exists e, 0 < £ < 1, such that (1— £)y G Int(C'). 
Let z — (\ — e)y G Int(C). By Proposition 2.62 there exist linearly indepen- 
dent vectors ui, uq, . . . , such that {uj, z) = 1 for all j G J. Moreover, 

= {x G R" I {uj, x) > 0, j G J} C Int(C). 
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If a: € z + C^, then {uj,x) > 1 for all j G J. Let x e B. Then x ^ 
2 ; + Int(C), therefore x ^ z + . Consequently, there exists an index i such 

that (ui,x) < 1. Thus we have 

min{(uj,x) | j G J} < 1 = min{ (uj , 2 ) | j G J} 

= (1 - e) min{(uj, y) \ j G J}. 

It follows that min{{uj,y) ] j G J} > 0 and 

sup{min{(uj,x) 1 j G J} I X G B} < (1 - e) min{(uj,y) | ji G J} 

< min{(uj,y) I j G J}. 

On the other hand, assume that (2.13) and (2.14) hold for some linearly 
independent vectors ui,U 2 ,-.., Un- Let 7 > 0 be a number with 

sup{min{(uj,x) | j G J} | x G B} < 7 < min{(uj,y) | j G J}. 

Consider the convex cone = {x G R” | {uj, x) > 0, j G J}. Since 
(uj, x) > 0 for all j G J, it follows that y G and is a nonempty open 
cone, hence = Int(C^). Moreover, we have 

y + C> c {2 gR" 1 (uj, 2 ) > 7 ,i G J} 

= {2 G R” I min{('Uj, z) \ j e J} > 7 }. 

Consequently, {y + ) n B = 0. ■ 

It follows from Proposition 2.63 that if a set A and a point o, that does 
not belong to A, are cone separated, and, in addition, point a belongs to the 
interior of the sepenating cone, then A and a are strictly separated by a family 
of n linearly independent linear functionals. 

5.5. Separation of Starshaped Sets 

Now we present two results concerning separation of two starshaped sets 
by a finite family of linearly independent linear functionals. We start with the 
strict separation of a point and a starshaped set by n linearly independent linear 
functionals. 

Theorem 2.64 Let B be a nonempty closed starshaped subset o/R", let 
6 G B and y ^ B. Then y and B are strictly separable by a family of n 
linearly independent linear functionals. 

Proof. First we prove that there exists a closed solid convex cone C and 
A > 0 such that 



y G Int(C) and B fl (Ay + C) = 0. 



( 2 . 15 ) 
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Since B is a closed starshaped set, it follows that there exists 0 < A < 1 such 
that X — \y ^ B. We claim that x and B can be separated by a closed convex 
cone C such that x G Int(C) . If, in contrary, it is not true, then there exists a 
sequence {Cfc} of closed solid convex cones with 

Cfc+AWcMCfc), 



fl Cfc = {2 G R" I z = Ay, A > 0} 

k—1 

and for each k = 1,2,..., there exists Xk & Ck such that yk G B, where 



yk=x + Xk. 



(2.16) 



Consider two cases: 

(1) The sequence {xfc} is unbounded, i.e., ||a:fc|| -h- +oo for k +oo. 
Multiplying both sides of (2. 1 6) by an arbitrary positive number 7 and dividing 
by |la:fc||, we conclude by stoshapedness of B that 



IVk 

Ikfcll 



eB, 



for sufficiently large k, which is impossible. 

(2) The sequence {xfc} is bounded. Without loss of generality suppose that 
Xk — > X. Then there exists 5 > 0 such that x = 6y, hence yk x + 6y = 
(A + S)y. Since yk G B, we have (A + S)y G B. On the other hand, 
(A + S)y ^ B as Xy ^ B and B is starshaped, a contradiction. Consequently, 
X and B can be separated by a closed convex cone C such that x G Int(C), 
and (2.15) holds. Proposition 2.62 guarantees that there exist n linearly inde- 
pendent vectors ui, U 2 , . . . , such that 



C> = {2 G R" I {Uj, z) > 0, j G J} C Int(C) 

and {uj , y) = 1 for all j = 1, 2, . . . , n. It is easy to see that 

+ C'n = {z G R" 1 {uj, z) >o,je J}. 

Since B n (Ay -I- C^) = 0, it follows that for each b £ B, there exists some 
index i such that {ui, b) < X. ■ 

Now, we formulate a more general result concerning separation of two star- 
shaped sets by a finite family of linearly independent linear functionals. The 
proof is omitted here. It can be found in [1 10] and [1 12]. 
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Figure 2.4. 



Theorem 2.65 Let A and B be nonempty starshaped subsets o/R” such 
that 

(i) Int (Ker(^)) ^ 0, 

(ii) Int (j 4) n R = 0. 

Then A and B are separable by a family ofn linearly independent functionals. 

Assumption (i) in Theorem 2.65 can be weakened, a discussion of this prob- 
lem can be found in [110]. The following example, borrowed from [112], 
shows that separability by a finite family of linear functionals may lose its vi- 
sual meaning well known for separability by a finite family of hyperplanes. 

Example 2.66 Considerasquare[0, 10] x [0,10] and a polygonal line which 
cuts this square into two starshaped sets A and B satisfying assumptions (i) and 
(ii) of Theorem 2.65, see Figure 2.4. By Theorem 2.65, A and B are separable 
by two linearly independent linear functionals. Let for (x i , X 2 ) 6 R^, 

3 1 11 

fi {xi,X 2 ) = + —X 2 and h (xi,X 2 ) = gXi -I- -X 2 - 

It can be verified that A and B are separable by the family of linearly indepen- 
dent linear functionals {/i , /2 }■ 
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6. Generalizations of Starshaped Sets 

In this section we present three generalizations of convex and starshaped 
sets. The first two are known from literature, namely path-connected sets and 
univex sets; see e.g. [3], [7], [9], [55], [74], [131]. The last and the most 
general one, namely, the ^-convex sets, is new. 

6.1. Path-Connected Sets 

If, in the definition of a starshaped set, we allow that each point from the 
kernel may be connected with every other point by a path, i.e., by a continuous 
arc that belongs to this set, then we obtain a more general class of sets; see [3]. 

Definition 2.67 Let X be a nonempty subset ofH.^ andx,y € R”. Let 
If : [0, 1] — > R" be a continuous mapping such that y?(0) = x and <^(1) = y. 
The set 

P{x,y) = {zeR^\z = ip{\),\€[0,l]} 
is called a path connecting x and y. 

Notice that for given x,y C. R”, the line segment I(a;, y) joining x and y is 
a path connecting x and y, i.e., 

l{x, y) = {z e \ z = X + \{y - x), \ e [0, 1]} = P(a;, y). 

Here, (/?(A) = x + \{y — x). 

Definition 2.68 Let X be a nonempty subset o/R”. The set X is said to 
be path-connected if, for every x,y € X, x ^ y, there exists a path P(x, y) 
connecting x and y such that P(x, y) C X. 

If X is a nonempty starshaped set, then X is path-cormected. Indeed, any 
two distinct points x and y from X can be connected by a path consisting of 
two line segments connecting x and y through a point in Ker(X). Moreover, in 
1-dimensional space R, convex sets, starshaped sets and path-connected sets 
coincide. It is obvious that a path connected set is connected, see Chapter 1. 
The converse statement is, however, not true as the following example demon- 
strates. 

Example 2.69 Let Xi = {{x,y) € R^ | a; = 0, y € [-1,1]}, X 2 = 
{{x,y)eR‘^\y = sin x e (0, 1]}, X = Xi U X 2 . It can be shown that X 
is connected, but it is not path-connected. Q 

The above example illustrates that only some ’’pathological” coimected sets 
are not path-connected and, therefore, the class of path-connected sets is fairly 
large. 
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6.2. Invex and Univex Sets 

In the previous subsection the concept of path-connected set was based on 
the existence of a certain object - a path joining any two given points of the 
set under consideration. To generalize convex sets in a different way, we first 
observe that the line segment connecting given points x and y is the set of all 
point X + \{y — x) with A G [0, 1]. Obviously we can consider the expression 
X -h A(y — x) as a special case of the expression x 4 - A? 7 (x, y) where 77 is a 
mapping of the Cartesian product X x X into X. This leads to the following 
definition. 

Definition 2.70 Let X be a nonempty subset let rj be a mapping, 

7] : X X X R”. The set X is said to be invex with respect to rj if for each 
x,y E X and A G [0, 1] we have 

x + Xr]{x,y)eX. (2.17) 



Clearly, every convex set is invex with respect to r){x, y) = y — x. Notice 
that each nonempty subset X of R” is invex with respect to rj that maps every 
point of X X X to the zero vector of R". 

A path-connected set is not necessarily invex with respect to some given rj. 
For example, each circle in R^ is path-connected; it is, however, not invex with 
respect to r/(x, y) = y — x, because it is not convex. The next proposition gives 
some sufficient conditions for an invex set to be path-connected. 

Proposition 2.71 Let X be a nonempty subset o/R”, let X be invex with 
respect to rj : X x X —>■ R”. Let for every x E X the function Fx : X R" 
defined for y E X by Fx{y) = x + r]{x, y), satisfy 

X c Rm{Fx). (2.18) 



Then X is path-connected. 

Proof. Let x,y e X. By (2.18) there exists w E X such that 

Fx{w) = x + T](x,w) = y. (2.19) 

Let A G [0, 1] and let 

( 77 (A) = x + Xt]{x, w). (2.20) 

Then by (2.20) and (2.19) we obtain 177 ( 0 ) = x and pfl) = y. Moreover, 
by (2.20) ip is continuous on [0, 1]. Since X is invex, then by (2.17) and (2.20) 
we get ( 77 (A) G X for all A G [0, 1]. Consequently, by Definition 2.67, X is 
path-connected. ■ 
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The following definition introduced in [10] gives a further extension of the 
concept of convex set. This definition will be useful in the next chapter for 
investigating generalized concave functions. 

Definition 2.72 Let X be a nonempty subset o/R” and let rjbea mapping 
that maps X x X into R". Moreover, let b : X x X x [0,1] [0, +oo) and 

^ : R — > R he given functions. A nonempty subset 5 o/R” x R is said to be 
univex with respect to 77 , h and ^ if for each {x, a), [y, /3) € S and 0 < A < 1 
we have 

{x + Xr){x, y), a + \b{x, y, A)^(/3 - a)) € S. 

Apparently, every nonempty convex subset of R" x R is univex with respect 
to rj{u, v) = v — u, b{u, V, A) = l,^{t) = t. 

A univex set with respect to r], b and where b is independent on A, is invex 
with respect tor) = ( 77 , b^). 

Evidently, a path-connected set is not necessarily univex with respect to 
some given 77 , b and In view of Proposition 2.71, it is possible to formu- 
late some sufficient conditions for a univex set to be path-connected. This is, 
however, left to the reader. 

6.3. ^-Convex Sets 

On the one hand, the path-connectedness of a set requires that, for arbitrary 
two points of the set, there is at least one path, a curve, connecting these points 
and belonging to the set. However the “shape” of this curve is not precisely 
specified. On the other hand, the invexity of a set specifies a particular “shape” 
of the curve by function 77 . Both approaches can be unified by the following 
concept. 

Definition 2.73 Let X be a nonempty subset o/R”, let ^ be a set of map- 
pings (/? : Af X X X [0, 1] R". The set X is said to be ^-convex if for 

every x,y C. X there exists (p € ^ such that for each A G [0, 1] we have 
ip{x,y,X) € X. 

Clearly, if X is an invex set with respect to 77 , then X is ^-convex, where 
$ consists of a single function defined by ip{x, y,X) = x-\- Xr]{x, y) for each 
x,y e X and A € [0, 1]. 

We also claim that each path-connected set X is ^-convex. Indeed, let X 
be path-connected. Then for each x,y & X there exists a continuous function 
T'x,y ■ [0> 1] ^ R" such that <p'x,y{0) = x, p^^yil) = 7 / and G X for 

all A G [0, 1]. Let $ consists of all functions : X x X x [0, 1] — > R" 
defined by Px,y(u, v,X) = ip'x^y{X) for all u,v e X, X £ [0, 1]. It is obvious 
that X is ^-convex. 

It was mentioned before that both convex and starshaped sets are path- 
connected, hence they are also ^-convex for particular classes of functions $. 




Chapter 3 

GENERALIZED CONCAVE FUNCTIONS 



1. Concave and Quasiconcave Functions 

The notion of concavity of real-valued functions of real variables and its 
various generalizations have found many applications in economics and engi- 
neering. We refer to [3] for a detailed treatment of concavity and some of its 
generalizations. 

The concept of concavity, convexity, quasiconcavity, quasiconvexity and 
quasimonotonicity of a function / : R” — R can be introduced in several 
ways. The following definitions will be most suitable for our purpose. 

Definition 3.1 Let X be a nonempty subset o/R”. A function / : X R 
is called 

(i) concave on X (CA) if 

f{Xx + (1 - \)y) > \f{x) + (1 - X)f{y), (3.1) 

for every x,y E X and every X G (0, 1) with Aa; (1 — X)y € X; 

(ii) strictly concave on X if 

f{Xx + {1- X)y) > Xf{x) + (1 - A)/(y), (3.2) 

for every x,y E X,x ^ y and every X € (0, 1) with Ax -t- (1 — X)y € X; 

(iii) semistrictly concave on X if f is concave on X and (3.2) holds for every 
x,y E X and every X E (0, 1) with Ax -f- (1 — X)y E X such that f(x) ^ 

fiy); 

(iv) convex on X (CV) if 

/(Ax -t- (1 - A)y) < A/(x) + (1- X)f{y), 
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for every x,y e X and every A G (0, 1) with Aa: + (1 - \)y € X; 

(v) strictly convex on X if 

/(Ax + (1 - X)y) < A/(x) + (1 - A)/(y), (3.3) 

for every x,y E X, x ^ y and every A E (0, 1) with Ax + (1 — X)y E X; 

(vi) semistrictly convex on X if f is convex on X and (3.3) holds for every 
x,y E X and every A E (0, 1) with Ax + (1 — X)y E X such that f{x) ^ 

f{y)>' 

Definition 3.2 Let X be a nonempty subset o/R’^. A function / : X — > R 

is called 

(i) quasiconcave on X (QCA) if 

/(Ax + (1 - X)y) > min{/(x), /(y)}, 
for every x,y E X and every X E (0, 1) with Ax + (1 — X)y E X; 

(ii) strictly quasiconcave on X if 

/(Ax + (1 - X)y) > min{/(x), f{y)}, (3.4) 

for every x,y E X,x ^ y and every X E (0, 1) with Ax + (1 — X)y E X; 

(iii) semistrictly quasiconcave on X if f is quasiconcave on X and (3.4) holds 
for every x,y E X and every X E (0, 1) with Ax + (1 — X)y E X such that 
fix) fiy); 

(iv) quasiconvex on X (QCV) if 

/(Ax + (1 - X)y) < max{/(x), /(y)}, (3.5) 

for every x,y E X and every X E (0, 1) with Ax + (1 — A)y € X; 

(v) strictly quasiconvex on X if 

/(Ax + (1 - A)y) < max{/(x), /(y)}, (3.6) 

for every x,y E X,x y and every X E (0, 1) with Ax + (1 — A)y E X; 

(vi) semistrictly quasiconvex on X if f is quasiconvex on X and (3.6) holds 
for every x,y E X and every X E (0, 1) with Ax + (1 — A)y E X such that 

fix) fiy); 

(vii) quasimonotone on X (QM) if it is both quasiconcave and quasiconvex 
on X; 
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(viii) strictly quasimonotone on X if it is both strictly quasiconcave and 
strictly quasiconvex on X. 

Notice that in Definitions 3.1 and 3.2 the set X is not required to be con- 
vex. If in the above definitions the set X is convex, then we obtain the usual 
definition of (strictly) quasiconcave and (strictly) quasiconvex functions. Ob- 
serve that if a function is (strictly) concave and (strictly) convex on X, then it 
is (strictly) quasiconcave and (strictly) quasiconvex on X, respectively, but not 
vice-versa. 

In Definitions 3.1 and 3.2 we introduced concepts of semistrictly CA func- 
tions and semistrictly QCA functions, respectively. The former (the latter) is 
stronger than the concept of a CA function (QCA function), and weaker than 
the concept of a strictly CA function (strictly QCA function). An example of 
a semistrictly CA function that is not strictly CA is depicted in Figure 3.1 (a), 
whereas Figure 3.1 (b) shows a semistrictly QCA function that is not strictly 
quasiconcave. Notice that both functions are constant on the interval [0, 1]. 




Figure 3.1. 



Apart from the concavity, quasiconcavity, and their variants, the following 
closely related concepts will be useful later. 

Let / be a real-valued function defined on a subset X of R”. Moreover, let 
Ljx {x, y) and /x,y be defined for x,y e X,x y,hy 

^x{x,y) = {t eR\x + t{y -x) € X}, 



and 

fx,y{t) = f{x -F t{y - x)) 

for every t 6 hx{x, y). The function fx,y is a restriction from R to hx{x, y) 
of the composite function f o ip where (/? : R — > R" is defined by p{t) = 
X + t{x — y). We introduce the following definition. 
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Definition 3.3 Let X be a subset ofRT,y eX.A function f : X ^Kis 
called 

(i) (strictly) concave on X from y if fx,y is (strictly) concave on Lx(a:, y)for 
every x C X,x ^ y; 

(ii) (strictly) convex on X from y if fx,y is (strictly) convex on hxix, y) for 
every x E X, x ^ y; 

(iii) (semistrictly, strictly) quasiconcave on X from y if fx,y is (semistrictly, 
strictly) quasiconcave on hx{x, y) for every x E X,x ^ y; 

(iv) (semistrictly, strictly) quasiconvex on X from y if fx,y is (semistrictly, 
strictly) quasiconvex on hx{x, y) for every x E X,x ^ y; 

(v) (strictly) quasimonotone on X from y if it is both (strictly) quasiconcave 
and (strictly) quasiconvex on X from y. 

Observe that a real-valued function /, defined on a set X C R”, is concave 
(convex) on X, if and only if, for every y E X, f is concave (convex) on 
X from y, respectively. The same is true for (semistrictly, strictly) QCA and 
(semistrictly, strictly) QCV functions on X. 

It is worth noting that / is (strictly) (quasi)concave on X (from y) if and 
only if — / is (strictly) (quasi)convex on X (from y). 

Obviously, the class of quasiconcave functions on X C R coincides with 
the class of functions being quasiconcave on X from y for some y E X. The 
same assertion is, however, not true for R" with n > 1, as is clear from the 
following example. 

Example 3.4 Let A = {(xi,i 2 ) C \ x^ + x^ = 1, xi ^ 1} and let 
/ : R^ — > R be defined as follows: 

/(x,.xa) = (' 

1 0 otherwise. 

It can easily be verified that / is quasiconcave on R^ from y = (1,0). Clearly 
/ is not quasiconcave on A. □ 

2. Starshaped Functions 

Starshaped functions are more general than quasiconcave (quasiconvex) 
functions. We begin this section with two propositions, which give a well 
known characterization of concave and convex and quasiconcave (quasicon- 
vex) functions. The corresponding proofs are simple and can be found in 
[3] or [67]. 
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Proposition 3.5 Let X be a convex subset ofR.^. A Junction f -.X-^His 
concave on X if and only if its hypo graph is a convex subset of R . Likewise, 

f is convex on X if and only if its epigraph is a convex subset o/R . 

Proposition 3.6 Let X be a convex subset of . A function / : X — > R 
is quasiconcave on X if and only if all its upper-level sets are convex subsets 
o/R”. Likewise, f is quasiconvex on X if and only if all its lower-level sets 
are convex subsets o/R". 

Propositions 3.5 and 3.6 suggest two ways of generalization of the concave 
(convex) functions. Replacing the convexity of hypograph Hyp(/) (convexity 
of epigraph Epi(/)) in Proposition 3.5 by generalized convex sets, we obtain 
a generalized concave (convex) function. This idea will be applied in the fol- 
lowing section where univex functions will be defined. Similarly, replacing all 
convex upper-level sets U{f, a) (convex lower-level sets L{f, a)) in Proposi- 
tion 3.6 by generalized convex sets, we obtain generalized quasiconcave (qua- 
siconvex) functions. The third way of generalizing concave and convex func- 
tions is to extend formula (3.1) and (3.2), respectively. This way will also be 
followed in the sequel. 

We begin with a generalization of the concept of quasiconcave functions 
from Definition 3.2 and Proposition 3.6 by replacing convexity of upper-level 
sets with starshapedness. The starshaped functions are of a particular interest, 
since, later on, in Chapter 4, there will be another new class of generalized 
concave functions, called T-quasiconcave functions, which will be extensively 
used in fuzzy optimization in Part II. 

Definition 3.7 Let X be a starshaped subset of R^. A function f : X — > R 
is called 

(i) upper-starshaped on X (US) if its upper-level sets U{f, a) are starshaped 
subsets o/R" /or all a 6 R; 

(ii) lower-starshaped on X (LS) if its lower-level sets L(f, a) are starshaped 
subsets o/R" for all a € R; 

(iii) monotone-starshaped on X (MS) if it is both lower-starshaped and upper- 
starshaped on X. 

It is obvious that if a function / : X R" is upper-starshaped on X, then 
the function — / is lower-starshaped on X, and vice-versa. 

From the fact that each convex set is starshaped it follows that each quasi- 
concave (quasiconvex) function is upper-starshaped (lower-starshaped). More- 
over, each quasimonotone function is monotone-starshaped. Evidently, the 
classes of quasiconcave (quasiconvex) functions and upper-starshaped (lower- 
starshaped) functions coincide on R. 
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In the following examples we demonstrate that on the situation is not so 

simple as in R. We demonstrate that an upper-starshaped function on a convex 
set is not necessarily quasiconcave. 

Example 3.8 Let Xy = {(x, y) e R^ | a; > 0, y > 0} and let / be defined 
for (x, y) € Xy as follows: f{x,y) = max:{0, x{y — 1), (x — l)y}, see 
Figure 3.2. If a > 0, then 



U{f,a) 

= {(a;, y)eXy\ x{y - l) > a} U {(x, y)eXr\{x- l)y > a} 

= |y>f-hl}u |( 2 :,y) e Xy y> x > l| , 



see Figure 3.3, where a = 2. Evidently, if a < 0, then U{f,a) = Xy. 
We can see that not every upper level set is convex. However, all of them 
are starshaped. It follows that / is upper-starshaped on Xy. Moreover, let 
= ya = (1 + VI + 4a)/2, a > 0. It can be also shown that the point 
{xa, Ua) belongs to the kernel Ker{U (/, a)). □ 



Example 3.9 Let X^ = {(x,y) e R^ | -I- y^ < 1} and let a function 

/ : R^ R be defined on R^ as follows: 

{ 1 if X = r cos tp,y = r sin (p, 

if is a. rational number from [0, 27 t), 

0 otherwise. 

For a < 0 we obtain [/(/, a) = R^, for 0 < a < 1 we have [/(/, a) = X4, 
where X 4 is a starshaped set defined in Example 2.9. For 1 < a, apparently 
U (/, a) = 0. Hence, by Definition 3.7, / is upper-starshaped on R^ (and also 
on Xs, and on X 4 ). Notice that / is discontinuous at each point (x, y) E Xs- 

□ 



Example 3.10 Let / : R^ — R be defined as follows: 

f(x v) = I ^y} for X > 0 , y > 0, 

’ 1 0 otherwise. 

For a < 0 we have U (/, a) = R^ and L(/, a) = 0. For a = 0 we have 
U (/, a) = L{f, a) = R^. For 0 < a we get 

U{f,a) = {(x,y)GR2|y>-,x>0}, 

X 

L{f,a) = Cl{B?\U{f,a)). 

It follows that, for each real number a, both U{f,a) and L{f,a) are star- 
shaped sets. Hence / is both upper-starshaped and lower-starshaped, i.e., it is 
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Figure 3.2. 



a monotone-starshaped function on R^. Notice also that / is continuous on 
and that it is not quasimonotone on R ^ . □ 

The following theorems give characterizations of a class of upper-starshaped 
(lower-starshaped, monotone-starshaped) functions by means of quasiconcav- 
ity (quasiconvexity, quasimonotonicity) from special points. The following 
notation will be used. We denote 

If = {a6R|[/(/,a)^0}, 

If = {a€RlL(/,a)^0}. 

Theorem 3.11 Let X be a starshaped subset o/R”, let f : X TL be a 
real-valued function on X. If 

5 e Pi KeT{U{f,a)), (3.7) 

aeif 

then f is quasiconcave on X from x. 
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Figure 3.3. 



Proof. By (3.7) / is upper-starshaped on X. To prove the theorem, by 
Definition 3.3, it is sufficient to show that if x satisfies (3.7) and a; is a point 
of X different from x, then fx,x is quasiconcave on [0, 1]. Let x C X ,y = 
X + \{x - x) for arbitrary A € (0, 1), set j3 = f{x), i.e., f3 = fx,x (0). 
Then x G U{f,l3),x G Ker {U (/, (3)) and since / is upper-starshaped on X, 
it follows that the upper-level set U(f,6) is starshaped, consequently, y — 
x + A(5-x) G [/(/,/?). Hence, 

/(y) = /x,x(A)>/? = /x,x(0). 

From the last inequality we obtain that fx,x is nondecreasing on [0, 1], that is, 
/ is quasiconcave on X from x. ■ 

Notice that if condition (3.7) is satisfied, then / is upper-starshaped on X. 
Example 3.4 demonstrates that an opposite statement to the above theorem is 
not true. Particularly, / is not upper-starshaped on A, since the upper level set 
(/(/, 1) = .4 and A is not starshaped. 

The analogous result to Theorem 3.11 can be formulated for lower- 
starshaped and quasiconvex functions. The proof of the preceding theorem 
can be easily modified for this case. 
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Theorem 3.12 Let X be a starshaped subset o/R”, let f : X H be a 
real-valued function on X. If 

X G Pi Ker(L(/,a)). (3.8) 

aelf 

then f is quasiconvex on X from x. 

Notice that condition (3.7), (3.8), i.e., 

n Ker ([/(/, a)) 7^0, fj Ker (T(/, a)) ^ 0, 
aelf aelf 

are not satisfied in general, e.g. in Example 3.8, we obtain 

f| Ker ([/(/, a)) -0, 
aelf 

see also the following Example 3.13. We return to this problem in the next 
chapter, where we deal with Similarly, we deal with necessary and sufficient 
conditions for validity of (3.7) and (3.8). To throw more light on this problem, 
consider another example. 

Example 3.13 Let B g is one of the end points of the ”moon-shaped” 
set X 2 from Example 2.7, see Figure 2.1 (b). Let / : R^ — ^ [0, 1] be defined 
as follows; 

{ 1 for (xi,X 2 ) = R, 
i for (xi,X 2 ) € X 2 \{R}, 

0 otherwise. 

As it is easily seen, the function / has the following properties: 

■ R is a strict global maximizer of / on R^, 

■ / is upper semicontinuous on R^, 

■ / is upper-starshaped on R^, 

- ria6/,Ker(l7(/,a)) = 0. 

□ 

It is only a matter of routine to modify function / in Example 3.13 in such 
a way that the previous properties remain valid and / is continuously differen- 
tiable. Such an example demonstrates that sufficient conditions for the validity 
of (3.7) should be more delicate than those mentioned in Example 3.13. This 
problem will be investigated by the use of triangular norms in Chapter 4. 
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We finish this section with a theorem characterizing monotone-starshaped 
functions, i.e., the functions being both upper- and lower-starshaped. Appar- 
ently, the theorem can be derived from the preceding Theorems 3.1 1 and 3.12 
and, therefore, its proof is omitted. 

Theorem 3.14 Let X be a starshaped subset o/R”, let f : X Ube a 
real-valued function on X. If 

xe f] Ker ([/(/, a)) n f) Ker(L(/,a)), 
aell aelf 

then f is quasimonotone on X from x. 

3. Further Generalizations of Concave Functions 
3.1. Quasiconnected Functions 

In this subsection we further extend the notion of starshaped functions pre- 
sented in the preceding section. For this purpose we utilize the concept of 
path-connected sets from Chapter 2; see also [3]. 

Recall that if x,y C and ip : [0, 1] R” is a continuous mapping such 
that (^(0) = X and p{l) = y, then the set 

P(a:,y) = € R” h = <^(A), A € [0, 1]} 

is called a path connecting x and y. Also recall that a subset of R" is path- 
connected if, with every two of its points, there exists a path connecting these 
points and belonging to the set. 

Definition 3.15 Let X be a nonempty path-connected subset o/R”. A 
function f : X is called 

(i) upper-quasiconnected on X (UQCN) if for every x,y E X, x ^ y there 
exists a path 

P(x, y) = {zeR^\z = p{X), A 6 [0, 1]} (3.9) 

connecting x and y such that P(x, y) C X and for every A € (0, 1) 

f{p{\)) > min{/(a;), f{y)}-, (3.10) 



(ii) strictly upper-quasiconnected on X if for every x,y E X, x y there 
exists a path P(x, y) c X, defined by (3.9), connecting x and y such that 
for every A E (0, 1) 



f{p{X)) > min{/(ar),/(y)}; 



(3.11) 
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(iii) semistrictly upper-quasiconnected on X if for every x,y £ X, x ^ y, 
there exists a path P(a:, y), defined by (3.9), connecting x and y such that 
(3.10) holds for every A € (0, 1), and if f{x) ^ f{y), then (3.11 ) holds for 
every A € (0, 1); 

(iv) lower-quasiconnected on X (LQCN) if for every x,y € X,x y there 
exists a path P(x, y) C X, defined by (3.9), connecting x and y such that 
for every A € (0, 1) 



f{p{\)) < max{/(a:), /(y)}; (3.12) 



(v) strictly lower-quasiconnected on X if for every x,y E X, x ^ y there 
exists a path P(a:, y) C X, defined by (3.9), connecting x and y such that 
for every A € (0, 1) 



f{(p{\)) < max{ f{x)J{y)}, (3.13) 



(vi) semistrictly lower-quasiconnected on X if for every x,y E X, x y, 

there exists a path P(a:, y), defined by (3.9), connecting x and y such that 
(3.12) holds for every A E (0, 1), and if f{x) f{y), then (3.13) holds for 

every A G (0, 1); 

(vii) monotone-quasiconnected on X (MQCN) if it is both upper-quasi- 
connected and lower-quasiconnected on X; 

(viii) strictly monotone-quasiconnected on X if it is both strictly upper-quasi- 
connected and strictly lower-quasiconnected on X. 

Notice that if, for x,y E X and A G (0, 1), (p{X) = x-\- \{y — x), then we 
obtain the definition of (strictly, semistrictly) quasiconcave function. From 
this observation we conclude that each (strictly, semistrictly) quasiconcave 
function is (strictly, semistrictly) upper-quasiconnected. Similarly, each 
(strictly, semistrictly) quasiconvex function is (strictly, semistrictly) lower- 
quasiconnected. 

The following proposition gives a characterization of quasiconnected func- 
tions by upper and lower level sets. 

Proposition 3.16 Let X be a nonempty path-connected subset o/R”. A 
function / : X — > R is UQCN on X if and only if its upper-level sets U (/, a) 
for alia EK. are path-connected subsets o/R”. Likewise, f is LQCN on X if 
and only if all its lower-level sets L{f, a) are path-connected subsets o/R 
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Proof. We prove the proposition only for UQCN functions, for LQCN 
functions, the proof is analogous. 

1. Let / be UQCN onX,a £K,x,y G U{f, a), a: 7 ^ y. We show that there 
exists a path P(x, y) C X connecting x and y such that P(rr, y) C U{f,a). 
Since (3.10) is satisfied, it follows that there exists a path 

P(a:,y) = {zGR^\z = A G [0, 1]} C X 

connecting x and y such that 

/(¥’(A)) > min{/(ar),/(y)} 

for every A € [0, 1 ]. Since x,y G U{f, a), it follows that min{/(x), /(y)} > 
a, hence f{tp{X)) > a for every A G [0, 1], i.e., tp{\) G U{f,a) for every 
A G (0, 1). Consequently, P(a;, y) C U{f, a). 

2. Let x,y G X, X ^ y. Without loss of generality we assume f{x) > f(y). 
Then x,y G U{f,f{y)). Since U{f,f{y)) is path-connected, there exists a 
path 

P(x, y) = {2 6 R" I z = <^(A), A G [0, 1]} C U(f, /(y)) 
connecting x and y. Therefore 

fi<p{X)) > f{y) = min{/(x), /(y)} 

for every A G (0, 1), and we conclude that / is UQCN on X. ■ 

Further on, we shall investigate some properties of local and global extrema 
of UQCN functions. 

Theorem 3.17 Let X be a nonempty path-connected subset o/R™, let 
f : R" — > R be UQCN on X. If x G X is a strict local maximizer of f 
over X, then it is a strict global maximizer of f over X. 

Proof. Set a = f{x). Then the upper-level set (/(/, a) is path-connected. 
Since x G X is a strict local maximizer, there exists an open ball B with the 
center atxGX such that f(x) < f{x) for all x G X O B, x ^ x. 

Suppose that x G X is not a global maximizer. Then there exists v G X 
such that f{x) < f{v). It follows that v G U{f, a) and there exists a path 
P(x, v) connecting x and v such that P(i, v) cU (/, a) and z = <^(x, f ; A) G 
X n R for some sufficiently small A G (0, 1). Consequently, z GU{f, a) and 
/(z) < /(x), a contradiction. Hence, x is a global maximizer. Since it is also 
a strict local maximizer, it must be strict global one. ■ 

If in Theorem 3.17 we drop the assumption of strictness of the local max- 
imizer, then clearly the assertion is no longer valid. The semistrict quasicon- 
cavity will, however, secure the assertion. 
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Theorem 3.18 Let X be a path-connected subset o/R”, let f : R” — > R 
be semistrictly UQCN on X. Ifx C: X is a local maximizer of f over X, then 
it is a global maximizer off over X. 

Proof. Set a = f(x). Then the upper-level set U (/, a) is path-connected. 
Since 5 G X is a local maximizer, there exists an open ball B with the center 
atx E X, such that f{x) < f{x) for all a: G D B. 

Suppose on contrary that 5 G X is not a global maximizer. Then there 
exists V E X, X V, such that f{x) < f{v). It follows that v E U{f,a) 
and consequently there exists a path P(5, v) connecting x and v, such that 
P(5,v) C U{f,a), z = (p{x,v,X) E X n R for some sufficiently small 
A G (0, 1) and f{(p{x,v; A)) = f{z) > f{x). Since z E X D B, we have 
f{z) < f {x), a contradiction. ■ 

Further on, we derive some sufficient conditions for the generalized quasi- 
concavity of composite functions. The results we will obtain are analogous to 
similar results for quasiconcave functions, derived in [3]. 

Proposition 3.19 Let X be a nonempty path-connected subset o/R”, let 
/ : X — > R be UQCN on X , let -tp : Y K be an increasing function on 
y C R with f{X)cY. Then the composite function ip o f is also UQCN on 
X. 

Proof. On contrary, suppose that ip o f is not UQCN on X. Then there 
exists a G R such that the corresponding upper-level set U{ip o f, a) is not 
path-connected, i.e., there exists x,y E U{ip o f,a) such that x and y can- 
not be connected by a path belonging to U(ip o f, a). Setting jd = tp 
we obtain x,y E U{f,p). However, by the assumption, U{f,f3) is path- 
connected, hence there exists a path P{x,y) connecting x and y such that 
P(a:,?/) C U{f,0), where 2: - ip{x,y,X) E U{f,f3) for all A G (0,1). In 
other words, f{p{x, y, A)) > /?, which implies that 

y, ^))) > ^(/?) = « (3.14) 

for all A G (0, 1). By (3.14) we conclude, that x and y can be connected by a 
path P{x,y) belonging toU{ip o f,a), a contradiction. ■ 

Corollary 3.20 If f is either positive or negative UQCN function on a 
path-connected subset X o/R”, then j is UQCN on X. 

Proof. We can write = <p{—f{x)) with (p{y) = Since <p'(y) - 
^ > 0 for y 0, by the assumption, p is increasing over the range of — /. 
Applying Proposition 3.19, j = </? o / is UQCN on X. ■ 
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Analogical results to Theorems 3.17 and 3.18 and Proposition 3.19 could 
also be derived for LQCN and similar functions and their local and global 
minima by using the correspondence between the functions / and — /. The 
formulation of these theorems and their proofs are left to the reader. 

3.2. ($, 'J^)-Concave Functions 

In this subsection we further extend the notion of quasiconnected functions 
presented in the preceding section. For this purpose we utilize the concept of 
^-convex set defined in Chapter 2. 

Definition 3.21 Let X be a subset o/R". Let ^ be a set of mappings (p 
with y; : X X X X [0, 1] — > R”, ^ be a set of functions ^ with : X x X x 
R X R X [0, 1] ^ R. Moreover, let X be a ^-convex subset o/R”. A function 
/ : X ^ R is called 

(i) ($, ’I')-concave on X if, for each x,y € X, there exists (p E ^ such that 
ip{x, y, A) G Xfor every A 6 [0, 1] and 

f{(p{x, y, A)) > mi{i){x, y, f{x),f{y), \)\ip€ 'I'}; 

(ii) strictly ($, -concave on X if, for each x,y G X, there exists ip € ^ 
such that (p{x, y, A) G Xfor every A G (0, 1) and 

f{(p{x, y, A)) > inf{V’(a:, y, f{x), f{y),X) | V’ e ^}; 

(iii) semistrictly ($, ^)-concave on X if, for each x,y E X, there exists (p E 
$ such that (p{x, y, A) G Xfor every A G [0, 1] and 

f{ip{x, y, A)) > inf{V^(x, y, f{x), f{y), A) | V' G 

Moreover, if f{x) f{y), then, for every A G (0, 1), 

/((^(x, y, A)) > inf{-0(x, y, f{x)J{y),X) | V’ ^ 

(iv) ($, -convex on X if, for each x,y E X, there exists p E ^ such that 
p{x, y, A) G Xfor every A G [0, 1] and 

f{p{x, y, A)) < sup{i){x, y, /(x), /(y), A) | e 

(v) strictly ($, ^)-convex on X if, for each x,y E X, there exists p E ^ such 
that p{x, y, A) G Xfor every A G (0, 1) and 

f{p{x, y, A)) < sup{ip{x, y, /(x), /(y), \)\ipe 
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(vi) semistrictly (#, ^)-convex on X if, for each x,y C X, there exists 93 G $ 
such that ip{x, y, A) G Xfor every A G [0, 1] and 

f{<p{x,y,X}) < sup{il){x,y, f{x),f{y),X) 1 V' € 

Moreover, if f{x) 7 ^ f{y), then, for every A G (0, 1), 

f{^p{x, y, A)) < sup{it{x, y, f{x), f{y), X)\ipe 

(vii) (strictly, semistrictly) ($, ^)-monotone on X if it is both (strictly, semi- 
strictly) ($, '^)-convex on X and (strictly, semistrictly) (#, 'iS)-concave on 
X, respectively. 

The ($, 'J')-concave functions introduced in Definition 3.21 are different 
from ($, ^)-concave functions defined in [82], where $ and ^ are consid- 
ered to be functions, whereas here, $ and ^ are considered to be classes of 
functions. It is obvious that the ($, ^ )-concave functions defined in [82] are 
particular cases of ($, ’®')-concave functions introduced here. 

The classes of functions introduced in Definition 3.21 are remarkable rich. 
Considering particular sets $ and ^ we can identify many well known and also 
some new classes of generalized concave (convex) functions. As examples, 
consider the following; 

(i) Let X be nonempty and convex, let both # and ^ consist of a single func- 
tion, i.e. $ = {(f} and 'J' = {ip}, where 

(p(x,y,X) = x + X{y-x) (3.15) 

and 

ip(x,y,a,l3,X) = a-{- X{(3- a) (3.16) 

for all a;,y G X,a,0 G R, A G [0, 1]. Then, by Definition 2.73, X is 
$-convex, and by Definition 3.21 we obtain (strictly, semistrictly) concave 
and convex functions on X. 

(ii) Let $ be the same as in paragraph (i), let ^ consist of two functions ipi,ip 2 
such that 



ipi{x, y, a, /5, A) = a and ip^ix, y, a, /?, A) = /3 (3.17) 

for all I, y G X, a, /3 G R, A G [0, 1). Then by Definition 3.21 we obtain 
(strictly, semistrictly) quasiconcave and quasiconvex functions on convex 
sets. 

(iii) Let $ consist of all continuous mappings ip(x, y, •) : [0, 1] — + R ” such 
that (p{x,y,0) = x and p(x,y,l) = y for every x,y G X, where 
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9? : X X X X [0, 1] — > R”. Let be as in (ii), i.e. ^ = {xpi, 1 ^ 2 }, where 
^ 1 , V>2 are defined by (3.17). Then by Definition 3.21 we obtain (strictly, 
semistrictly) UQCN and LQCN functions on the path-connected set X. In 
particular, US and LS functions are ($, ^)-concave. 

(iv) Let X be a nonempty subset of R”, let 7 /, b and ^ be functions, 77 : X x 
X R”, 6 : X X X X [0, 1] ^ [0, -l-oo), ^ : R ^ R. Now, let X be 
invex with respect to 77. Let both $ and ’I' consist of a single function, i.e. 
$ = {v’} and = {xp}, where 

(p{x,y,X) = X + \T]{x,y) (3.18) 

and 

ip{x,y,a,l3,X) = 0 - 1 - Xb{x,y,X)^{^~ a) (3.19) 

for all a:, 2 / e X, a, /3 G R, A € [0, 1]. Then by Definition 3.21 we obtain 
(strictly, semistrictly) pre-unicave and pre-univex junctions with respect to 
77, b and ^ on the univex set X, introduced in [10]. 

(v) Let $ be a set of mappings p with y? : X x X x [0, 1] ^ R", let X be a 
nonempty ^-convex subset of R”, and let ^ consist of a single function xp 
defined by 

xp{x, y, a, /?, A) = a -h A(/? - a) 

for all X, 7 / G X, a, /3 € R, A G [0, Ij. By Definition 3.21 we obtain classes 
of functions called (strictly, semistrictly) ^-concave (^-convex) on the set 
X. Clearly, for $ as in (i), see (3.15), we obtain the usual concave (convex) 
functions. 

(vi) Let $ be a given set of functions p with 9 ? : X x X x [0, 1 ] — ^ R", let X 
be a nonempty ^-convex subset of R” and let ^ consist of two functions 
xpi , xp 2 such that 

xpi (x, y, a, /3,X) = a and xp 2 {x, y, a, (3,X) = (3 

for all X, 7 / G X, O', /3 G R, A G [0, Ij. By Definition 3.21 we obtain classes 
of functions called (strictly, semistrictly) ^-quasiconcave (^-quasiconvex) 
on the set X. Note that in our new terminology an upper-quasiconnected 
function / is also $-quasiconcave, where $ is specified in (iii). Again, for 
$ as in (3.15) we obtain the usual quasiconcave (quasiconvex) functions. 

The following proposition gives a characterization of pre-unicave (pre- 
univex) functions by their hypographs (epigraphs). 

Proposition 3.22 Let X be a nonempty subset ofR^, let 77, b and xp be 
junctions, 77 : X x X — > R", 6 : X x X x [0, 1] [0, -l-oo), ^ : R — »• R. 
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Suppose that X is invex with respect to rj. Let f be a function, f : X R. If 
the hypograph of f, (epigraph off), is a univex set with respect to rj, b and 
then f is pre-unicave (pre-univex) on X with respect to 77 , h and 

Proof. We prove the proposition only for pre-unicave functions, for pre- 
univex functions the proof is analogous. 

Let the hypograph of /, Hyp(/), be a univex set with respect to rj, b and 
Then for each (x,f{x)) € Hyp(/), {y,f{y)) € Hyp(/), and for each 
A €[0,1] 

(x ■+■ Xr)(x, y), f{x) -I- Xb{x, y, X)^{f(y) - f{x))) e Hyp(/). 

It follows that 

f(x -h Xri{x, y)) > fix) -h Xb(x, y, X)^(fiy) - f(x)) 

for every A € [0, 1]. Consequently, by Definition 3.21, (iv), (3.18) and (3.19), 
function / is a pre-unicave function on X with respect to rj, b and ■ 

Now, we give a characterization of some important subclasses of ($, ^)- 
concave functions by their upper level sets and hypographs. 

Proposition 3.23 Let X be a nonempty subset o/R”, ^ bea set of map- 
pings (f with (/? : X X X X [0, 1] — > R" and let ^ be a set of functions xp with 
•0:XxXxRxRx[0, 1]— »^R such that for each V’ € ^, 

xpix, y, a, /3, X) > min{Q!, f3} (3.20) 

for all x,y e X,a,^ eR, Xe [0, Ij. Moreover, let X be a ^-convex subset of 
R”. If f : R” — > R is ($, ^)-corwave on X, then all upper-level sets Uif, 6) 
are ^-convex subsets o/R”. 

Proof. Let 5 eR,x,y EU{f,5),XE [0, 1]. Then 

fix)>5J{y)>5. (3.21) 

Since X is ^-convex subset of R”, there exists p E ^ such that p{x,y,X) E 
X, and, by ($, ^)-concavity of / on X, we get 

fip{x, y, A)) > infjV’Cx, y, f(x), f{y), X)\ipE (3.22) 

Combining (3.22), (3.20) and (3.21), we obtain 

fip(x, y, A)) > min{/(x), f{y)} > S, 

hence, p{x, y,X) E U(f,S) proving that U (/, S) is ^-convex. ■ 




54 



GENERAUZED CONCAVITY 



Proposition 3.24 Let X be a nonempty ^-convex subset o/R”, ^ bea set 
of mappings p with 93 : X x X x [0, 1] R”. Let ^ consist of a single 

function ip, where •0:XxXxRxRx[0, 1]^R such that for each ip 

ip{x, y, a*, /?*, A) > ip{x, y,a,p, A) (3.23) 

for all x,y e X, X e [0, 1], whenever a* > a, /3* > p. If f : R” — »■ R 
is ($, ^)-concave on X, then the hypograph Hyp(/) is a ^-convex subset of 
Rn+i^ w/iere $ = {(^ | (^ = (p,ip), p € $}. 

Proof. Let (x,a),{y, P) € Hyp(/) and A € [0,1]. Then, we have 
f{x) > a and f{y) > p. We have to show that there exists ap E ^ such 
that p((x, a), (y, p), A) € Hyp(/). 

Since X is ^-convex subset of R”, x,y E X, there exists p E ^ such that 
p{x, y, A) € X, and by ($, ^)-concavity of / on X, we get 

f{p{x, y, A)) > ip{x, y, f(x), f{y), A). (3.24) 

By (3.23) and (3.24) we obtain 

f{p{x, y,X))> ip{x, y, a, p, A). 

Setting p = {p, Ip), we finally obtain 

p{{x, a),{y,p),X) E Hyp(/). 



Notice that condition (3.20) is satisfied e.g. for $-concave and #-quasi- 
concave functions. 

In what follows we shall investigate some properties of local and global 
extrema of ($, $)-concave (convex) functions on ^-convex sets, we refer to 
Theorems 3.17 and 3.18. The following two theorems generalize analogical 
results of [3] and [10]. 

Theorem 3.25 Let X be a nonempty ^-convex subset o/R”, where $ is a 
set of mappings : X x X x [0, 1] — > R" such that for all x,y E X 

lim p{x,y,X) = X. (3.25) 

A — 

Let 'i! be a set of functions ^:XxXxRxRx[0, 1]— >R such that 

ip{x,y,a,p,X)>mm{a,P} (3.26) 

for all x,y E X,a,P eK,Xe [0, 1]. Let f : R” — > R be ($, '^f)-concave on 
X. If X E X is a strict local maximizer of f over X, then it is a strict global 
maximizer off over X. 
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Proof. Since x G X is a strict local maximizer, there exists an open ball B 
with the center atx e X such that f{x) < f{x) for all a; € X n B with x ^ x. 

Suppose that x G X is not a global maximizer. Then there exists y € X 
such that 

m < f{y). (3.27) 

As X is ^-convex and / is ($,^)-concave on X, it follows that there exists 
(/? G $ such that <^(x, y, A) G X and 

/((^(x, y, A)) > inf{^(x, y, /(x), /(y), A) | ^ G 'i'} (3.28) 

for each A G [0, 1]. By (3.26) we obtain 

inf{^(x, y, /(x), /(y), X) \ ip £ > min{/(x), /(y)} (3.29) 

and combining (3.28) with (3.29), we get 

/(V?(x, y, A)) > min{/(x), /(y)} (3.30) 

for each A G [0, 1]. Moreover, from (3.25) we have (p{x,y,Xo) £ X C\ B 
for some sufficiently small Aq € (0,1). Let z = (/?(x, y, Aq). Hence, ap- 
plying (3.27) and (3.30), we conclude that f{z) > /(x), however, we have 
also f{z) < /(x), a contradiction. Consequently, x must be a strict global 
maximizer of / over X. ■ 

Notice that condition (3.25) is satisfied e.g. for (3.18), i.e., for invex sets. 
Moreover, condition (3.26) is satisfied e.g. for (3.16) and (3.17), hence for 
^-concave, $-quasiconcave functions on ^-convex sets satisfying (3.18). 

Clearly, if we drop the assumption of strictness of the local maximizer in 
Theorem 3.25, then the statement is no longer valid. The semistrict concavity 
will, however, secure the result. 

Theorem 3.26 Let X be a nonempty ^-convex subset o/R”, where $ is a 
set of mappings ip with : X x X x [0, 1] — > R” such that for all x,y £ X 

lim (p{x,y,\) = X. (3.31) 

A— >0-1- 

Let ^ be a set of functions i/':XxXxRxRx[0, 1]^R such that 
ip{x, y, a, 13, A) > min{a, /?} 

for all X, y G X, O', /3 G R, A G [0, 1]. Let f : R” —^Ube ($, '^)-semistrictly 
concave on X. If x £ X is a local maximizer of f over X, then it is a global 
maximizer off over X. 

Proof. Since x G X is a local maximizer, there exists an open ball B with 
the center at x G X such that /(x) < /(x) for all x G X n R with x ^ x. 
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Suppose that x € AT is not a global maximizer. Then there exists y E X 
such that 

m < fiy). (3.32) 

As X is ^-convex and / is ($, ^)-semistrictly concave on X, it follows that 
there exists $ such that (p{x, y,X)e X and by (3.32) 

fiifiix, y, A)) > y, f{x), f(y), A) | (3.33) 

for each A G [0, 1]. By (3.26) we obtain 

inii-ipix, y, f{x),f{y), A) | V' € 4'} > min{/(x), f{y)} (3.34) 

and combining (3.33) with (3.34), we get 

fi(p(x, y, A)) > min{/(x), f{y)} (3.35) 

for each A G (0, 1). Moreover, from (3.31) we obtain (p(x, y, Aq) 6 X D B 
for some sufficiently small Aq G (0, 1). Let z = ip{x,y,Xo). Hence, apply- 
ing (3.32) and (3.35) we conclude that f{z) > f{x), however, we have also 
f{z) < f{x), a contradiction. ■ 

Clearly, analogous theorems to Theorems 3.25 and 3.26 can be formulated 
and proved for local and global minimizers and ($, ^)-convex functions. 

Example 3.27 Let $ be a set of functions with x x 

[0, 1] R^, such that (^(*^>"^) = , fc, m G {1,2,..., K} and 

‘p\'"\x,y,X) = Xi + X^{yi-Xi), i = 1,2, 

where x = (xi, X 2 ), y = ( 2 / 1 , ^ 2 )- Let X be a nonempty ^-convex subset of 
R^ and let ^ consist of K functions, ^ = {-ipk I ^ = 1) 2, . . . , K}, where 

i’kix, y, a,f3,X) = a + X'‘{/3 - a) 

for all X, y G X, a, /3 G R, A G [0, 1]. Then by Definition 2.73 we obtain 
particular classes of ^-convex sets and by Definition 3.21, ($, ^)-concave 
and ($, ^)-convex functions. Observe that X is ^-convex if any two points 
X, y G X can be connected by a curve such that (^(^’"*)(x, y. A) belongs to 
X for each A G [0, 1] and some k,m G (1,2,..., K}. For illustration, in 
Figure 3.4, we have depicted <^ 2 ^^), where 

^^i'{x,y,X) = xi -f- A(yi -xi), 

<p^^\x,y,X) = X 2 -f A^(y 2 - X 2 ), 
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where 

ipf\x,y,X) = xi + X^{yi-xi), 

(x, y, A) = X2 + A^(y2 - X 2 ) 

for all A G [0, 1], where x = (1, —2), y = (—2, 2). □ 




Figure 3,4. 



4. Differentiable Functions 

Let us turn now to differentiable generalized concave functions. We start 
with a brief review of the results known for differentiable concave and quasi- 
concave functions; see also [3]. 

4.1. Differentiable Quasiconcave Functions 

First let us recall that a real-valued function / defined on an open subset X 
of R” is called continuously differentiable on X, if / has all partial derivatives 
of the first order and all of them are continuous on X. The vector V/(xq) 
defined for xq € X by 

Vfr-r 'I dfixo) df{xo)\ 

is then called the gradient of f at x q. 

If / has all partial derivatives of the second order and all of them are contin- 
uous on X, then we say that / is twice continuously differentiable on X. The 
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matrix 




■ 9^/(xo) 


d^fixo) 






dxidxi 


dxidxn 




VV(^o) = 


d^ixo) 


d'^fixo) 






. dXndxi 


dxjidXfi 



is then symmetric n x n matrix called the Hessian matrix of f at xq. Occa- 
sionally we need to multiply the Hessian of / at x by a vector from R”, say y. 
If so, we use the notation V^/(x)y. 

Now, we begin with a brief review of known results. The following result 
gives a characterization of differentiable concave functions; see [3]. 

Proposition 3.28 Let X be an open convex subset o/R” and f : X —*Il 
be a function differentiable on X. Then f is 

(i) concave if and only if 

f{y)-f{x)<{Vf{x),y-x) (3.36) 

holds for every x, y € X; 

(ii) strictly concave if and only if 

/(y)-/(x)<(V/(x),y-x) (337) 

holds for every x, y 6 X, x 7 ^ y; 

(iii) convex if and only if 

/(y)-/(x)>(V/(x),y-x) (3.38) 

holds for every x,y e X; 

(iv) strictly convex if and only if 

/(y)-/(x)>(V/(x),y-x) (3.39) 

holds for every x, y € X, x 7 ^ y. 

The following proposition is a well known characterization of concave func- 
tions by the second derivatives, i.e., by the Hessian matrix; see e.g. [3]. 

Proposition 3.29 Let X be an open convex subset o/R” and / : X — > R 
be a twice-continuously differentiable function on X. Then f is concave on X 
if and only if its Hessian matrix is negative semidefinite for every x € X, that 
is, for every x € X and every y € R” it holds 

<vV(a;)y,y) < 0. 
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IfV“^f{x) is negative definite for every x E X, then f is strictly concave on X. 

The last statement in Proposition 3.29 cannot be reversed, since there 
exist strictly concave functions whose Hessians are not negative definite, e.g., 
f{x) = 1 - ||a;||^ atx = 0. 

The differentiable quasiconcave functions can be characterized by the fol- 
lowing proposition; see [3]. 

Proposition 3.30 Let X be an open convex subset o/R” and f : X 
be a Junction differentiable on X. Then 

(i) / is quasiconcave if and only if 

f{y) — f{x) > 0 implies that {Vf{x), y — x) >0 (3.40) 

holds for every x,y E X; 

(ii) / is quasiconvex if and only if 

f{y) — f{x) < 0 implies that {Vf{x),y — x) <0 (3.41) 

holds for every x,y E X. 

Notice that (3.36) implies (3.40), and (3.38) implies (3.41). For quasimono- 
tonicity we have the following characterization; see [71]. 

Proposition 3.31 Let X be an open convex subset of'R.^and f be a dif- 
ferentiable function on X, f : X — > R. Then f is quasimonotone if and only 

if 

f{y) — f{x) > 0 implies that {Vf(z), y — x)>0 
holds for every x,y E X and every z = Ax -I- (1 — X)y, where A E (0, 1). 

The detailed treatment of (strictly, semistrictly) differentiable quasiconcave 
functions can be found in [3]. 

4.2. Pseudoconcave Functions 

Replacing inequality relations in (3.40) (or (3.41)) by the strict inequali- 
ties, we do not obtain the strict quasiconcavity (strict quasiconvexity) of /, 
as it could be guessed. In fact, we obtain a new class of functions located 
between concave and quasiconcave functions (convex and quasiconvex func- 
tions). These functions are called pseudoconcave (pseudoconvex) functions; 
see [3]. 

Definition 3.32 Let X be an open convex subset o/R", and / : X — > R 
be a junction differentiable on X. Then f is called 
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(i) pseudoconcave on X (PCA) if 

f{y) ~ f{^) > 0 implies that (V/(x), y — x) > 0 (3.42) 

for every x,y € X; 

(ii) strictly pseudoconcave on X if 

f{y) — f{x) > 0 implies that {Vf{x),y — x) > 0 (3.43) 

for every x,yeX,x^ y; 

(iii) pseudoconvex on X (PCV) if 

f(y) — f(x) < 0 implies that (V/(x), y-x) <0 (3.44) 

for every x,y C X; 

(iv) strictly pseudoconvex on X if 

f{y) ~ fi^) ^ 0 implies that {V f(x), y — x) <0 (3.45) 

for every x,y e X,x ^y. 

From Definition 3.32 we immediately obtain an important property of pseu- 
doconcave (pseudoconvex) functions. 

Theorem 3.33 Let X be an open convex subset o/R”, f : X R be a 
differentiable (strictly) pseudoconcave function on X . IfVf{x*) = 0 for some 
X* € X, then x* is a (strict) global maximizer of f over X. Likewise, if f is 
a differentiable (strictly) pseudoconvex function on X such that V/(x *) = 0 
holds for some x* £ X, then x* is a (strict) global minimizer off over X. 

Proof. We prove only the first part of the theorem for (strictly) pseudocon- 
cave functions, the rest of the proof is obvious. 

By (3.42), resp. (3.44), V/(x*) = 0 implies f(x*) > f(x), resp. f(x*) > 
f(x), for all X € X, and x*is a (strict) global maximizer of / over X. ■ 

The following two propositions give a characterization of continuously and 
twice continuously differentiable (strictly) pseudoconcave functions; see [3]. 

Proposition 3.34 Let X be an open convex subset o/R”, / : X — > R be 
a continuously differentiable function on X. Then f is (strictly) pseudocon- 
cave on X if and only if for every xq € X and y € R ” such that 1 | 2 /|| = 1 
and (V/(xo),y) = 0 the function F(t) = f(xo + ty) attains a (strict) local 
maximum att = 0. 
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The geometric interpretation of the condition in Proposition 3.34 is that the 
function /, restricted to the line passing through a: o in the direction y orthogo- 
nal to the gradient of / at xq, has a local maximum at xq- 

Proposition 3.35 Let X be an open convex subset o/R”, f : X li be 
a twice-continuously differentiable function on X. Then f is (strictly) pseudo- 
concave on X if and only if for every xq Cl X and y € R” such that ||y|| = 1 
and {Vf{xo),y) - 0 either {V^f{xo)y,y) < 0 or {V^f{xo)y,y) = 0 and 
the function F(t) = /(xq + ty) attains a (strict) local maximum att = 0. 

The analogical propositions to Propositions 3.34 and 3.35 hold for (strictly) 
pseudoconvex functions. We left their formulation to the reader. 

Pseudoconcave functions are intermediate between concave and semistrictly 
quasiconcave functions. This result will be proved in the following theorem 
together with some other inclusions between the classes of generalized concave 
(convex) functions. 

Theorem 3.36 Let X be an open convex subset ofRF', / : X — *• R he a 
continuously differentiable function on X. Then the following chains of impli- 
cations hold: 

(i) Iff is CA on X, then f is PC A on X; 

(ii) if f is PC A on X, then f is semistrictly QCA on X; 

(iii) if f is semistrictly QCA on X, then f is QCA on X; 

(iv) if f is QCA on X, then f is US on X; 

(v) iff is US on X, then f is UQCN on X. 

Proof. 

(i) Let / be concave on X. Then by (3.36) we have 

f{y)~ fix) < i'^fix),y-x) 

for every x,y e X. If 0 < f(y) — f{x), then by (3.42) 

0 < (V/(x),y-x), 

hence, by (3.42), / is pseudoconcave on X. 

(ii) Let / be pseudoconcave on X, let x, y G X, x 7 ^ y. 

First, we show that / is quasiconcave on X. By Proposition 3.30 this is 
equivalent to the following implication 

fiy) - fix) > 0 implies that (V/(x), y - x) > 0. 



(3.46) 
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If f{y) > f{x), then by (3.42), implication (3.46) holds. 

Suppose, on contrary, that 

fix) = fiy) and (V/(a;), y-x) <0. (3.47) 

Setting 

F(t)^ fix + t{y-x)), te[0, 1], 

there exists to 6 (0, 1) such that to is a local minimizer of F. Therefore at 
z = X + to{y — x) we obtain 

{Vf{z),y-z) = 0. (3.48) 

However, by (3.47) we have F{to) = f(z) < f(y). Since / is pseudocon- 
cave, it follows by (3.42) {Vf{z),y — z) > 0 , a contradiction to (3.48). 
Consequently, / is quasiconcave on X. 

To prove that / is semistrictly quasiconcave on X, consider f{y) > f (x) 
and u = X -H A(y - i), A G ( 0 , 1 ). Then by (3.42) we obtain 

(V/(x),y-x) > 0. 

Using again the proof by contradiction, we easily conclude that 
f{u) > fix) = min{/(x),/(y)}. 

Hence, semistrict quasiconcavity follows. 

(iii) This inclusion follows directly from Definition 3.2. 

(iv) All upper-level sets U if, 7 ) are convex and, therefore, starshaped. 

(v) This inclusion is also clear from Definition 3.15. Indeed, for the path 
P(x, y) we can take the union I(x, z) U I(z, y) of the two line segments, 
where z G Ker(( 7 (/, 7 )) and 7 = min{/(x), fiy)}. 



An analogous theorem is valid for generalized convex functions. 

4.3. Incave, Pseudoincave and Pseudounicave Functions 

We start this subsection with a generalization of the concept of differentiable 
concave (convex) functions based on Proposition 3.28. After that we shall gen- 
eralize the pseudoconcave (pseudoconvex) function from Definitions 3.32. In 
fact, we make some rearrangements of the formulae (3.36) - (3.39) and (3.42) - 
(3.45) to define new and broader classes of differentiable functions with some 
concavity properties. Here, the new classes are called incave, pseudoincave. 
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unicave and pseudounicave functions. Our approach is motivated by the 
paper [ 10 ], oiir terminology is, however, different from that used in [ 10 ]. Here, 
we reflect the new classes of functions, namely ($, 'l')-concave functions, 
introduced in Definition 3 . 21 . 

Definition 3.37 Let X be an open convex subset ofIC'', f : X H be a 
differentiable function on X. Let rj be a mapping of X x X into R Then f 
is called 

(i) incave on X with respect to t] (lA) if 

f{y) - fi^) < (V/(x), 7?(o:, y)) 



for every x,y €. X; 

(ii) strictly incave on X with respect to 77 if 

fiy) - fix) < (V/(x),77(x,y)) 
for every x,y€X,xf^ y; 

(iii) invex on X with respect to rj (IV) if 

fiy) - fix) > {Vfix),T]{x,y)) 



for every x, y G X; 

(iv) strictly invex on X with respect tor] if 

fiy) - fix) > (V/(x),77(x,y)) 
for every x,y C. X, x ^ y. 

In a special case, namely, if r){x, y) = y — x,v/q obtain by Proposition 3.28 
that any incave (invex) function with respect to 77 is concave (convex). The 
class of incave (invex) functions can be further extended by the following def- 
inition. 

Definition 3.38 Let X be an open convex subset o/R”, f : X R be a 
differentiable function on X. Let t] be a mapping of X x X into R Then f 
is called 

(i) pseudoincave on X with respect to 77 (PIA) if 

fiy) - fix) > 0 implies that {Vfix),r]{x,y)) > 0 



for every x, y G X; 
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(ii) strictly pseudoincave on X with respect to rj if 

f{y) - f{x) > 0 implies that {Vf{x),r]{x,y)) > 0 
for every x,y € X,xf^ y; 

(iii) pseudoinvex on X with respect to rj (PIV) if 

fiy) - fi^) < 0 implies that {V f{x), r/(x, y)) < 0 
for every x,y € X; 

(iv) strictly pseudoinvex on X with respect to r] if 

fiy) - fi^) < 0 implies that (V/(x), t]{x, y)} < 0 
for every x,y e X,x y. 

Notice that the differentiable incave functions are pseudoincave. Further, 
we define unicave (univex) and pseudounicave (pseudounivex) functions. 

Definition 3.39 Let X be an open convex subset o/R", f \ X —*'R. be a 
differentiable function on X. Let rj, b and ^ be functions, 7/ : X x X — > R ”, 
6 : X X X — > [0, +oo), ^ : R — > R. Then f is called 

(i) unicave on X with respect to rj, b and ^ (UA) if 

b{x,y)Ufiy) - fix)) < (V/(x),77(x,y)) 

for every x,y G X; 

(ii) strictly unicave on X with respect to rj, b and ^ if 

Kx,y)Hfiy) - fix)) < (V/(x),r 7 (x,y)) 
for every x,yEX,x^ y; 

(iii) univex on X with respect to rj, b and ^ (UV) if 

Hx,y)Hfiy) - fix)) > {Vf{x),r]{x,y)) 

for every x,y £ X; 

(iv) strictly univex on X with respect to rj, b and ^ if 

Kx,y)Hfiy) - fix)) > (V/(x),7y(x,y)) 
for every x,y £ X,x ^ y. 
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Clearly, if ri{x, y) = y — x, b{x, y) = 1, ^{t) = t for all x,y E X,t eH, 
then by Definition 3.37 a unicave (univex) function on X with respect to rj, b 
and ^ is incave (invex) on X with respect to rj. 

Definition 3.40 Let X be an open convex subset of f : X ^ ~R be a 
differentiable function on X. Let t], b and ^ be functions, rj : X x X ^ 

6 : X X X — > [ 0 , +oo), ^ : R R. Then f is called 

(i) pseudounicave on X with respect to r], b and ^ (PUA) if 

y)^ ifiy) - f{x)) > 0 implies that {Vf{x), rj{x, y)) > 0 
for every x,y E X; 

(ii) strictly pseudounicave on X with respect to 77, b and ^ if 

y)i (/(y) - f{x)) > 0 implies that {Vf{x),rj{x, y)) > 0 
for every x,yEX,xf^ y; 

(iii) pseudounivex on X with respect to y, b and ^ (PUV) if 

y)^ ifiy) - fix)) < 0 implies that (V/(a;), ri{x, y)) < 0 
for every x,y E X; 

(iv) strictly pseudounivex on X with respect to rj, b and ^ if 

Kx, y)^ ifiy) - fix)) < 0 implies that (V/(x), rj{x, y)) < 0 
for every x,y E X,x y. 

Evidently, any unicave (univex) function on X with respect to 77, b and ^ is 
pseudounicave (pseudounivex) on X with respect to 77, b and 

In particular, if r]ix,y) = y — x, b{x,y) = 1, ^{t) = t for all o:,y € X, 
t E R, then by Definition 3 . 39 , any unicave (univex) function on X with 
respect to 77, b and ^ is pseudoconcave (pseudoconvex) on X. By ( 3 . 40 ) it is 
also quasiconcave (quasiconvex) on X. 

Moreover, if / is incave on X with respect to some 77, then by (i) of Defini- 
tion 3 . 37 , / is unicave on X with respect to 77, b and where b{x, y) = 1 for 
all x,y E X and ^{t) = t, for all f G R, thus / is also pseudounicave on X 
with respect to rj, b and 

If 77 and 77* are different functions then the class of all incave functions on X 
with respect to 77 is generally different from the class of all incave functions on 
X with respect to 77*. Therefore, the classes of incave functions corresponding 
to different 77's cannot be linearly ordered by inclusion. The analogical conclu- 
sion holds also for pseudoincave functions. Moreover, by analogy, the same 
conclusion holds for unicave and pseudounicave functions, too. 
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In (iv), section 3.2, see (3.18), (3.19), we have defined the pre-unicave func- 
tions without any differentiability proj)erty. The next proposition gives some 
sufficient conditions for the differentiable functions to be unicave. 

Proposition 3.41 Let X be an open convex subset o/R”, / be differ- 
entiable and (strictly) pre-unicave on X with respect to t], b and Let 
limx_,o+ b{x, y, A) exist for all x,y €. X and let b(x, y) be defined by 

b{x,y) = lim b(x,y,X) 

A — ►U-i- 

for all x,y E X. Then f is (strictly) unicave on X with respect to rj, b and 

Proof . We prove the assertion only for the pre-unicave functions, for strictly 
pre-unicave ones the proof is analogical. 

Let / be differentiable and pre-unicave on X with respect to rj, b and 
Then by (3.18), (3.19), we obtain for all x,y E X and A E [0, 1] 

f(x -h \t]{x, y))> f{x)-Y Xb{x, y, A)^ (/ (y) - f{x)), 

which can be rearranged as 

y , A)e if{y) - fix)) , (3.49) 

Letting A 0-|., we obtain from (3.49) 

(V/(x), T]{x, y)) > b{x, y)C if (y) - / (a:)) • 

The last inequality is exactly (i) of Definition 3.39, hence / is unicave on X 
with respect to 77, b and ■ 

By analogy, a similar proposition to Proposition 3.35 can be formulated and 
proved for pre-univex function. A verification of this statement is left to the 
reader. 



5. Constrained Optimization 

Results of Section 3.3 guarantee that local maximizers of some generalized 
concave functions are also global maximizers. In this section we present fur- 
ther results that can be useful in the analysis and solution procedures of opti- 
mization problems. Applications to fuzzy optimization problems are discussed 
in detail in Part n. 

Let / and yi , 52; • • • > 9m be reed- valued functions defined on R'*, and let X 
be the subset of R” defined by 

X = {a; G R" I 9iix) >0,i = 1,2, 



(3.50) 
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We consider the following optimization problem: 

maximize f{x) 
subject to X e X, 

In this context, the function / and functions gi,g 2 , . ■ .,gm lire called the ob- 
jective function and the constraint functions, respectively. The elements of X 
are called feasible solutions, the global maximizers of / over X are called opti- 
mal solutions, and the (strict) local maximizers are called (strict) local optimal 
solutions. The same terminology is used for minimization problems. 

Proposition 3.42 Let ^ consist of a single mapping <p with p : R’^ xR” x 
[0, 1] — > R”, be a given set of functions rp : R” x R” x R x R x [0, 1] — >■ R 
such that for each ip 

ip{x, y, a, p, A) > min{a, /?} 

for all x,y e R”, a,P eR, X E [0, 1]. Let gi :R^ —>■ K,i = 1,2, .. .,m, be 
(#, '^f)-concave functions on R". Then the set of feasible solutions X defined 
by (3 50) is ^-convex. 

Proof. By Proposition 3.23 applied to gi and = 0, all upper-level sets 
U {gi, 0) are ^-convex, i = 1,2, .. .,m. By the definition of upper-level set 
and (3.50), we obtain 

m 

^ = (3.52) 

i=l 

Since $ = {p}, it is clear that the intersection (3.52) of m ^-convex sets is 
^-convex, too. ■ 

Notice that we do not require any assumption about p in Proposition 3.42. 
If 77 is a mapping of AC x X into X and p : R” x R" x [0, 1] -+ R*^ is defined 
hyp(x,y,X) = x-|-A77(x,y), then Proposition3.42 guarantees that AC isinvex. 

Theorem 3.43 Let $ consist of a single mapping p : R" x R” x [0, 1] — > 
R” such that for all x,y E R” 



lim p{x,y. A) = x. 

Let ^ be a set offunctiohs ip : R” x R” x R x R x [0, 1] — > R such that for 
each Ip E'^, 

ip{x, y, OL, P, A) > min{a, p} 

for all x,y E R", a,P E R, \ E [0, Ij. Let all functions f : R" R, 
gi : R” — > R, i = 1, 2, . . . , m, be ($, il!)-concave on R”. If x* is a unique 
local optimal solution of (3.51 ), then x* is a unique optimal solution of (3.51 ). 
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Proof. By Proposition 3.42, the set of feasible solutions X is $-convex. 
Now, applying the terminology introduced at the beginning of this section, the 
proof follows directly from Theorem 3.25. ■ 

In the following theorem we remove the uniqueness of the (local) optimal 
solution and replace it by a stronger concavity assumption about the objective 
function. 



Theorem 3.44 Let $ consist of a single mapping (p : R" x R" x [0, 1] — ♦ 
R” such that for all x,y € R” 

lim (f{x, y, X) = x. 

A— *0+ 

Let ^ be a set of functions xp : R" x R" x R x R x [0, 1] — + R such that for 
each ‘ip 

ip{x, y, a, /3, A) > min{o!, /3} 

for all x,y e R", a,/? € R, A € [0, 1]. Let / : R” — R be semistrictly 
($, '^)-concave on R” and the functions gi : R" — ♦ R, i = 1, 2 , . . ., m, be 
($, ^)-concave on R”. Ifx* is a local optimal solution of (3.51 ), then x * is 
an optimal solution of (3.51 ). 

Proof. By Proposition 3.42, the set of feasible solutions X is ^-convex. 
The rest of the theorem follows directly from Theorem 3.26. ■ 

The same assertion can be obtained under some different assumptions; 
see [82]. 



Theorem 3.45 Let g, b and ^ be functions, r] : R” x R" — > R”, b : R" x 
R” X [0, 1] — > (0, +oo), 4 : R — > R, where ^ is strictly increasing with 
^(0) = 0. Let both $ and 'i' contain a single function, i.e. $ = {p} and 
= {-0}, where 

y,X) = x + Xr){x, y) 



and 

ip(x, y, a,(3,\) = a + Xb{x, y, X)^{(3 - a) 

for all x,y e X, a,/3 € K, X e [0, 1]. Let X be ^-convex. Let f : R” R 
and Qi : R” — » R, i = 1, 2, . . . , m, be ($, '^f)-concave on R”. Ifx* is a local 
optimal solution of (3.51 ), then x * is an optimal solution of (3.51 ). 



Proof. Since x* € X is a local maximizer, there exists an open ball B with 
the center at x* € X, such that 



fix) < fix*) 



(3.53) 



for allx & X C\B,x ^ x*. 




Generalized Concave Functions 



69 



Suppose that a:* G X is not a global maximizer. Then there exists y € X, 
X* y, such that 

f(x*) < f(y). (3.54) 

As X is ^-convex and / is ($, 'i')-concave on X, it follows that 

X* + Xt]{x*, y) e X 
and, by (3.32), for each A € (0, 1] 

f{x* + Xr]{x*, y)) > f(x*) + Xb(x, y, A)^(/(y) - f(x*)). (3.55) 

Since ^ is strictly increasing with ^(0) = 0, Xb(x *, y, A) > 0, we obtain, from 
(3.54) and (3.55), 



Xb{x*, y, A)^(/(y) - f{x*)) > 0, (3.56) 

and, by combining (3.55) with (3.56), we get 

fix* + Xv(x*,y))>f{x*) (3.57) 

for each A G (0, 1). Moreover, from (3.57) we obtain x* + Xt]{x*, yo) G X n 5 
for some sufficiently small Aq G (0,1). Let z = x* + Xr]{x*,yo). Then 
applying (3.53) and (3.57) we conclude that f{z) > f(x*), however, we have 
also f{z) < f{x*), a contradiction. ■ 

In paragraph (iv). Section 3.3, the (#, ^')-concave functions /, y* from The- 
orem 3.45 have been named pre-uniconcave functions. 

Notice that in the preceding theorems we have not required differentiability 
of the functions / and yj. The following theorem can be derived for differen- 
tiable generalized concave functions as follows; see also [82]. 

Theorem 3.46 Let all f , gibe differentiable functions on'R.'^ , f : R” —>■ R, 
Qi : R” — > R, i = 1, 2, . . . , m. Let rj, bi and be functions such that y : R" x 
R" ^ R", : R" X R" — > [0, -foo), : R — > R i = 0, 1, 2, . . . , m. Let f 

be unicave on some open convex set containing the set of feasible solutions X 
with respect to y, bo and let ^q, let be strictly increasing, ^o(O) = 0. Let Qi 
be unicave on some open convex set containing the set of feasible solutions X 
with respect to rj, bi and ^i, where are superlinear functions, i.e., for every 
a, G R, a;, y G R”, it holds 

^i(otx + (3y) > Oiii{x) -f Piiiy), i = 1, 2, . . . , m. 

If there exist x*,y* £ R” satisfying the following conditions 

+ (Vyi(x*), . . . , Vgm{x*)) y* = 0, (3-58) 
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yi9i(x*) 


= 


0, 


7 = 1,2, . . .,7n, 


(3.59) 


9i{^*) > 


0, 




7 = 1,2, . . .,7Tl, 


(3.60) 


y*>e, 








(3.61) 


boix,x*) 


> 


0 


for each x G X, 


(3.62) 


biix,x*) 


> 


0 


for each x G X, 7 = 1, 2, . . . , 777 , 


(3.63) 



then X* is an optimal solution of (3.51 ). 

Proof. Suppose that x* satisfies (3.58) - (3.63) but is not an optimal solution 
of (3.51), thatis, we suppose thata:* G X is not a global maximizer. Then there 
exists x' e X,x* ^ x', such that 

fix') - fix*) > 0. (3.64) 

Since is strictly increasing, ^o(O) = we obtain from (3.64) 

^oifix')-fix*))>0. 

This, along with (3.62), yields 

boix', x*)^oifix') - fix*)) > 0. (3.65) 

Since / is unicave on some open convex set containing the set of feasible 
solution X with respect to 77 , 6 q and ^ 0 . by (i) of Definition 3.39, we have 

boix', x*)^oi fix') - fix*)) < iVfix*),j]ix*,x')). 

Substituting here from (3.58), and using the fact that, for each i = 1, 2, . . . , m, 
Pi are unicave on some open convex set containing the set of feasible solutions 
X with respect to 77 , bi and ^i, we get 

m 

boix', x*)^oi f ix') - fix*)) < -^y?(V 5 i(x*), 77 (x*,x')) (3.66) 

2=1 

m 

< - 9i{x*))- 

2=1 

Since are superlinear functions, 

^i{yi9ii^') - y*9ii^*)) > 5i(a;')) + ^ii-ytyti^*)) (3-67) 

and by (3.59) we obtain 

= 0. (3.68) 

Moreover, 



^i(yi9iix') - y*i9i{^*)) = yUi(9i{x') - yti^*)). 



(3.69) 
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From (3.67) - (3.69), we have 

-ytbi{x',x*)^i{gi{x') - gi{x*)) < bi{x\x*)ii{-y*gi{x')) 



for each i = 1, 2, . . . , m. Since y* > 0 and gi{x') < 0, we know that 



-ylhix', x*)^i{gi{x') - gi(x*)) < 0. (3.70) 

Consequently, by (3.66) and (3.70), we obtain 

bo(x', x*)^o{f{x') - f{x*)) < 0, 

a contradiction to (3.65), hence the result follows. ■ 

Some other results for differentiable univex functions, namely concerning 
duality, can be found in [3], [10], [25], [59] or [82]. 




Chapter 4 



TRIANGULAR NORMS AND T-QUASICONCAVE 
FUNCTIONS 



In this chapter we deal with a subclass of upper and lower-starshaped func- 
tions, particularly real-valued functions whose ranges are subsets of the unit 
interval [0, 1]. The reason for this restriction comes from applications to real- 
world problems. There exist many practical situations, e.g., in decision mak- 
ing, economics and business, and also in technical or technological disciplines, 
where such functions play an essential role. These applications will be dealt 
with in Part II. 

In this chapter we are interested in other type of generalization of quasi- 
concave and quasiconvex functions than those already defined in the preceding 
chapter. In what follows, generalizations are based on triangular norms and 
conorms and the new functions are called T-quasiconcave and 5-quasiconvex, 
respectively. Later on, we shall see how T-quasiconcave and 5-quasiconvex 
functions are related to the generalized concave functions defined in the pre- 
ceding chapter. 

1. Triangular Norms and Conorms 

The notion of a triangular norm was introduced by Schweizer and Sklar 
in their development of a probabilistic generalization of the theory of metric 
spaces. This development was initiated by K. Menger [72], who proposed to 
replace the distance d{x, y) between points x and y of a metric space by a real- 
valued function Fxy of a real variable whose value Fxy{ot) is interpreted as the 
probability that the distance between x and y is less than a. This interpreta- 
tion leads to straightforward generalizations of all requirements of the standard 
definition of a metric except for that of the triangular inequality. Elaborating 
Monger’s idea, Schweizer and Sklar [113] proposed to replace the triangular 
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inequality by the inequality 

F,y{a + (i)>T{F,y{a):Fy,m 

where T is a function from [0, 1] ^ into [0, 1] satisfying the following conditions 
(4.1) - (4.4). 



Definition 4.1 Let T : [0, 1]^ ^ [0, 1] be a function satisfying the follow- 
ing properties: 



T{a,b) 
T{T{a,b),c) 
T{a,b) 
T(a, 1) 



= T{b,a) for all a,be [0,1], 


(4.1) 


= T{a,T{b,c)) for alia, b,cG [0,1], 


(4.2) 


< T{c, d) for a, b,c,de [0, 1] with a 


VI 

VI 


= a for all a E [0,1]. 


(4.4) 



A function T : [0, 1] ^ > [0, 1] that satisfies all these properties is called the 

triangular norm or t-norm. A t-norm T is called strictly monotone if T is a 
strictly increasing Junction in the sense that 



T{a, b) < T{a', b) whenever a, a', b € (0, 1) and a < a'. 



Triangular norms play an important role also in many-valued logics and in 
the theory of fuzzy sets. In many-valued logics, they serve as truth degree 
functions of conjunction connectives. In the fuzzy set theory, they provide a 
tool for defining various types of the intersection of fuzzy subsets of a given 
set. For a detailed treatment we refer to the recent book [57]. 

The axioms (4.1), (4.2), (4.3) and (4.4) are called commutativity, associa- 
tivity, monotonicity and boundary condition, respectively. From the algebraic 
point of view, a triangular norm is a commutative ordered semigroup with unit 
element 1 on the unit interval [0, 1] of real numbers. Therefore the class of all 
triangular norms is quite large. Let us consider some important examples. 

In connection with a problem on functional equations, Frank [33] introduced 
the following family {Tg | s € (0, oo), s ^ 1} of t-norms: 



Ts{a, b) = logs 



1 + 



(s“ - l)(s*' - 1) 
s- 1 



The limit cases Tm, Tp and Ti defined by 



Tm{ 0; b) 
Tp{a,b) 
TL{a,b) 



lim Ts{a, b) = min{a, 6}, 

5 — ►O 

lim Ts{a, b) — a - b, 

S— >1 

lim Ts{a, b) = max{0, a 4- 6 — 1} 

s— >oo 
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are also t-norms. In the literature on many-valued logics, the t-norms Tm, 
Tp and Tp are often called the minimum (or Godel), product and Lukasiewicz 
t-norm, respectively. Two other interesting examples are 




min{a, b} 
0 



if a -f i> > 1 
otherwise, 



introduced by Fodor [31], and the so-called drastic product 



Tr^(a b)= ( min{o, 6} if max{a, 6} = 1 ^4 5 ) 

^ \ 0 otherwise. 

It can easily be seen that the minimum t-norm Tm is the maximal t-norm and 
the drastic product Td is the minimal t-norm in the pointwise ordering, that is, 
for every t-norm T, 



7b(a, b) < T{a, b) < TM(a, b) whenever a, be [0, 1]. (4.6) 



However, the class of t-norms is not linearly ordered by this pointwise rela- 
tion. For example, the product t-norm T p and the Fodor t-norm Tp are not 
comparable. 

A class of functions closely related to the class of t-norms are functions 
5 : [0, 1]^ — > [0, 1] such that 



S(a,b) = 
S(S(a,b),c) = 
S(a,b) < 
S(a,0) = 



S(b, a) for all a, be [0, 1], 

S(a,S(b,c)) forall a, 6, c G [0, 1], 

5(c, d) for a, b,c,de [0, 1] with a < c, b < d, 
a for all a 6 [0, 1] . 



The functions that satisfy all these properties are called the triangular conorms 
or t-conorms. 

It can easily be verified, see for example [57], that for each t-norm T, the 
function T* : [0, 1]^ — > [0, 1] defined for all a, 6 € [0, 1] by 

T*(a, 6) = 1 - T(1 - a, 1 - i>) (4.7) 

is a t-conorm. The converse statement is also true. Namely, if 5 is a t-conorm, 
then the function S* : [0, 1]^ — > [0, 1] defined for aU a, 6 € [0, 1] by 

S*{a,b) = \- S{\-a,l-b) (4.8) 

is a t-norm. The t-conorm T* and t-norm 5*, are called dual to the t-norm T 
and t-conorm S, respectively. For example, the functions 5 m. Sp, Sl and Sd 
defined for a, be [0, 1] by 
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SM{o-,b) = max{a, 6}, 

Sp{a,b) = a + b — a.b, 

5i(a, 6) = min{l,a + 6}, 

SD{a,b) = |max{a,6} if min{a, 6} = 0, 

’ 1 1 otherwise. 

are t-conorms. In the literature, the t-conorms 5 m. Sp, Sp and So are often 
called the maximum, probabilistic sum , bounded sum and drastic sum, respec- 
tively. It may easily be verified that 

T i* r» /T^* o rn* o 't^* o 

M = ^p = op, lp = bp, -iD = ^D- 

The following proposition answers the question whether a triangular norm 
and triangular conorm are determined uniquely by their values on the diagonal 
of the unit square. In general, this is not the case, but the extremal t-norms 
and t-conorms Tm, Sm^ Td, Sd are completely determined by their values 
on the diagonal of the unit square. For the proof of the following proposition, 
see [57]. 

2. Properties of TViangular Norms and TViangular 
Conorms 

Proposition 4.2 

(i) The only t-norm T satisfying T(x, x) = x for all x € [0, 1] is the minimum 
t-norm Tm- 



(ii) The only t-conorm S satisfying S{x, x) — xfor all x E [0, 1] is the maxi- 
mum t-conorm Sm- 

(iii) The only t-norm T satisfying T{x, a:) = 0 for all x E [0, 1] is the drastic 

product Td- 

(iv) The only t-conorm S satisfying S{x,x) = 0 for all x E [0, 1] is the drastic 
sum Sd- 



The commutativity and associativity properties allow to extend t-norms and 
t-conorms, introduced as binary operations, to n-ary operations. Let T be a 
t-norm. We define its extension to more than two arguments by the formula 

T (^^1, 0-2, - - - , Qi-\-2} — T{fr {a,\, 0-2, .... Ot- 1 - 2 )) 

where ( 01 , 02 ) = T(oi, 02 ). 



(4.9) 
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For example, the extensions of Tm, Tp, Tp and Td to m arguments are 

(^1 5 ^2? • • • 7 ^77l) ~ min{fll, 0-25 • • • 5 

m 

Tp (o-i , 0-25 • • • 5 



z=l 

771 

T^~^{ai,a 2 ,...,am) = max{0, ^ a* - (m - 1)}, 

2=1 

rrm-1 ( \ { On if a j = 1 for all i ^ i. 

To (“1.02. -.0J = {„■ 

Given a t-conorm S, we can, in a complete analogy, extend this binary op- 
eration to m-tuples (oi , 02 , . . . , Om) € [0, 1]"* by the formula 



S^'*'^(ai,a2, ■ . ■,ai^2) = S(S\ai,a2, ■ ■ 



' ? ^i+l) ? ^i-l-2) 5 



where 5 ^( 01 , 02 ) = 5 ( 01 , 02 ). 

For example, the extensions of 5jv/, Sp, Sp and Sp to m arguments are 



(®1» ®2i • • • ) ^m) 

5^“^(oi,02,...,Ot„) 

(®1) ®2) • • • ) ®m) 
(^li ^2) * * . 5 ^ru) 



max{oi, 02 ,...,ar„}, 

771 

2=1 

771 

min{l,^Oj}, 

2=1 

f Oi if Oj = 0 for all j i, 
X 1 otherwise. 



If there is no danger of misunderstanding, the upper index m — 1 of T or 5 is 
omitted. 

Now we turn our attention to some algebraic aspects of t-norms and t- 
conorms, which will be useful later on when T-quasiconcave and T-quasi- 
convex functions are investigated. Notice that these properties are well-known 
from the general theory of semigroups. 



Definition 4.3 Let T be a t-norm. 



(i) An element a G [0, 1] is called an idempotent element ofT ifT{a, a) = a. 

(ii) An element a € (0, 1) is called a nilpotent element ofT if there exists 
some positive integer n£ N such thatT'^~^ (a, . . . , a) = 0. 

(iii) An element a € (0, 1) is called a zero divisor ofT if there exists some 
b G (0, 1) such that T^~\a, b) = 0. 
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By definitions and properties of t-norms we obtain the following proposi- 
tion summarizing the properties of Tm,Tp,Tl and Tjy introduced in Defini- 
tion 4.3. 

Proposition 4.4 Each a € [0, 1] is an idempotent element o/Tm- Each 
a G (0, 1) is both a nilpotent element and zero divisor ofT i, as well as ofTp). 
The minimum Tm has neither nilpotent elements nor zero divisors, and T i, as 
well as To possesses only trivial idempotent elements 0 and 1. The product 
norm Tp has neither non- trivial idempotent elements nor nilpotent elements 
nor zero divisors. 

Now we add some other usual definitions concerning the properties of tri- 
angular norms. 

Definition 4.5 A triangular norm T is said to be 

(i) strict if it is continuous and strictly monotone, 

(ii) Archimedian if for all x,y c. (0, 1) there exists a positive integer n such 
that (x, . . ,,x) <y, 

(iii) nilpotent if it is continuous and if each a G (0, 1) w a nilpotent element 
OfT, 

(iv) idempotent if each a G (0, 1) is an idempotent element ofT. 

Notice that if T is strict, then T is Archimedian. The following proposi- 
tion summarizes the properties of the most popular t-norms in context to the 
previous definition; see [57]. 

Proposition 4.6 The minimum Tm is neither strict, nor Archimedian, nor 
nilpotent. The product norm T p is both strict and Archimedian, but not nilpo- 
tent. Lukasiewicz t-norm Ti is both strict and Archimedian and nilpotent. The 
drastic product T d is Archimedian and nilpotent, but not continuous, thus not 
strict. 

Strict monotonicity of t-conorms as well as strict, Archimedian and nilpo- 
tent t-conorms can be introduced using the duality (4.7), (4.8). Without pre- 
senting all technical details, we only mention that it suffices to interchange the 
words t-norm and t-conorm and the roles of 0 and 1 , respectively, in order to 
obtain the proper definitions and results for t-conorms. 

It is obvious that each strict t-norm T is Archimedian since 

T{x, x) < T{x, \) = X 

for each x G (0, 1). The following result can be found in [1 14]. 
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Proposition 4.7 A continuous t-norm T is strict if and only if there exists 
an automorphism p of the unit interval [0, 1] such that 

T{x,y) = 

3. Representations of Triangular Norms and Triangular 
Conorms 

Now we show how real-valued functions of one real variable can be used 
to construct new t-norms and t-conorms, and how new t-norms can be gen- 
erated from given ones. The construction requires an inverse operation and 
in order to relax the strong requirement of bijectivity and to replace it by 
the weaker monotonicity, we first recall some general properties of monotone 
functions. The following result is crucial for the proper definition of pseudoin- 
verse; see [57]. 

Proposition 4.8 Let f : [a, 6] ^ [c, d] be a non-constant monotone func- 
tion, where [a, b] and [c, d\ are subintervals of the extended real line R = 
[— 00 , -foo]. Then for each y G [c, d] \ Ran(/) we have 

sup{a: G [a, b] \ (f{x) - y) • (f{b) - /(a)) < 0} 

= inf{x G [a, b] \ (f{x) - y) ■ {f{b) - f{a)) > 0}. 

This result allows us to introduce the following generalization of an inverse 
function, where we restrict ourselves to the case of non-constant monotone 
functions. 

Definition 4.9 Let [a, 6] and [c, d] be subintervals of the extended real line 
R. Let f : [a, 6] [c, d] be a non-constant monotone function. The pseudo- 

inverse : [c, d] — > [a, 6] is defined by 

= sup{x G [a, b] 1 (/(x) - y) ■ (f{b) - /(a)) < 0}. 

The following proposition summarizes some evident consequences of Defi- 
nition 4.9. 

Proposition 4.10 Let [a, b] and [c, d] be subintervals of the extended real 
line R, and let f be a non-constant function mapping [a, 6] into [c, d]. 

(i) Iff is non-decreasing, then for all y G [c, d] we have 

= sup{x G [a, 6] I f{x) <y)}. 

(ii) Iff is non-increasing, then for all y G [c,d\we have 

f^~^\y) = sup{x G [a, b] I fix) > y)}. 
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(iii) If f is a bijection, then the pseudoinverse / ^ of f coincides with the 
inverse function f~^ off. 

(iv) If f is a strictly increasing function, then the pseudoinverse f of f is 
continuous. 



To construct t-norms with the help of functions we start with the best known 
operations, the usual addition and multiplication of real numbers. The follow- 
ing proposition gives the result known for nearly 200 years and published by 
N. H. Abel in 1826. We state it here in a bit simplified version without proof. 



Proposition 4.11 Let f : [a, 6] — *• [c,d] be a continuous strictly monotone 
function, where [a, 6] and [c, d] are subintervals of the extended real line R. 
Suppose that Ran(/) = [c, d] and p : [c, d] [a, 6] is an inverse function to 
f. Then the function F : [o, h] x [a, 6] — >• [a, 6] defined for every x,y E [a, &] 
by 

F{x,y) = p{f{x) + f(y)) (4.10) 



is associative. 

If we want to obtain a t-norm by means of (4.10), it is obvious that some 
additional requirements for / are necessary. 

Definition 4.12 A/i additive generator o/a/-/iorwiT is a strictly decreasing 
functiong : [0, 1] — + [0, -+-oo] which is right continuous at 0, satires g(l) = 0, 
and is such that for all x,y E [0, 1] we have 



9i^) + g{y) e u [^(o), -t-oo], (4.ii) 

T{x,y) = g^-'^\g{x) + g{y)). (4.12) 

A multiplicative generator of a t-norm T is a strictly increasing junction 
: [0, 1] — > [0, 1] which is right continuous at 0, satisfies ((1) = 1, and is 
such that for all x,y E [0, 1] we have 

C(x).C(j/)€Ran(C)U[0,C(0)], (4.13) 

T(x,2/) = c(-')(C(x).C(y))- (4.14) 

An additive generator of a t-conorm S is a strictly increasing function 
h : [0, 1] — > [0, -f-oo] which is left continuous at 1, satisfies h{0) = 0, and 
is such that for all x,y E [0, 1] we have 

h(x) + h{y) E Ran( 5 ) U [h(l), -boo], (4.15) 

Six,y) = h^-^\hix)-Vh{y)). (4.16) 
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A multiplicative generator of a t-conorm S is a strictly decreasing function 
^ : [0, 1] — > [0, 1] which is left continuous at 1, satisfies ^(0) = 1, and is such 
that for all x,y e [0, 1] we have 

e(x).e(y)6Ran(au[0,e(l)], (^.J7) 

Triangular norms (t-conorms) constructed by means of additive (multiplica- 
tive) generators are always Archimedian. This property and some other prop- 
erties of such t-norms are summarized in the following proposition. The cor- 
responding proofs can be found in [57]. 

Proposition 4.13 Let g : [0,1] — > [0, -\-oo] be an additive generator of a 
t-norm T. Then T is an Archimedian t-norm. Moreover, we have: 

(i) The t-norm T is strictly monotone if and only if g{0) = -l-oo. 

(ii) Each element of{0, 1) is a nilpotent element ofT if and only ifg{0) < 
- 1 - 00 . 

(iii) T is continuous if and only if g is continuous. 

It was mentioned in Example 4.23 that minimum Tm has no nilpotent ele- 
ments. Since Tm is not strictly monotone it follows from the preceding theo- 
rem that it has no additive generator. If a t-norm T is generated by a continuous 
generator, then by Proposition 4. 13, T is an Archimedian t-norm. The follow- 
ing theorem says that the converse statement is also true; see [57] or [32]. 

Proposition 4.14 A t-norm T is Archimedian and continuous if and only 
if there exists a continuous additive generator ofT. 

The analogical propositions can be formulated and proved for multiplicative 
generators and also for t-conorms. The corresponding proofs are left to the 
reader. 

Proposition 4.15 A t-norm T is Archimedian and continuous if and only 
if there exists a continuous multiplicative generator ofT. 

Proposition 4.16 A t-conorm S is Archimedian and continuous if and only 
if there exist both a continuous additive generator h of S, and a multiplicative 
generator ^ ofS. 

Example 4.17 (The Yager t-norms) One of the most popular families in op- 
erations research and particularly in fuzzy linear programming is the family of 
Yager t-norms; see [135]. The results presented here can be found in [57]. 
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Let A € [0, +oo]. The Yager t-norm is defined for all rr, y € [0, 1] as 
follows: 

(TD{x,y) ifA = 0, 

ifA = +oo, 

max |o, 1 - ((1 - x)^ + (1 - otherwise. 

The Yager t-conorm is defined for all x, y € [0, 1] as: 

(SD{x,y) ifA = 0, 

= ifA = +00. 

1 min 1 1, (x-^ + y^) ^ I otherwise. 

(i) Obviously, = Tl and = Sl- 

(ii) For each A e (0, +oo), and Tj are dual to each other. 

(iii) A Yager t-norm is nilpotent if and only if A 6 (0, -l-oo). 

(iv) A Yager t-conorm is nilpotent if and only if A 6 (0, -t-oo). 

(v) If A 6 (0, -l-oo), then the corresponding continuous additive generator 

: [0, 1] — > [0, 1] of the Yager t-norm Tj is given for all x € [0, 1] by 

f\ (x) = (1 - • 

(vi) The corresponding continuous additive generator gj : [0, 1] — > [0, 1] of 
the Yager t-conorm is given for all x G [0, 1] by 

g]f(x) = x^. 

Yager t-norms have been used in several applications of fuzzy set theory. In 
particular, it was used in extended addition of linear functions with fuzzy pa- 
rameters. In this context, in [58], it was shown that the sum of piecewise linear 
function is again piecewise linear, when using Yager t-norm, see also [57]. We 
shall return to this problem again in Chapter 9. □ 

4. Negations and De Morgan Triples 

Supplementing t-norms and t-conorms by a special unary function we ob- 
tain a triplet which is useful in many-valued logics, fuzzy set theory and their 
applications. 

Definition 4.18 A function N [0, 1] [0, 1] is called a negation if it is 

non-increasing and satisfies the following conditions: 

iV(0) = l,iV(l) = 0. 
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Moreover, it is called strict negation, if it is strictly decreasing and continuous 
and it is called strong negation if it is strict and the following condition of 
involution holds: 



N{N{x)) = X for all x G [0, 1]. (4.19) 



Since a strict negation is a strictly decreasing and continuous function, its 
inverse N~^ is also a strict negation, generally different from N. Obviously, 
N~^ = N if and only if (4.19) holds. 



Definition 4.19 An intuitionistic negation N j is defined as follows 

JV,(x) = P = 

^ ' 1 0 otherwise. 

A weak negation Nw is defined as follows 



Nw[x) 



( 1 ifx < 1, 
^ 0 ifx = 1. 



A standard negation N is defined by 

N{x) = 1 — X. 

Strong negations (including the standard one) defined by 

= TTaJ’ 

where A > —1, are called A-complements. 



(4.20) 



Notice that Nj is not a strict negation, Nw is a. dual operation to Nj, i.e., 
for all X 6 [0, 1], it holds Nw{x) = 1 — Ni{l — x). The standard negation is 
a strong negation. An example of strict but not strong negation is the negation 
N' defined by the formula 



N'{x) = 1 — 

The following proposition characterizing strong negations comes from [32]. 

Proposition 4.20 A function N : [0, 1] — > [0, 1] is a strong negation if 
and only if there exists a strictly increasing continuous surjective function 
ip : [0, 1] [0, 1] such that 

N{x) = ip-^{l-<p{x)). 
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Definition 4.21 Let T be a t-norm, S be a t-conorm, and N be a strict 
negation. We say that (T, S, N) is a De Morgan triple if 

N{S{x,y)) = T{N{x),N{y)). 

The following proposition is a simple consequence of the above definitions. 

Proposition 4.22 Let N be a strict negation, T be a t-norm. Let S be 
defined for all x, y € [0, 1] as follows: 

S{x,y) = N-\T{N{x),T{y))). 

Then (T, S, N) is a De Morgan triple. Moreover, if T is continuous, then S 
is continuous. In addition, ifT is Archimedian with an additive generator f, 
then S is Archimedian with additive generator g = f o N and y(l) = /(0). 

Example 4.23 A Lukasiewicz-like De Morgan triple (T, 5, N) is defined 
as follows: 

T(x,y) = (/?“Hmax{(p(x)-t-</?(y) - 1,0}), 

5(x,y) = (^■^(min{<p(x)-t-(^(y),l}), 

N{x) = (f-'^{l-p{x)), 

where (p : [0, 1] — > [0, 1] is a strictly increasing continuous surjective function. 

□ 

5. Domination of Triangular Norms 

Besides the natural pointwise partial ordering of t-norms it is useful to define 
another relation in the family of t-norms. 

Definition 4.24 a t-norm T' dominates a t-norm T, denoted by T' T, 
if for each a, b,c,dc. [0, 1], the following inequality holds 

T'{T{a, 6), T(c, d)) > T{T'{a, c), T'(6, d)). 

It is easy to see that if T' » T, then T'{x,y) > T{x,y) for each x,y G 
[0, 1], but the opposite in general is not true; see [57]. It can readily be verified 
that ^ is reflexive and antisymmetric. Moreover, for each t-norm T it holds 
Tm > T » Td. The following characterization of domination relation will 
be useful for further investigation; see [57] for the proof. 

Proposition 4.25 A strict t-norm T 2 with a generator g 2 dominates a strict 
t-norm Ti with a generator gi if and only if the function h = g 2 0 gf^ satisfies 
the following inequality 

h~^{h{x -H y) + h{u -I- v)) < h~^{h{x) -(- h{y)) + h~^{h{u) -t- h{v]) 
for all nonnegative real numbers x, y, u and v. 
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6. T-Quasiconcave Functions 

As we mentioned in Chapter 3 and will discuss later in Part II of this book, 
the notions of concavity and convexity of real- valued functions of real variables 
and its various generalizations have found many applications in economics and 
engineering. 

In contrast to Chapter 3, we now restrict our attention to functions defined 
on R” with range in the unit interval [0, 1] of real numbers. Such functions can 
be interpreted as membership functions of fuzzy subsets of R”. We therefore 
use several terms and some notation of fuzzy set theory. However, it should 
be pointed out that such functions arise in more contexts. The Greek letter /r, 
sometimes with an index, will in this chapter denote a function that maps R ” 
into the closed unit interval [0, 1] in R. First, several auxiliary notions and 
some notation will be introduced. 

Definition 4.26 Let /x be a function defined on R” with range in [0, 1]. 

(i) The core of Core(/x), is given by 

Core(/i) = {a; € R” \ fi{x) = 1}. 

(ii) The support of fi, Supp(/i), is given by 

Supp(/x) = Cl({a; G R” | n{x) > 0}), 
where C1(A) is the topological closure of the A C R”. 

(iii) If Core{p) is nonempty, then p is said to be upper-normalized. IfCoTt{l — 
p) is nonempty, then p is said to be lower-normalized. Simultaneously 
upper- and lower-normalized functions are called normalized. 

We have introduced quasiconcave (semi)strictly quasiconcave, quasiconvex 
and (semi)strictly quasiconvex functions in Definition 3.1. First, we generalize 
Definition 3.1 by using triangular norms and conorms. 

Definition 4.27 Let X be a nonempty convex subset o/R”, T be a trian- 
gular norm, and S be a triangular conorm. A function /x : R ” ^ [0, 1] is 
called 

(i) T-quasiconcave on X if 

p{Xx 4- (1 - \y)) > T{p{x), p{y)) (4.21) 

for every x,y e X,x ^ y and X e (0, 1); 

(ii) strictly T-quasiconcave on X if 

p{Xx -f- (1 - X)y) > T{p(x), p(y)) 



(4.22) 
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for every x,y C. X, x y and A € (0, 1); 

(iii) semistrictly T-quasiconcave on X if (4.21) holds for every x,y 6 X, 
X ^ y and A € (0, 1) and (4.22) holds for every x,y G X and A G (0, 1) 
such that y.(x) 7^ (j.{y); 

(iv) 5-quasiconvex on X if 

ix(\x + (1 - Ay)) < 5(/i(x), //(y)) (4.23) 

for every x,y G X, x ^ y and A G (0, 1); 

(v) strictly 5-quasiconvex on X if 

fx{\x + (1 - A)y) < 5(/i(x), /i(y)) (4.24) 

for every x,y G X,x ^y and A € (0, 1); 

(vi) semistrictly 5-quasiconvex o/iX if (4.23) holds for every x,y G X,x f^y 
and A G (0, 1) and (4.24) holds for every x,y G X and A G (0, 1) such 
that n(x) # n(y); 

(vii) (strictly, semistrictly) (T, 5)-quasimonotone on X if (jl is (strictly, semi- 
strictly) T-quasiconcave arui (strictly) S-quasiconvex on X, respectively; 

(viii) (strictly, semistrictly) T-quasimonotone on X if p is (strictly, semi- 
strictly) T-quasiconcave and (strictly, semistrictly) T * -quasiconvex on X, 
where T* is the dual t-conorm to T. 

Later on, we further generalize Definition 4.27 adapting the concept of 
($, 'J')-concave functions introduced in Section 3.3. 

Obviously, the class of quasiconcave functions that map into [0, 1] is 
exactly the class of TM-quasiconcave functions and the class of quasiconvex 
functions that map R” into [0, 1] is exactly the class of 5 ^-quasiconvex func- 
tions. 

Similarly, the class of quasimonotone functions that map R" into [0, 1] is 
exactly the class of {Tm, 5j\^)-quasimonotone functions. As 5 m = 7m> 
have, by (viii) in Definition 4.27, that this is the class of T M-quasimonotone 
functions. Moreover, since the minimum triangular norm Tm is the maximal t- 
norm, and the drastic product To is the minimal t-norm, we have the following 
consequence of Definition 4.27. 

Proposition 4.28 Let X be a nonempty convex subset of 'R.^, p be a func- 
tion, p : R” — > [0, 1], and T be a triangular norm. 

(i) If p is (strictly, semistrictly) quasiconcave on X, then p is (strictly, semi- 
strictly) T-quasiconcave on X , respectively. 
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(ii) If jjL is (strictly, semistrictly) T -quasiconcave on X, then jj, is (strictly, 

semistrictly) Tiy-quasiconcave on X, respectively. 

Analogously, the maximum triangular conorm 5 m is the minimal conorm 
and the drastic sum 5£> is the maximal conorm, hence Proposition 4.28 can be 
reformulated for 5-quasiconvex functions. 

It is easy to show that there exist T-quasiconcave functions that are not 
quasiconcave (see Example 4.33), and there exist strictly or semistrictly T- 
quasiconcave functions that are not strictly or semistrictly quasiconcave. Nev- 
ertheless, in the one-dimensional Euclidean space R, the following proposition 
is of some interest. 

Proposition 4.29 Let X be a nonempty convex subset o/R, let T be a 
triangular norm, and let p : R [0, 1] be such that p{x) = 1 for some 
X E X. If pis (strictly, semistrictly) T-quasiconcave on X, then p is (strictly, 
semistrictly) quasiconcave on X. 

Proof. We prove only the part concerning T-quasiconcavity. The part con- 
cerning strict (semistrict) T-quasiconcavity can be verified analogously. Let A 
be in [0, 1] and let x and y in X. Without loss of generality we assume that 
X < y. Thus X < Aa: -h (1 — A)y. If Ax -1- (1 — \)y < x, then there exists 
a G [0, 1] such that 



Ax 4- (1 — X)y = ax 4- (1 — a)x. 

By T-quasiconcavity of /i on X and properties of triangular norms, we have 

p{ax 4- (1 — a)x) > T{p{x),p{x)) = T(p(x), 1) = p(x). 

Since p(Xx 4- (1 — X)y) = p{ax 4- (1 — a)x) and p{x) > min{/i(x), p{y)}, 
we have 

p{Xx 4- (1 - X)y) > rmn{p{x), p(y)}. 

It remains to show that this inequality holds also in the case that x < Ax 4- 
(1 — X)y. Since Ax 4- (1 — X)y < y, we can use an analogous argument. There 
exists /? € [0, 1] such that Ax 4- (1 — X)y = /3x (I — j3)y and consequently 

/i(Ax 4- (1 - A)y) = p(l3x + {\- ^)y)>T{p{x),p{y)) 

= T(l, p(y)) = T{p{y), 1) = p(y) 

> imn{p(x),p{y)}. 



Analogous propositions are valid for 5-quasiconvex functions and for T- 
quasimonotone functions. 
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Proposition 4.30 Let X be a nonempty convex subset o/R, let S be a 
triangular conorm, and let p, : ~R [0, 1] be such that p{x) = 0/or some 
X E X. If pis (strictly, semistrictly) S-quasiconvex on X, then p is (strictly, 
semistrictly) quasiconvex on X. 

To prove Proposition 4.30 we can use the following relationship between 
T -quasiconcave and 5-quasiconvex functions. 

Proposition 4.31 Let X be a nonempty convex subset o/R”, let T be 
a triangular norm and let p : R” — > [0, 1] be (strictly, semistrictly) T- 
quasiconcave on X. Then p* = 1— pis (strictly, semistrictly) T* -quasiconvex 
on X, where T* is the t-conorm dual to T. 

Proof. The proof follows directly from Definition 4.27 and relation (4.7). 



The following proposition is a consequence of Propositions 4.29 and 4.30. 

Proposition 4.32 Let X be a nonempty convex subset o/R, let T and S 
be a t-norm and t-conorm, respectively, and let p [0, 1] be normalized. 

If p is (strictly, semistrictly) (T, S)-quasimonotone on X, then p is (strictly, 
semistrictly) quasimonotone on X. 

In what follows we shall use the above relationship between T-quasiconcave 
and r* -quasiconvex functions restricting ourselves only to T-quasiconcave 
functions. Usually, with some exceptions, the dual formulation for 5-quasi- 
convex functions will not be explicitly mentioned. The following example 
shows that the assumption of (upper, lower)-normality of p is essential for the 
validity of Propositions 4.29 and 4.30. 

Example 4.33 Let X = [-tt, tt], and let // : R [0, 1] be defined by 



p{x) = 



gsina:-|-5 ifxcX, 
4 otherwise. 



see Figure 4.1. We show that p is Tp-quasiconcave, Tp-quasiconvex, i.e., Tp- 
quasimonotone on X (and also on R). From Figure 4.1 it is seen that p is 
neither quasiconcave nor quasiconvex on X (and also on R). Let us show 
that p is Tp-quasiconcave for the product norm Tp(ar, y) = xy. Observe that 
1/3 < p{z) <2/3 for every real 2 . Evidently, we can restrict our considera- 
tions only to interval X. Let x,y & X he such that a: < y, let A G [0, 1] and 
put z — \x -\- (1 — \)y. Then x < z < y. Suppose that z G [— tt, 0). Then 

p{z) > 1/3, ^ 

max{/x(x) \ X < z} = p{—Tt) = ^ 
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Thus 



7T 2 

max{ft(y) I z < y} = /n(-) = 

1 12 

m(z) > 3 = 2 • 3 ^ • ^(y)- 



Now, suppose that z G [0, it]. Then fi{z) > 1/2, 



and 

Thus 



7T 2 

max{^(y) \z<y} = //(-) = - 

7T 2 

max{/i(y) | 2; < y} = //(-) = 

1 2 2 

/^(^) > 2 > 3 • 3 ^ • At(2/)- 



We have shown that 
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y,{Xx + (1 - \)y) > Tp{n{x), y{y)), 

i.e., /i is Tp-quasiconcave on X (and also on R). To demonstrate that y is 
Tp-quasiconvex on X (and also Tp-quasimonotone on X), observe that 1 — /i 
is Tp-quasiconcave on X (and also on R). Applying Proposition 4.31 (duality 
between t-norms and t-conorms) we get the desired result. □ 

In the sequel we return to the problem formulated at the end of the previous 
chapter, particularly, under what condition the intersection Pj Ker {U (/x, a)) is 
nonempty. 

The following theorem is a counterpart of Theorem 3.11. 




Figure 4.1. 
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Theorem 4.34 Let X be a nonempty convex subset o/R”, let p : R” 

[0, 1] be upper-normalized. Then the following are equivalent: 

(i) 

Core(/x)C f) KeT{U{p,a)). (4.25) 

ae[0,i) 

(ii) p is quasiconcave from x for every x e Core{p). 

(iii) p isTn-quasiconcave on X. 

Proof, (i) ^ (ii): To prove this, observe that it is sufficient to show that for 
each X C X and x G Core{p), function px,x is nondecreasing on [0, 1]. Let 
X C X, y = X \{x — x) for an arbitrary A G [0, 1] and set /3 = p{x) = 
Mx,i (0). Then x EU{p, /?) and by (4.25) we have x G Ker {U (p, (3)). As p is 
supposed to be upper-starshaped on X, it follows that upper-level set U (p, (3) 
is starshaped, thus y = x \{x - x) e U{p, (3). Hence, p{y) = Px,xW > 
(3 = Pxx{0)- From the last inequality we obtain that pxxts nondecreasing on 
[ 0 , 1 ]. ’ 

(ii) =» (iii): Suppose that px,x is quasiconcave on Lx (a;, x) for every x E X 
and every x G Core(/z). Let x',x G X. First, suppose p{x') = 1, then 
x' G Core(/i) and, by assumption, px,x' is quasiconcave on hx{x,x'). Set- 
ting y = Ax + (1 — \)x' for an arbitrary A G [0, 1], it follows that p{y) > 
Tm{p{x'), p{x)). Taking into account that Tm > To, we obtain the required 
result /x(y) > To{p{x'), p(x)). 

Second, assume p{x') < 1, p{x) < 1, then by definition (4.5) we have 
Td(p{x'),p{x)) = 0 and, again, setting j/ = Ax-|-(l—A)x'for an arbitrary A G 
[0, 1], we get p{y) > Ti;){p{x), p{x)). Consequently, p is r^-quasiconcave 
onX. 

(iii) =^* (i): Since p is upper-normalized, there exists x G Core(//). To 

prove (4.25) we will show that x G Daep,!] Ker ((7(/i,Q:)). Let a G [0, 1], 
it follows that X G U{p,a). Suppose that x ^ Ker (t/(/x, a)). Then there 
exists X G U(p,a), X ^ x and A G (0, 1), such that x 4- A(x — x) ^ 
U(p, a). By T£)-quasiconcavity of p, we obtain successively p{x 4- A(x — 
x)) > Td{p{x), p{x)) = Td{p{x),1) = p{x). Since X G (7(ju,q:), we get 
p{x) > a, thus X 4- A(x — x) G U(p,a), a contradiction. Consequently, 
X G Ker [U [p, a)) for every a G [0, 1]. ■ 

Corollary 4.35 If p is upper-normalized and T -quasiconcave on X, 
where T is a t-norm, then p is upper-starshaped on X. 

Proof. As Td is the minimal t-norm, i.e., T > Td for each t-norm T, it 
follows that p is To -quasiconcave on X. Hence, by the preceding theorem, 
(4.25) holds and this condition implies upper-starshapedness of p. ■ 
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The equivalence of (i) and (ii) in the preceding theorem makes it clear that 
an upper-normalized membership function is Tij-quasiconcave if and only if 
it is quasiconcave on each line going through the points with the value 1. The 
following theorem is obtained by reformulating Theorem 4.34 in terms of "dual 
notions”. The proof, which may be performed in a completely analogous way, 
is left to the reader. 

Theorem 4.36 Let X be a nonempty convex subset o/R”, let p : R” 

[0, 1] be lower-normalized. Then the following are equivalent: 

(i) 



Core(l — p) C n Ker(L(ju,a)). 

ae[0,l] 

(ii) p is quasiconvexfrom xfor every x G Core(l — p). 

(iii) p is So-quasiconvex on X. 

Example 4.37 Let : R^ — > [0, 1] be defined as follows: 

/ ^ f 1 if X 6 X 2 , 

~ I 0 otherwise, 

where X 2 is the ”moon-shaped” set from Example 2.7, see Figure 2.1 (b). 
Clearly, function p has the following properties: 

■ /i is upper-normahzed, Cote{p) = X 2 . 

■ ria6/,Ker((/(/x,a)) = Ker(X2). 

■ Condition (4.25) is violated. 

• pis upper-starshaped on R^. 

• p is not quasiconcave from x, where x is one of the end points of the 
”moon-shaped” set X 2 . 

• pis not T£) -quasiconcave on R^. 



□ 

Now, we formxdate an analogue to Theorem 4.34 or Theorem 4.36 for T- 
quasimonotone functions. The proof is a straightforward analogue of the proof 
of Theorem 4.34 and, therefore, it is omitted. 
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Theorem 4.38 Let X be a convex subset o/R”, let n : R" — *■ [0, 1] be 
normalized. Then the following are equivalent. 

(i) 



Core(/i) C Pi Ker(?7()U, a)) ,Core(l — ^) C Q Ker (T(//, a)) . 
ae[o,i] ae[o,i] 

(ii) // is quasiconcave from x for every x € Core(/i), and quasiconvexfrom x 
for every x € Core(l — fi). 

(iii) is Tp-quasimonotone on X. 

Up to now we have investigated the class of T -quasiconcave functions based 
on general t-norms. Now, we look closer at a narrower class of T-quasiconcave 
functions based on a t-norm T generated by a generator function g, see Defini- 
tion 4.12. 

Proposition 4.39 Let X be a nonempty convex subset o/R”, g : [0, 1] 

[0, -hoo] be an additive generator of a t-norm T, and /i : R " — » [0, 1] . Then p 
is T-quasiconcave on X if and only if the following inequality holds 

g{p(Xx + (1 - X)y) < g{p{x)) + g{p{y)) (4.26) 

for each x,y E X and every X E [0, 1]. 

Proof. Let x,y E X and A e [0, 1]. If p is T-quasiconcave on X, then 
by (4.12) we obtain p(Xx -H (1 - X)y > T(p{x), p(y)) = g^~^\g{p(x)) -I- 
g{p{y)))- As g is decreasing on [0, 1], we immediately obtain g(p{Xx + (1 — 
^)y) ^ 9{g^~^\9{lJ-{x)) + 9ip(y))))j which gives the required result (4.26). 

Conversely, let (4.26) hold and let x,y E X, X E [0, 1]. Observe that g 
is nonincreasing on [0, -l-oo]. From this fact and from (4.12), (4.26), it follows 
that p{Xx + (1 - X)y) = g^-^^gipiXx + (1 - X)y)) > g^~'^'>{g{p{x)) -I- 
g{p{y))) = T{p{x), p{y)). Consequently, p is T-quasiconcave on X. ■ 

Corollary 4.40 If go p is quasiconvex on X, then p is T-quasiconcave 
onX. 

Proof. Observe that the following inequality 

majc{^(/i(a;)), g{p{y)} < g{p{x)) + g{p{y)) (4.27) 

is valid for every x,y E X. If g o p is quasiconvex on X, then, by inequal- 
ity (3.5) in Definition 3.1, we obtain 

gip(Xx + (1 - X)y) < max{g{pix)),g(p(y)}. 
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Combining this inequality with (4.27) we obtain (4.26) and by Proposition 4.39 
the required result follows immediately. ■ 

In order to formulate an analogue for T-quasiconvex functions, we have to 
be careful about the inequality relation in the counterpart of (4.26). 

Proposition 4.41 Let X be a nonempty convex subset of h : [0, 1] — > 
[0, +oo] be an additive generator of a t-conorm S, and t; : R” — > [0, 1] be a 
function. Then v is S-quasiconvex on X if and only if the following inequality 
holds 

h{v{Xx + (1 - X)y) < h{v{x)) + h{v{y)) (4.28) 

for each x,y e X and every X G [0, 1]. 

Proof. Let x,y e X and A G [0, 1]. If v is 5-quasiconvex on X, then by 
analogy to (4. 12) we obtain 

y(Ax + (l-A)y < S{v(x),v{y)) 

= h^~^\h(v{x))-^ h(v(y))). 

As h is increasing on [0, 1], we immediately obtain 

h{v{Xx-\-(l - X)y) < h(h^~'^\h{v(x)) + h(v{y)))), 

which gives the required result (4.28). 

Conversely, let (4.28) hold and let x,y E X, X E [0, 1]. Observe that h 
is nondecreasing on [0, +oo]. From this fact and from (4.12), (4.28), it follows 
that 



t;(Aa:+ (1 — A)y) = ^\h{v{Xx -h {I — X)y)) 

< h^~'^'>{h{v{x))-\- h(v{y))) = S{v{x),v(y)). 

Consequently, v is 5-quasiconvex on X. ■ 

Corollary 4.42 If ho V is quasiconvex on X, then v is S-quasiconvex 
on X. 

It may be of some interest to combine the preceding Propositions to obtain 
analogous results for T-quasimonotone functions, i.e., (T, T *)-quasimonotone 
functions, see (vi) in Definition 4.27. The proofs of the following proposition 
and corollary follow directly from the two preceding propositions and, there- 
fore, they are omitted. 
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Proposition 4.43 Let X be a nonempty convex subset o/R” and let g : 
[0, 1] — [0, +co] be an additive generator of a t-norm T. Then a function p : 
R” — » [0, 1] is T -quasimonotone on X if and only if the following inequalities 
hold 

g{p{x)) + g{p{y)) - 1 < g{p{Xx + (1 - A)y) < g{p{x)) + g{p{y)) 
for each x,y C X and every X € [0, 1]. 

Corollary 4.44 Ifg O p is quasimonotone on X, then p is T-quasimono- 
tone on X. 

In the following proposition we show how a new T-quasiconcave function 
may be created by two T-quasiconcave functions, provided that they are ag- 
gregated by a t-norm T' that dominates T. An extension to more than two 
membership functions makes no problem. 

Proposition 4.45 Let X be a nonempty convex subset o/R”, let T and T' 
be t-norms and let pi : R" ^ [0, 1], i = 1, 2, be T -quasiconcave on X. IfT' 
dominates T, then ip : R” -+ [0, 1] defined by 

p{x) = T'{pi{x),p 2 {x)), x6R", 

is T -quasiconcave on X. 

Proof. As Pi,i = 1, 2, are T-quasiconcave on X, we have 
Pi{Xx + (1 - X)y) > T{pi{x), pi{y)) 
for every A € [0, 1] and x,y C X. By monotonicity of T', we obtain 
p{Xx + (1 - X)y) = T’{pi{Xx -I- (1 - A)yj, p 2 (Xx -I- (1 - X)y)) 

> T'{T{pi{x), pi{y)),Tip 2 {x), p 2 {y))). (4.29) 

Using the fact that T' dominates T, we obtain 

T'{T{px{x), pi{y)),T{p 2 {x), P 2 {y))) _ 

>T{T\px{x),p2{x)),T\px{y),P2{y))) = T{p{x)My))- 

Combining (4.29) and (4.30) we obtain the required result. ■ 

Corollary 4.46 Let X be a convex subset of TRf', let T be a t-norm, and let 
Pi : R” — > [0, 1], t = 1, 2, be T-quasiconcave on X. Then pi : R” — > [0, 1], 
i = 1,2, defined by 

Px{x) = T{pi{x),p 2 {x)), xGR”, 

¥*2(^) 'I'^(^p\(^xf P2(^x)f X G R , 

are also T-quasiconcave on X. 

Proof. The proof follows from the preceding proposition and the evident 
fact that T dominates T and Tm dominates every t-norm T. ■ 
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7. ($, T) -Concave Functions 

Now, we further generalize Definition 4.27 adapting the concept of ($, ^')- 
concave functions introduced in Section 3.3. 

Definition 4.47 Let X be a nonempty subset be a set of mappings 

V? : X X X X [0, 1] ^ R", r : [0, 1]^ [0, 1] be a t-norm, S be a t-conorm. 

Let X be a ^-convex subset o/R”. A function p : R” — [0, 1] is called 

(i) ($, r)-concave on X if for each x,y €: X there exists € $ such that for 
every X € [0, 1] 

y,X)eX 

and 

p{ip{x,y,X)) > T{p{x),p{y)y, 

(ii) strictly ($, T)-concave on X if for each x,y G X there exists ip G ^ such 
that for every A G (0, 1) 

p{x,y,\) G X 

and 

p{p{x, y, A)) > T(p{x), p{y)y, 

(iii) semistrictly ($, T)-concave on X if for each x,y G X there exists p G ^ 
such that for every A € [0, 1] 



p{x,y,X) G X, 

p{p(x, y, A)) > T{p{x), p{y)), 

and 

p{p{x,y,X)) > T{p{x),p{y)) 
whenever p{x) p{y). 

(iv) ($, 5)-convex on X if for each x,y G X there exists p G ^ such that for 
every X G [0, 1] 

p{x,y,X)GX 

and 

p{p{x, y, A)) < S{p{x),p{y)y 

(v) strictly ($, 5)-convex on X if for each x,y G X there exists p G ^ such 
that for every X G (0, 1) 

p{x,y,X) G X 



and 



f{p{x,y,X)) < S{p{x),p{y)); 
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(vi) semistrictly ($, 5)-convex on X if for each x,y C. X there exists $ 
such that for every A € (0, 1) 



ip{x,y,X) e X, 

li{ip{x,y,X)) < S(n{x),iJ,{y)), 

and 

n{ip{x,y,X)) < S(n{x),fi{y)) 
whenever y,{x) ^ fx{y). 

(vii) ($,r, 5)-(strictly, semistrictly) monotone on X if it is both ($, -S)- 
( strictly, semistrictly) convex on X and {^,T)-( strictly, semistrictly) con- 
cave on X; 

(viii) ($,T)-(strictly, semistrictly) monotone on X if n is (strictly, semi- 
strictly) {^,T)-concave and (strictly, semistrictly) {^,T *)-convex on X, 
where T* is a dual t-conorm to T; 

(ix) ($, 5)-(strictly, semistrictly) monotone on X ifpL is (strictly, semistrictly) 
($, S)-convex and (strictly, semistrictly) ($, S *)-concave on X, where S* 
is the dual t-norm to S. 

Notice that each ($, T)-concave function from Definition 4.47 is ($, 
concave by Definition 3.21, where ^ contains a single function, i.e., ^ = {ip}, 
with 

'tp{x,y,a,^,X) = T{a,(3) (4.31) 

for all X, y € X, a, /?, A € [0, 1]. Analogically, any ($, 5)-convex function 
from Definition 4.47 is ($, ^)-convex by Definition 3.21, where ^ contains a 
single function, i.e., 'J’ = {ip}, with 

ip(x,y,a,^, A) = S{a,/3) 

for all x,y e X,a,^,Xe [0, 1]. 

Clearly, if $ and ^ are singletons, i.e., # = {^} and ^ = {ip}, where 
'I’ix,y,X)^ x-\- X(y- x) 

and ip{x,y,a,P,X) is defined by (4.31) for all a;,y € X, a,^ G R, A G 
[0, 1], then by Definition 4.47 we obtain (strictly, semistrictly) quasiconcave 
functions on the convex set X defined already by Definition 4.27. 

Let $ consists of all mappings (/? : X x X x [0, 1] ^ R” with (p{x, y, ■) 
being continuous on [0, 1] and such that for each x,y € X, (p{x, y,0) = x and 
<f{x,y, 1) = y. Let i be as in (4.31), i.e., 'J' = {ip}. Then by Definition 4.47 
we obtain generalized (strictly, semistrictly) UQCN and LQCN functions on 
the path-coimected set X. 
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8. Properties of ($, T) -Concave Functions 

In this section we derive some important properties of ($, T)-concave func- 
tions being based on a triangular norm T. As we demonstrated in the previous 
section, (<E>, T)-concave functions are nothing else than ($, ^')-concave func- 
tions for the particular ^ where V’ is defined by (4.31). Therefore all 

results derived in Chapter 3, Section 3.2, are applicable. 

The first problem is whether all upper level sets of a ($, T) -concave func- 
tion are ^-convex. Trying to apply Proposition 3.23, we find out that (3.20) is 
satisfied only if T = Tm, otherwise ^-convexity of upper level sets is not se- 
cured by this proposition. It is easy to find an upper starshaped function which 
is not quasiconcave, hence some of its upper level sets are not convex. Such 
a function demonstrates that upper level sets of ($, T)-concave functions are 
not necessarily ^-convex. On the other hand, the hypograph a ($, T)-concave 
function is in a sense ^-convex. We have the following proposition. 

Proposition 4.48 Let X be a nonempty ^-convex subset o/R”, ^ be a 
given set of mappings : X x x [0, 1] — > R”, and T : [0, 1]^ [0, 1] be 

a t-norm. Ifp : R*^ [0, 1] is ($, T)-concave on X, then the hypograph of p 

is a ^-convex subset o/R”+^, where ^ = {(p \ p = ip E and ip is 

defined by (431). 

Proof. Let (x, a), (y, f3) G Hyp(/i), A G [0, 1]. Then 

p(x) > a, p{y) > (3. (4.32) 

We have to show that there exists a G $, such that p{(pc, a), {y, /?), A) G 
Hyp(/x). 

Since X is ^-convex subset of R” and x,y E X, there exists p E ^ such 
that p(x, y,X) E X, and by ($, T)-concavity of p on X, we get 

p{p{x, y, A)) > T{p{x), p{y)). (4.33) 

By (4.32) and (4.33) and monotonicity of T, we obtain 

f{p{x,y,\))>T{a,p). 

Setting p = (p, Ip), where ip{x, y, a, j5, A) = T(a, /?), we finally obtain 
p{{x, a),{y,f3),\) E Hyp(/i). 



The second problem is whether some favorable local - global properties, 
similar to those in Theorem 3.25 and 3.26, are valid for ($, T)-concave func- 
tions. Unfortunately, the crucial assumption of those theorems, namely, in- 
equality (3.20), is satisfied only if T = Tm- We can, however, derive the same 
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results for normalized ($, T)-concave functions independently of this assump- 
tion. 



Theorem 4.49 Let X be a nonempty ^-convex subset of TUT, where ^ be a 
set of mappings (/p : X x X x [0, 1] — > R” such that, for all x,y C. X, 



lim (p{x,y,X) = x. 

A — ►0+ 



(4.34) 



Moreover, let T : [0, 1] ^ > [0, 1] be a t-norm, p : R" — > [0, 1] be ($, T)- 

concave on X, and Cort(p) X be nonempty. If x € X is a strict local 
maximizer of p on X, then it is a strict global maximizer of p on X. 



Proof. Suppose that x € X is not a global maximizer. Then there exists 
y C. X, such that 

p(x) < p(y). 

Moreover, we have y G Core(p). Since x G X is a strict local maximizer, then 
there exists an open ball B with center at x G X, such that 



p{x) < p{x) 



(4.35) 



for all X G X n R, X / X. 

As X is ^-convex and p is ($, T)-concave on X, it follows that there exists 
ip such that tp{x, y,\)e X and 

piifix, y, A)) > T{p{x), p(y)) (4.36) 

for each A G [0, 1]. Moreover, from (4.34) we obtain ip{x, y, Xq) G X D S for 
some sufficiently small Aq G (0, 1). Let z = ip{x, y, Aq). Applying (4.36), we 
conclude that 



p{z) > T{p{x),p{y)) = T(p{x), 1) = p(x), 

a contradiction to (4.35). Consequently, x must be a strict global maximizer 
on X. ■ 

If we drop the assumption of strictness of the local maximizer in Theo- 
rem 4.49, then the statement is no longer valid. The semistrict concavity will, 
however, secure the result. 

Theorem 4.50 Let X be a nonempty ^-convex subset of where $ is a 

set of mappings : X x X x [0, 1] R” such that for all x, y G X, 



lim p(x,y, A) = x. 
\-^o+ 
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Moreover, let T ; [0, 1]^ [0, 1] be a t-norm, n : R” — > [0, 1] be ($,T)- 

semistrict concave on X, and Core(ju) OX be nonempty. If x £ X is a local 
maximizer of p on X, then it is a global maximizer p on X. 

Proof. Suppose that i g X is not a global maximizer. Then there exists 
y £ X, such that 

p{x) < p{y). (4.37) 

Moreover, we have y £ Cok{p). Since x G X is a local maximizer, there 
exists an open ball B with the center atx £ X such that 

p{x) < p{x) (4.38) 



for all a; G X n B. 

AsX is ^-convex and /X is ($, r)-semistrictly concave on X, it follows that 
there exists cp G $ such that p{x, y, A) G X and by (4.37) 

p{p{x, y, A)) > T{p{x),p{y)) (4.39) 

for each A G [0, 1]. Moreover, from (4.34) we obtain (p{x, y, Aq) G X fl R for 
some sufficiently small Aq G (0, 1). Let z = (p{x, y, Aq). Applying (4.39), we 
conclude that 



p{z) > T{p{x),p{y)) = T(p{x), 1) = p{x), 

a contradiction to (4.38). Consequently, x must be a global maximizer on X. 



Clearly, analogous theorems to Theorem 4.49 and 4.50 hold for local and 
global minimizers of ($, 5)-convex functions. 




Chapter 5 

AGGREGATION OPERATORS 



1. Introduction 

Aggregation refers to the process of combining values into a single value so 
that the final result of aggregation takes into account in a given form all the 
individual aggregated values. This chapter serves as a theoretical background 
for applications mainly in the area of decision analysis, decision making or 
decision support. In decision making, values to be aggregated are typically 
preference or satisfaction degrees. A preference degree, e.g., v{A,B) tells 
to what extent an alternative A is preferred to an alternative B. This way, 
however, will not be followed here. In this chapter the values are understood 
and interpreted as satisfaction degrees which express to what extent a given 
alternative is satisfactory with respect to a given criterion - a given real-valued 
function, or as a kind of distance to a prototype which may represent the ideal 
alternative for the decision maker. Depending on concrete applications, values 
to be aggregated can be also interpreted as confidence degrees in the fact that 
a given alternative is true, or as expert’s opinions, similarity degrees, etc., see, 
e.g., [29]. 

Once values on a scale, e.g., the unit interval [0, 1], are given we can ag- 
gregate them and obtain a new value defined on the same scale, but this can 
be done in many different ways according to what is expected from the ag- 
gregation mapping called aggregation operator. Aggregation operators can be 
roughly divided into three classes, each possessing very distinct behavior and 
semantics. 

Operators of the first class, conjunctive type operators, combine values as 
if they were related by a logical ’’and” operation. In other words, the result of 
combination is high, if all the values are high. Triangular norms are examples 
for doing conjunctive type aggregations. 
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On the other hand, disjunctive type operators combine values as an ”or” 
operation, so that the result of aggregation is high if some values are high. 
Similarly to the first class, the most common examples of disjunctive t)^e 
operators are triangular conorms. 

Between conjunctive and disjunctive type operators, there is a room for a 
third class of aggregation operators which could be called averaging type op- 
erators. They are usually located between minimum and maximum, which are 
the bounds of the t-norms and t-conorms. Averaging type operators have the 
property that low values of some criteria can be compensated by high values 
of the other criteria functions. 

There are of course other operators which do not fit into any of these classes 
we shall also deal with them later on. 

2. Definition and Basic Properties 

When aggregating data in applications, we assign to each tuple of elements 
a unique real number. For this purpose, both t-norms and t-conorms are rather 
special operators on the unit interval [0, 1]. However, there exist other useful 
operations related to and generalizing t-norms or t-conorms, either on the unit 
interval or on arbitrary closed subinterval [o, 6] of the extended real line R. 
Because of the natural correspondence between [a, 6] and [0, 1], each result for 
operations on the interval [a, b] can be transformed into a result for operators 
on [0, 1] and vice versa. Therefore, the discussion about aggregation operators 
on [0, 1] is sufficiently general, at least from theoretical point of view. In many 
cases, general aggregation operators can be derived from n-ary operations on 
[0, 1], for instance from t-norms. 

Definition 5.1 An aggregation operator A is a sequence of map- 

pings (called aggregating mappings) 

satining the following properties: 

(i) Ai (x) = X for each x 6 [0, 1]; 

(ii) An{xuX 2 ,...,Xn) < An{yi,y 2 ,---,yn), whenever Xi < yi for each 
i = 1, 2, . . . , n, and every n = 2, 3, . . .; 

(iii) An (0,0, . . .,0) = Oand An(l, !,...,!) = 1 for every n = 2, 3, . . .. 

Condition (i) means that A i is an identity unary operation, (ii) says that ag- 
gregating mapping An is nondecreasing in all of its arguments Xi, and condi- 
tion (iii) represents natural boundary requirements. Some other mathematical 
properties can be requested for an aggregation operators, we list some of them 
in the following definition. 
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Definition 5.2 Let A = be an aggregation operator. 

(i) The aggregation operator A is called commutative, idempotent, nilpotent, 
strictly monotone or continuous, if, for each n > 2, the aggregating map- 
ping An is commutative, idempotent, strictly monotone or continuous, re- 
spectively. The aggregation operator A is called strict, if An is strictly 
monotone and continuous for all n> 2. 

(ii) The aggregation operator A is called associative, if, for all m,n>2 and 
all tuples (xi, X 2 , . . . , x^) € [0, 1]”^ and (yi, t/ 2 , ■■■,yn) G [0, 1]”, we 
have 

^m+n (^1 9 • • • 7 2/1 7 2/27 • • * 7 Un) 

= A2{Amixi,X2, Xm), An{yi, ^ 2 , ■ • • , yn))- 

(iii) The aggregation operator A is called decomposable, if, for all m, n > 2 
and all tuples (xi, . . . , Xm) ^ [0, 1]^ and (yi, . . . , yn) ^ [0, l]’^, we have 

-^m+n(^l7 • • • 7 ^7717 yi,---,yn) 

— Am^ni-^^m (xi , . . . , Xm), . • • j Am{xi, . . . , Xfn), yi, • • • , yn) 

(5.1) 

where, in the right side, the term Am{xi , X 2 , . . . , Xm) occurs m times. 

(iv) The aggregation operator A is called compensative, if, for n > 2 and for 
all tuples (xi , X 2 , . . . , x„) G [0, 1]", the following inequalities hold: 

Tm{xi,X2, ..■,Xn)< An{xi,X2, ...,Xn)< Sm{xi,X2, ■ ■■,Xn)- (5.2) 



The commutativity and associativity properties allow extending of t-norms 
and t-conorms to n-ary operations, with n > 2. For instance, for a t-norm T, 
its extension T” to n arguments has been defined by formula (4.9). Therefore, 
a sequence where is the identity mapping, defines an aggrega- 

tion operator, and T” are its aggregating mappings. For the sake of simplicity, 
when there is no danger of a confusion, we call this aggregation operator also 
a t-norm and denote it by the original symbol T. In other words, when speak- 
ing about a t-norm T, or t-conorm 5, as an aggregating operator, we always 
have in mind the corresponding sequence or respectively. 

Recall also, that for the same reason, we shall sometimes leave the index n 
in the aggregating mappings An- Considering this convention in the following 
propositions, we obtain some characterizations of the above defined properties. 

Proposition 5.3 Each t-norm and each t-conorm is a commutative and as- 
sociative aggregation operator. The minimum T m is the only idempotent t- 
norm, but it is not strict. The product norm T p is strict, but not nilpotent. 
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Lukasiewicz t-norm Ti is both strict and nilpotent. The drastic product T d is 
nilpotent, but not continuous. 

Analogical properties hold also for t-conorms Sm,Sp,Sl and 5£>. A trans- 
formation of an aggregation operator by means of a monotone bijection from 
[0, 1] to [0, 1] yields again an aggregation operator. We have the following 
proposition the proof of which is elementary. 

Proposition 5.4 Let A = be an aggregation operator and let 

Ip : [0, 1] — > [0, 1] be a strictly increasing or strictly decreasing bijection. 
Then defined by 

for alln = 1,2,..., and all tuples (x i , X 2 , . . . , Xn) € [0, 1]”, is an aggregation 
operator. 

3. Continuity Properties 

Continuity of aggregation operators play an important role in applications, 
as we shall see in Chapter 6. As far as t-norms and t-conorms are concerned, 
we already know that Tm, Tp, Tp are continuous t-norms, whereas the drastic 
product Td is not. The same holds for the dual t-conorm 5 m. Sp, Sp and 
Sd- In the following proposition we show that for continuity of commuta- 
tive aggregation operators it is sufficient that they are continuous in only one 
variable. 

Proposition 5.5 Let A = {An}^2 be a commutative aggregation opera- 
tor. The operator A is continuous if and only if, for each n= 1,2,..., mapping 
An is continuous in its first variable x\, i.e., if for each n and X 2 , . . . , x„ 6 
[0, 1] the one variable function A(-, x 2 , • • • , x„) is continuous on [0, 1]. 

Proof. 1 . If a function A„ is continuous on [0, 1] ”, then it is continuous in 
each variable. 

2. Conversely, by commutativity, A„ is continuous individually in all variables. 
We prove the statement by induction according to n. 

Evidently, the statement is true forn = 1. Suppose that the statement is true 
for some n > 1, we will show that it is true for n -f 1. Consider an aggregat- 
ing mapping An+i(xi, X 2 , . . . , x^, x^+i) which is continuous in its first vari- 
able xi, fix an arbitrary vector x'° = (x°, x^^^) = (x°, . . . , € 

[0, 1]”+^ and define 

KiiXl,X2, . . . , X„) = A„+i(xi, X 2 , . . . , Xn, X°_^i). 

Clearly A^ is a commutative aggregating mapping and by induction assump- 
tion it is continuous. Let be a sequence converging to x'*^, i.e. 
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x'^ e [0, Xj. x'*^. We can find two sequences 
a'j., bjj. G [0, the first sequence is non-decreasing the second one is non- 
increasing in all n -t- 1 components, such that 

Hfc < Xfc < bfc, for all fc = 1, 2, . . (5.3) 

and 

a$ — *• x'*^, h'l —* x'° for I — »• +oo. (5.4) 

Formulae (5.3) and (5.4) can be unfolded into two parts 

afe < Xfe < bfc, forallA; = 1,2, ..., 

®n+l,fc — — ^n+l,k-> = 1,2,..., 

and 

a; — »■ x*^, bi — x*^ for I — > -l-oo, 

Un+ 1,1 bn+i,i 4+1 for I -t-oo. 

Let £ > 0. Then by continuity of An+i in variable at a;®+i, there 
exists Iq such that for I > Iq: 

^n+l(x°,X°+i) - £ < A„+i(x°,a„+i,jJ < An+l{x^,Xn+l,l) 

< ^n+l(x°,6n+l,«o) < ^n+l(x°, ^n+l) 

By induction assumption, functions A„+i(-, an+i,Jo) and An+i(-, K+i,lo) 
are continuous, there is a number mo such that for all m > mo, I > lowe get 
by monotonicity of A„+i 

■^n+l(x , fln-l-ljio) £ .'47i+l(aTno ) tln+l,2o) — ■^n+l(p^miXn+l,i) 

^ An+l{bmoi bn-(-x,2o) -^n+l(x*^5 -b £. 

Putting fco = max{mo, Iq}, then for all A: > feo we obtain 

An+l (x°, x°+x) - 2 e -^n+1 ^ A„+i(x°,x°+i) 4-2£, 

proving that A„+i(xjj.) — > A„+i(x'°) for k — > -t-oo, that is, the aggregation 
operator A is continuous in x'® G [0, l]""^^. ■ 

Similarly to the situation in the case of continuity, both lower and upper 
semicontinuity of aggregation operators can be described by semicontinuity in 
only one variable. 

Proposition 5.6 Let A = be a commutative aggregation opera- 

tor. The operator A is upper semicontinuous - U SC (lower semicontinuous - 
LSC) if and only if , for each n— \,2, . . A^is USC (LSC) in its first variable, 
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i.e., if for each X 2 , . . . ,Xn C [0, 1] the one variable function x^, ■ • x^) 

is use (LSC) on [0, 1], respectively. 



Proof, l. If a function An is USC (LSC) on [0, 1]”, then it is USC (LSC) 
in each variable. 

2. Conversely, by commutativity, An is USC (LSC) individually in all vari- 
ables. We prove the statement by induction according to n. 

Evidently, the statement is true forn = 1. Suppose that the statement is true 
for some n > 1. We show that it is true for n -I- 1. The rest of the proof is 
analogous to the proof of Proposition 5.5. To prove USC, we use the sequence 
from the proof of Proposition 5.5; on the other hand, to prove LSC of 
A, we utilize and we apply the same inequalities as in the proof of 

Proposition 5.5. ■ 

By monotonicity of an aggregation operator A, the left (right) continuity 
of A is equivalent to the LSC (USC) of A. Note also that the left and right 
continuity mean exactly the interchangeability of the supremum and infimum, 
respectively, with the application of the aggregation operator. 

4. Averaging Aggregation Operators 

Between conjunctive and disjunctive type operators, t-norms and t-conorms, 
which have been investigated thoroughly in Chapter 4, there is a room for an- 
other class of aggregation operators of averaging type. They are located be- 
tween minimum and maximum satisfying inequalities (5.2). Averaging type 
operators have the property that low values of some criteria can be compen- 
sated by high values of the other criteria. 



4.1. Compensative Aggregation Operators 

May be even more popular aggregation operators than t-norms and 
t-conorms are the means: the arithmetic mean M = {Mn}%,\, the geometric 
mean G = the harmonic mean H = {Hn}'^=i and the root-power 

mean M^°‘^ = given by, respectively. 



Mn{xuX2,...,Xn) = 

^n(.X\^ X2, • • • , Xn') 



1 

n 





E 



1 






Xi 



(5.5) 

(5.6) 



Hn{xi,X2,...,Xn) 



(5.7) 
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a^O. 



(5.8) 



All these operators are commutative, idempotent and continuous, none of them 
is associative. The root-power mean operators >0, are strict, whereas 

G and H are not strict. Notice that M — and H = It can be 

verified that 



M^^\xi,X2,...,Xn) 

M^~°°\xi,X2,...,Xn) 

Mi'''°°\xi,X2,...,Xn) 



nmM^°‘\xi,X2,...,Xn)= 



lim M^°‘\xi,X 2 ,...,Xn) 

Q— > — OO 



min{a:i | i = 1, . . .,n}, 
lim M^°‘\xi,X 2 ,---,Xn) 

a— »-+oo 

max{a:i | i = 1, . . .,n}. 



l/n 



5 



The next proposition says that the operators (5.5) - (5.8) are all compen- 
sative. It says even more, namely, that the class of idempotent aggregation 
operators is exactly the same as the class of compensative ones. The proof of 
this result is elementary and can be found in [32]. 



Proposition 5.7 Let A = be an aggregation operator. Then, A 

is idempotent if and only if A is compensative. 



In the following propositions we clarify the relationships between some 
other properties introduced in Definition 5.2, particularly, between the decom- 
posability and associativity. The proofs can be found also in [32]. 

Proposition 5.8 Let A = be a continuous and commutative ag- 

gregation operator. Then A is compensative, strict and decomposable, if and 
only if for all xi,X 2 , .. .,Xn e [0, 1] 

An(xi,X2, ...,Xn) = ^ i’iXi) ) > (- 5 - 9 ) 

i=l / 

with a continuous strictly monotone function tp : [0, 1] [0, 1]. 

The aggregation operator (5.9) is called the generalized mean. It covers a 
wide range of popular means including those of (5.5) - (5.8). The minimum 
Tm and the maximum Sm are the only associative and decomposable compen- 
sative aggregation operators. 
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4.2. Order-Statistic Aggregation Operators 

Let X — (xi, X 2 , . . . , Xn) be a point in R”. The point in R” which we 
obtain by arranging the coordinates of x in non-decreasing order is denoted by 
x^ = (x(i), X( 2 ), . . ■ , Notice that there may exist several pennutations 
7T of the index set {1, 2, . . . , n} with the property x ^(j) = X(i). For example 
if X = (4, 1, 4), then x^ = (1, 4, 4), the following two permutations have the 
property: 7t(1) = 2, 7t(2) = 1, 7t(3) = 3, andTr'(l) = 2, 7t'(2) = 3, 7t'(3) = 1. 



Definition 5.9 Let k € {1,2,...}. The fc-order statistic aggregation oper- 
ator = (OS^}^i is defined as follows 

Ub„(Xi,X2,...,a:nl - ifk<Tl, 

forallxi,X 2 ,...,Xn € [0,1]. 



Particular cases are the minimum (k = 1), the maximum (k = n), and the 
median aggregation operator OS defined by 



OS 



med 

n 



{x\ , X2<) • • • -i Xji) 







if n is odd, 
if n is even. 



(5.10) 



The proofs of the two following propositions can be found in [1 14]. 

Proposition 5.10 Let A be a k-order statistic aggregation operator. Then 
A is compensative, commutative and continuous. 

Proposition 5.11 Let A = be an aggregation operator. Then 

A is compensative, commutative, continuous and associative if and only if for 
each a € (0, 1) and each Xi, X 2 , . . . , x„ 6 [0, 1] 

An(Xi,X2,...,Xn) = OS^®^(X(i), X(„), a). 



4.3. Order Weighted Averaging Operators 

So called the order weighted averaging (OWA) operators belong to the class 
of average-type compensative aggregation operators. These operators allow for 
an adjustment of the degree of ”and-ing” and ”or-ing”, which means that the 
character of the operators can be adjusted either more to the conjunction-type 
or more to the disjunction-type aggregation operators. 

Definition 5.12 Let W = {wi,W 2 , ■■■, Wn) be a weighting vector with 
Wi > 0, i = 1,2, . ..,n, and Wi = 1. A mapping OWA|y : [0, 1]” — > 
[0, 1] defined for each xi, X 2 , . . . , G [0, 1] by 

n 

OWA^(xi, X2, . . . , x„) = ^ 




Aggregation Operators 

is called the OWA operator of dimension n with associated vector W. 
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Notice, that OWA operators by Definition 5 . 1 2 are not aggregating operators 
according to Definition 5.1. In Definition 5.12 the operator is strongly associ- 
ated with the n-dimensional weighting vector W for a given n, and cannot be 
extended to vectors of other dimensions. A fundamental aspect of the opera- 
tion (5.10) is the re-ordering step, in particular, within a sum a value a; j is not 
associated with the corresponding weight Wi, but rather a weight is associated 
with a particular ordered position of the value. This ordering step introduces a 
nonlinearity into the aggregation operation. 

Example 5.13 Let 

W = {wi,W2,...,W5) = (0.2, 0.1, 0.1, 0.4, 0.2), 
x = {xi,X2,...,X5) = (0.9, 0.3, 0.6, 0.3, 0.2). 

Thena;T = (x(i),a;( 2 ), . . .,a:( 5 )) = (0.2, 0.3, 0.3, 0.6, 0.9) and 

OWA^(xi,X2,...,a;5) = OWA^(0.9,0.3,0.6,0.3,0.2) 

= wia;(5) + W2a;(4) + ... + w^X(i) 

= 0.2 • 0.9 + 0.1- 0.6 -f 0.1 -0.3 
-f 0.4 • 0.3 -I- 0.2 • 0.2 
= 0.43. 



□ 



Some important special cases of OWA operators are defined as follows: 

■ For W* = {wi,W 2 ,...,Wn) such that wi = 1 and Wi = 0, for i = 

2. 3. . . . , n, the OWA operator equals to the nth aggregating mapping of 

the maximum aggregation operator Sm = i.e., OWA(^. = S^j. 

■ For W* = {wi,W 2 , . . . ,Wn) such that = 1 and Wi = 0, for i = 

1.2. . ..,n— 1, the OWA operator equals to the nth aggregating map- 
ping Tj^ of the minimum aggregation operator Tm = i.e., 

OWA(V. =T^. 

■ For Wm = {wi,W 2 , . . . , Wn) such that Wi = 1/n , for alH = 1, 2, . . . , n, 

the OWA operator equals to the nth aggregating mapping Mn of the arith- 
metic mean aggregation operator M = i.e., OWA^^^ = Mn- 

■ For Wk = {wi,W 2 , . . . , Wn) such that Wn-k+i = 1 and Wi = 0, for all 
other weights, the OWA operator equals to the nth aggregating mapping 
OS^ of the fcth order statistic aggregation operator OS = {OS^}^^, i.e., 
OWA(V, = OS^. 
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■ For Honied = {wi,W 2 , . . . , Wn) such that wn±i = 1 and Wi = 0, for all 

2 

Other weights, if n is odd; wm = = 0.5 and Wi = 0, for all other 

weights, if n is even. The OWA operator equals to the nth aggregating map- 
ping of the median aggregation operator 

i.e., OWA|V, = 

The next proposition will characterize OWA operators, the proof can be 
found in [32]. 

Proposition 5.14 Let A be an OWA operator. Then A is compensative, 
commutative and continuous. 

5 . Sugeno and Choquet Integrals 

Generally speaking, the integral of a function over a set represents, in a 
sense, are average value of that function. In case of a finite set with suitable 
normalization, an integral may represent an aggregation operator. Extending 
the well known concept of Lebesque integral, that is, an integral with respect 
to a measure, G. Choquet in [79] and M. Sugeno in [59] proposed integrals 
which have found applications in various areas: fuzzy sets, utility theory, de- 
cision analysis, game theory, engineering, etc. Here we restrict ourselves to 
the finite case avoiding unnecessary mathematical developments with the main 
aim to present the integrals as general aggregation tools covering the concepts 
of the preceding sections. The reader asking more details about the integrals 
is referred to [37] and [36]. In order to define new integrals we need to gen- 
eralize the traditional concept of a measure. The following concept belongs to 
M. Sugeno; see [120]. 

Definition 5.15 Let Z be a nonempty finite set, and let 2^ denote the set 
of all subsets of Z. A fuzzy measure on Z is a set function ^ : 2 ^ > [0, 1] 

satisfying the following properties: 

(i) <^(0) = 0, ^{X) = 1. 

(ii) If A, B C 2^ and Ac B, then p{A) < p{B). 

In a decision analysis setting, the set AA = {1, 2, . . . , n} can be interpreted 
as a set of decision criteria. By X we denote a real-valued function on ff. For 
the value of the ith criterion, we use the notation X{i) = Xi,i Efif. Then for 
A G 2^, the value ip{A) of a fuzzy measure <p can be viewed as the weight 
of the subset A of the criteria set ff. Thus, in addition to the usual weights 
on criteria taken separately, weights on any combination of criteria are also 
defined by the fuzzy measure p. 

A fuzzy measure is said to be additive if 

p{A [J B) = p{A) + p{B) whenever A,Be 2"^, A D B = 0, 
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(f{A U B) > 93 (A) + whenever A,Bg 2^, A n B = 0, 



resp. 



9?(A U B) < 93(A) + 93(B) whenever A,Be 2 ^ , A D B = 0 . 

If a fuzzy measure 93 is additive, then it suffices to define the n individual 
weights 9 j({l}), 9 ?({ 2 }), . . . , < 9 >({n}) to define entirely the measure <p. How- 
ever, in a general case one has to define 2” — 2 weights corresponding to the 
2" — 2 subsets of M, except 0 and AT. 

Definition 5.16 Let 9 ? be a fuzzy measure onAf = { 1 , 2, . . . , n} and X be 
a real-valued function on Af. The Sugeno integral of X with respect to 93 
is defined by 



S^{xuX2,...,Xn) = max{min{rC(j),93(A(j))} | i € AT} , (5.11) 

where, for every i eff,Xi = X (i) and A(j) = {i, i -h 1, . . . , n}. The Sugeno 
integral is also denoted by (S) fj^Xdip. 

Definition 5.17 Let ip be a fuzzy measure onff = {1, 2, . . ., n}, and X 
be a real-valued function on Af. The Choquet integral of X with respect to 

93 is defined by 



n 

(^1 > • • • ) X ^ f ) ^ (■^(*)) ’ 

i=l 

where, for every i €Af,Xi = X{i) and A(j) = {i, i -h 1, . . . , n}. The Choquet 
integral is also denoted by (C) Jj,^Xd(p. 

Sugeno and Choquet integrals are essentially different in nature, since the 
former is based on non-linear operators maximization and minimization, and 
the latter on usual linear operators. More general definitions of these types 
integrals exist but will not be considered here, see, e.g., [37] or [36]. In Defi- 
nitions 5.16 and 5.17, we follow a traditional concept of integral, however, in 
view of Definition 5.1, Sugeno and Choquet integrals can be considered as the 
aggregation operators S,p = and respectively, pro- 

vided the range of X is in [0, 1]. Some properties of the integrals are presented 
in the following proposition; see [37] or [32]. 
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Proposition 5.18 Let ^ be a fuzzy measure on M = {1,2,..., n}, and 
X be a function mapping Af into [0, 1]. The Sugeno and Choquet integrals 
defined by (5.11) and (5.12), respectively, are compensative and continuous 
aggregation operators. 



The connection between OWA operators and various operators (in particular 
fc-order statistic ones) has been already mentioned in the preceding section. We 
turn now to Sugeno and Choquet integrals. They include as particular cases 
many of the operators defined previously. Main results are summarized below 
in the four propositions; their proofs can be found in [37] or [32]. 

Proposition 5.19 Let p be an additive fuzzy measure on M = {1,2, ...,n) 
and X be a function mapping Af into [0, ij. Then the Choquet integral of 
X with respect to (p coincides with the weighted arithmetic mean aggregat- 
ing mapping M)^(xx,X 2 , ...,Xn) = ^ WiXi, whose weights are Wi = 
p{{i]), i e Af. 



Proposition 5.20 Let Af = ( 1 , 2 ,..., n}, X be a function mapping Af 
into [0, 1], and let <p be the fuzzy measure on Af defined by 




//Card(A) <n—k, 
otherwise. 



where k € {1, 2, . . . , n — 1} and Card(A) denotes the cardinality of A. Then 
the Choquet integral C” ofX with respect to p is a k-order statistic aggregat- 
ing mapping OS^. 



Proposition 5.21 Let OWA]^ be an OWA operator with the weighting 
vector W = (wi, W 2 , ..., Wn), and X be a function mapping Af = {1, 2 , ..., n} 
into [0, 1]. Then OWAjy is equal to the Choquet integral of X with respect 
to fuzzy measure p defined by 



(p{A) = ^ Wj for each A G 2^ such that Card(A) = i. 
j=i 

Proposition 5.22 Let be a commutative Choquet integral of X : Af ^ 

[0, 1] with respect to a fuzzy measure p. Then is an OWA operator with the 

weighting vector W = (wi, W 2 , . ■■, Wn) defined bywi = p (Af) — p 
for i = 2,3, . . .,n and wi = 1 — Y ^=2 '^here Ai denotes any subset ofAf 
such that Card(Aj) = i. 

The main relationships between the investigated aggregation operators are 
depicted in Figure 5.1. In this figure, the OWA operators are depicted by a 
dotted line denoting the fact that OWA operators are not aggregation operators. 
However, if we consider only the nth aggregating mapping of the operators, 
then the figure remains valid and OWA operators could be included. 
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Figure 5. L 



6. Other Aggregation Operators 

Conjunctive, disjunctive and compensative operators form large disjoint 
classes of operators on [0, 1], but there are some operators which belong to 
none of these classes. These operators are often more or less of the average 
type, but they may be extended beyond the minimum and maximum operators. 
Note that the operators defined below, i.e., symmetric sums and compensatory 
operators, are aggregation operators in the sense of Definition 5.1. 

Definition 5.23 The symmetric sum is a continuous Junction s : [0, 1] ^ 

[0, 1] satisjying the following conditions: 

s{a,b) = s{b,a) for all a, b E [0,1], (5.13) 

s{a,b) < s[c,d) if a < candb < d, a, b,c,d e [0,1], (5.14) 

1 — s(a, 6) = s(l — a,l — b) for all a, b € [0,1], (5.15) 

s(0,0) = 0,s(l,l) = l. (5.16) 

Conditions (5.13) and (5.14) are commutativity and monotonicity, respec- 
tively; condition (5.15) is called self-duality and condition (5.16) is the usual 
boundary condition. Self-duality condition (5.15) can be extended by using 
any strong negation instead of standard negation N{x) = 1 — x. Symmetric 
sums can be expressed in a special form as follows; see [32]. 
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Proposition 5.24 Let s : [0, 1]^ — [0, 1] be a symmetric sum. Then for all 
o,,b Q [0, 1] 

g(g> b) 

^ ’ '* p(a,5) + 5 (l-a,l- 6 )’ 

where p : [0, 1]^ [0, 1] is a continuous, nondecreasing function such that 

g{a, 6) = 0 if {a, b) = (0, 0), and g{a, b) > 0 otherwise. 

By a straightforward way, similar to that applied t-norms, the symmetric 
sum s can be extended for n variables, n > 2, denoted by Sn, to serve as a 
continuous commutative aggregation operator Ss = 

A large class of aggregation operators can be constructed as a combina- 
tion of t-norms and t-conorms. From the application point of view, there exist 
suggestions for using so-called compensatory operators (being distinct from 
compensative ones). To avoid certain defects of t-norms and t-conorms with 
respect to compensation of small values of some criteria by large values of the 
other ones, two classes of compensatory operators were suggested, see [139], 
and generalized later in [36] for t-norms and t-conorms. The first is the class 
of exponential-type operators, defined for a t-norm T, a t-conorm S and a 
parameter 7 € [ 0 , 1 ] as follows: 

Xn) = (T{xi,X2, Xn)Y~'^ iS{xi, X2, X„))^. 

The second class of compensatory operators is the class of convex-linear- 
type operators, defined similarly by 

L'^ln {^UX2, ...,Xn) = {\- t)T{xi, X2, ■ ■ ■ , Xn) + jSixi, X2, ■ ■ ■ , Xn). 

Both the exponential-type and convex-linear-type aggregation operators 

T S T S 

Ery’ and Ly’ are continuous, commutative and idempotent if and only if 
the corresponding t-norm T as well as t-conorm S are continuous and idempo- 
tent, respectively. However, they are associative only if 7 € {0, 1}, in which 
case they coincide with T and S, respectively. In the literature, a nonlinear 
combination of T and S has been also proposed and studied; see, e.g., [57]. 

7. Aggregation of Functions 

In this section we shall investigate the problem of aggregation of several 
generalized quasiconcave functions (i.e. upper-starshaped or T-quasiconcave, 
or quasiconcave). We will look for sufficient conditions which secure some 
quasiconcave properties. The simple result of this type reads as follows. 
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Proposition 5.25 Let X be a convex subset of IV*, and let Hi : R” 

[0, 1], i = 1, 2, . . . , m, upper normalized and T £>-quasiconcave on X and 
such that Core(/ii) n • • • n Core(/Zm) 7^ 0- ■ [0, 1]”* — [0, 1] be an 

aggregating mapping. Then tp : R” — > [0, 1] defined for x € R" by 

1 p{x) = Am{li\{x ), . . . , Pm{x)) 

is upper-starshaped on X. 

Proof. Let a g R, and let x G Core(//i) n • • • D Core(^m). We prove 
that U {ip, a) is starshaped by demonstrating that x G Ker(C7 {ip, a)). To show 
this, it is sufificient to demonstrate that, for an arbitrary point x from U {ip, a), 
the whole segment coimecting x and x belongs to U {ip, a). Take arbitrarily 
X E U {ip, a), A G (0, 1) and set z = Ao; + (1 — A)x. As pi,i = 1, 2, . . . , m, 
are Tp-quasiconcave on X and normalized, it follows by Theorem 4.34 that 
{lt‘i)x,x^ i = 1 , 2, . . . , m, are quasiconcave on hx {x, x). In particular, we have 

Pi{x) < pi{z) < pi{x) = 1, i = \,2,...,m. 

As Am is nondecreasing in all arguments, we obtain 

Am{pi{x),...,pm{x)) < Am{pi{z),...,Pm{z)) 

< Am{pi{x),...,Pm{x)). 

Applying (a;), . ..,pm{x)) = ip{x) > a andusing (5.17) we obtain that 
ip{z) - Am{pi{z),...,pm{z)) > a, implying z = Ax + (1- A)x G U{ip,a) 
and also x G U{ip,a). Consequently, x G Kei{U{ip,a)), thus U{ip,a) is 
starshaped. ■ 

The next example shows that the condition Core(^ i) fl • • • D CoTe{pm) ^ 0 
is essential for validity of the result. 

Example 5.26 Let X = R, let /x* : R — » [0, 1], z = 1,2, be defined as 
follows: 



Pi{x) = max{0, 1 — p 2 {x) = max{0, 1 — (x — 1)^}, 

see Figure 5.2. Obviously, both pi and p 2 are quasiconcave on X, therefore, 
they are T^j-quasiconcave on X. We also have Core(/xi) = {0}, Core(/X 2 ) = 
{1}, thus Core(/xi) nCore(/X 2 ) = 0- Let the aggregating mapping be the maxi- 
mum, i.e., A = Sm- Then the function defined by V^(x) = A{pi{x), p 2 {x)) = 
max{jUi(x), /X 2 (a:)} is not quasiconcave on X; consequently, it is not upper- 
starshaped on X. Recall, that a function is upper-starshaped on R if and only 
if it is quasiconcave on R. □ 
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Figure 5.2. 



Proposition 5.27 Let X be a convex subset o/R”, and let fii : R" — 
[0, 1], z = 1, 2, . . . , m, be upper normalized and T ^-quasiconcave on X and 
such that Core(^i) = • • • = Core()Um) ^ 0. Let Am ■ [0, 1]"* — *• [0, 1] be 
a strictly monotone aggregating mapping. Then : R” ^ [0, 1] defined for 
X Ci'RP- by 

, /i7ji(x)) (5.18) 

is T£)-quasiconcave on X. 

Proof. Let x,y e X and A G (0, 1) be arbitrary. We have to prove 
that 'ip{Xx + (1 - X)y) > TD{'ip{x),ip{y)). First, suppose x G Core(/Zj), 
z = 1,2, . . .,m. Then 

1p{x) = Am(^Pl{x ) , . . . , Pmir)) ~ Amifi 1) ‘ 1- (5.19) 

Letting z = \x -\-{l — X)y then by T £>-quasiconcavity of pi we obtain 
Ih(z) > Tnipiix), pi{y)) = min{l, pi{y)} = Pi{y), z = 1, 2, . . . , m. 

By monotonicity of Am we have 

= Amipi ( 2 ), . . . , Pm{z)) > Am{pi (y)) • • • j Pmiy)) — 

Applying (5.19) we get ri)(V’(a:),V’(y)) = Tr){l,'tp{y)) = •0(y). Conse- 
quently, combining the previous two results, we obtain the required inequality 

Hz) > T£»(V’(x),’0(y)). 

Second, suppose x ^ Core(/LZj), y ^ Core(/Zj), z = 1,2, ...,m, then 
Pi{x) < 1, pi{y) < 1, z = l,2,...,m. By strict monotonicity of A jyi 
we obtain V’(x) = Am{pi{x),. . .,pm{x)) < ^m(l,l) = 1 and ^(y) = 
^m(Mi(y))/i2(y)) < Ato(1,1) = 1 . Then by definition of To we get 
ToinH^Hy)) = 0 , hence, again V’(.z) > TD(Hx),Hy))- 

Since the role of x and y is symmetrical, the case x ^ Core(/Zi), y G 
Core(^i), z = 1, 2, . . . , m, has been already proved. ■ 

The above proposition allows for constructing new T £>-quasiconcave func- 
tion on X C R" from the origind Tjp -quasiconcave functions on X C R" by 
using a strictly monotone aggregating operator, e.g., the t-conorm S m- 
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The following example shows that the condition 

Core(/ii) = • • • = Coreium) 0 
is essential for Tc-quasiconcavity of ijj defined by (5.18). 

Example 5.28 LetX = R^, 

= 7^2’ A‘2(a:,2/) = 

1 + 1 + 2 / 

A{a, b) = b) = max{a, b}, 

and 

-ip{x,y) = max{fj,i{x,y), H2{x, y)} - max 

see Figure 5.3. Obviously, pi and fj,^ are quasiconcave on X. Therefore they 
are T-quasiconcave on X for every t-norm T. Setting x = 0, y = 0, we ob- 
tain jUi(x,y) = p 2 {x,y) = 1. Evidently, the condition Core(/ii) = Core(/U 2 ) 
is not satisfied, even though Core(jUi) D Core(/i 2 ) ^ 0. Hence, by Propo- 
sition 5.25, il> is upper-starshaped on X. Evidently, see Figure 5.3, if; is not 
quasiconcave on X. Moreover, we show, that V’ is not T j^-quasiconcave on 
X. Suppose that V’ is T£) -quasiconcave on X. Setting x = (x,y) = (0,1), 
X = (x,y) = (1, 0), and V'x,x(<) = V’(i(x - x) + x), we obtain V’x,x(0) = 
V’x,x(l) = 1, and V’x.xC^) = 5 < 1, i-e., V'x.x is not quasiconcave on 
Lx (x, x), a contradiction with Theorem 4.34. □ 



{ 1 -h ’ 1 -t- I 




Figure 5.3. 



Example 5.29 Let X = and let 
IJ-iix, y) = max{0, 1 - lOx^ - y^}, n^ix, y) — max{0, 1 - - lOy^}. 
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Moreover, let 

A{a, b) = max{a,b} mdi;{x,y) = A{m{x,y), H 2 {x,y)). 

Here, /xi, are quasiconcave on R^, thus T-quasiconcave on for every t- 
norm T. Operator A is a strictly monotone aggregating operator. The condition 
Core(/xi) = Core(/x 2 ) = {(0,0)} is satisfied. By Proposition 5.27, -ip is Td- 
quasiconcave on X, however, ip is not quasiconcave on X, see Figure 5.4. 

□ 




Figure 5.4. 



The following definition extends the concept of domination between two 
triangular norms to aggregation operators. 

Definition 5.30 An aggregation operator A = {An}^=i dominates an ag- 
gregation operator A’ = denoted by A :$> A', if, for all m > 2 

and all tuples {xi,X 2 , Xm) € [0, 1]”* and (j/i, j/ 2 , ■■■,ym) € [0, 1]”*, the 
following inequality holds 

Am{A'2{xi,yi),...,A'2{x 

7Tl5 2/m)) 

> A 2 {Am{xi, X2, . . . , Xm), ^m(2/l> 2/2, • • • , 2/m))- 

The following proposition generalizes Proposition 4.45. 

Proposition 5.31 LetXbeaconvexsubsetqfR'^,letA = {ATi}'^-ibean 
aggregation operator, T be a t-norm and let pi : R" — *• [0, 1], i = 1, 2, . . . , m, 
be T-quasiconcave on X, and let A dominates T. Then (p : R” ^ [0, 1] 
defined by 

p{x) = Am{p\{x),...,Pm{x)), X € R", 

is T-quasiconcave on X. 
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Pi{\x + (1 - \)y) > T{p,i{x), piiy)) 

for every A G (0, 1) and each x,y G X. By monotonicity of aggregating 
mapping Am, we obtain 

(p{Xx + (1 - X)y) 

= AmifiiiXx + {1 - X)y),...,fim{Xx+ (1 - X)y)) (5.20) 

^ fXi{y)), . . . , T[/J,mix), flm{y)))‘ 

Using the fact that A dominates T, we obtain 

Am{T{ni{x),pi{y)),...,T{p,mix),lJ.m{y))) 

> T{AmiHl{x), . . .,Pm{x)), AmifJ'liy), ■■■, IJ-m{y))) (5.21) 

= T{ip{x),(p{y)), 

where T = T^'^\ Combining (5.20) and (5.21) we obtain the required result. 




Chapter 6 

FUZZY SETS 



1. Introduction 

A well known fact in the theory of sets is that properties of subsets of a given 
set X and their mutual relations can be studied by means of their characteristic 
functions, see, e.g., [11], [32] and [57], While this may be advantageous in 
some contexts, we should notice that the notion of a characteristic function is 
more complex than the notion of a subset. Indeed, the characteristic function 
XA of a subset A of JC is defined by 



Xa(x) = I 



1 

0 



if a; G A, 
if a: ^ A. 



Since xa is a function we need not only the underlying set X and its subset 
A but also one additional set, in this case the set {0, 1} or any other two- 
element set. Moreover, we also need the notion of Cartesian product because 
functions are specially structured binary relations, in this case special subsets 
of X X {0, 1}. 

If we define fuzzy sets by means of their membership functions, that is, by 
replacing the range {0, 1} of characteristic functions with a lattice, for exam- 
ple, the naturally ordered unit interval [0, 1] of real numbers, then we should be 
aware of the following fact. Such functions may be related to certain objects 
(build from subsets of the underlying set) in an analogous way how the charac- 
teristic functions are related to subsets. This may explain why the fuzzy com- 
munity (rightly?) hesitates to accept the view that a fuzzy subset of a given set 
is nothing else than its membership function. Then, a natural question arises. 
Namely, what are those objects? Obviously, it can be expected that they are 
more complex than just subsets because the class of functions mapping X into 
a lattice can be much richer than the class of characteristic functions. In the 
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next section, we show that it is advantageous to define these objects as nested 
families of subsets satisfying certain mild conditions. 

Even if it is not the purpose of this chapter to deal with interpretations of 
the concepts involved, it should be noted that fuzzy sets and membership func- 
tions are closely related to the inherent imprecision of linguistic expressions in 
natural languages. Probability theory does not provide a way out, as it usually 
deals with crisp events and the uncertainty is whether this event will occur or 
not. However, in fuzzy logic, this is a matter of degree of truth rather than a 
simple ”yes or no” decision. 

Such generalized characteristic functions have found numerous connota- 
tions in different areas of mathematics, variety of philosophical interpretations 
and lot of real applications; see, e.g., [11], [29], [32], [57] and [75]. 

In the context of multicriteria decision making, functions mapping the un- 
derlying space into the unit interval [0, 1] and representing normalized utility 
functions can be also interpreted as membership functions of fuzzy sets of the 
underlying space, see [32]. 

The main purpose of this chapter is investigation of some properties of fuzzy 
sets, primarily with respect to generalized concave membership functions and 
with the prospect of applications in optimization and decision analysis. 

2. Definition and Basic Properties 

In order to define the concept of a fuzzy subset of a given set X within 
the framework of standard set theory we are motivated by the concept of up- 
per level set of a function introduced in Chapter 2, see also [83] and [47]. 
Throughout this chapter, X is a nonempty set. 

Definition 6.1 Let X be a nonempty set. A fuzzy subset A of X is the 
family of subsets C X, where a G [0, 1], satisfying the following proper- 
ties: 



A) 


= 


(6.1) 


Ap 


C Aa whenever 0 < a < /3 < 1, 


(6.2) 


Ap 


= n Aa- 


(6.3) 



0<a<l3 



A fuzzy subset A of X will be also called a fuzzy set. The class of all fuzzy 
subsets ofX is denoted by IF{X). 

Definition 6.2 Let A = {>lct}a6[o,i] a fuzzy subset of X. The ■ 
X — > [0, 1] defined by 



Pa{^) = sup{a I a € [0, 1], a: € Aa} 



(6.4) 
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is called the membership function of A, and the value pa{^) is called mem- 
bership degree of x in the fuzzy set A. 

Definition 6.3 Let A be a fuzzy subset of X. The core of A, Core(j4), is 
defined by 

Core(A) = {x 6 X I pa{^) — !}• 

If the core of A is nonempty, then A is said to be normalized. The support of 
A, Supp(.A), is defined by 

Supp(A) = Cl({x ^ X \ pa{x) > 0}). 

The height of A, Hgt(.A), is defined by 

Hgt(A) = s\ip{pA{x) I X G X}. 

The upper-level set of the membership function p a of A ata E [0, 1] is denoted 
by [j4]q and called the a-cut of A, that is, 

[A]a = {x G X I Pa(^) > «:}• 



Note that the core and support of A coincide with the core and support of p a 
introduced in Definition 4.26. Also note that if A is normalized, then Hgt( A) = 
1, but not vice versa. 

In the following two propositions, we show that the family generated by the 
upper level sets of a function p : X -* [0, 1], satisfies conditions (6.1) - (6.3), 
thus, it generates a fuzzy subset of X and the membership function p a defined 
by (6.4) coincides with p. Moreover, for a given fuzzy set A = {.4Q,}a6[o,i]» 
every a-cut [A]a given by (6.5) coincides with the corresponding A q. 

Proposition 6.4 Let p:X ^ [0, 1] be a function and let A = {^a}ae[o,i] 
be a family of its upper-level sets, i.e. Aa = U{p, a) for all a G [0, 1]. Then 
A is a fuzzy subset ofX and p is the membership function of A. 

Proof. First, we prove that A = where Aa = U {p, a) for all 

a G [0, 1] satisfies conditions (6.1) - (6.3). Indeed, conditions (6.1) and (6.2) 
hold easily. For condition (6.3), we observe that by (6.2) it follows that A/3 C 
n Aq. To prove the opposite inclusion, let 

0<a<p 

X € P) Aa- (6.6) 

0<a</3 

Assume the contrary, that is, let x ^ Ap. Then p{x) < jS and there exists a' 
such that p{x) < a' < j3. By (6.6) we have x G Aa', thus p{x) > a', a 
contradiction. 
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It remains to prove that fi = /j, a, where ha is the membership function of 
A. For this purpose let x G X and let us show that h{x) = ha{x)- 
By definition (6.4) we have 



Ha{x) = sup{a I a 6 [0, 1], x G 

= sup{a I a G [0, 1], x G (7(/x,a)} 
= sup{a I O' G [0, 1], h{x) > a}, 



therefore, p(x) = ha{x). 



Proposition 6.5 Let A = {>la}ae[o,i] t>e a fuzzy subset ofX and let ha '• 
X — > [0, 1] be the membership function of A. Then for each a G [0, 1] the 
a-cut [A\oi is equal to A^- 

Proof. Let /3 G [0,1]. By definition (6.4), observe that A/? C [A\p. It 
suffices to prove the opposite inclusion. 

Let X G [A\p. Then ha{x) > or, equivalently, 

sup{o; I a G [0, 1], x G Aa} > P- 

It follows that for every /?' with j3' < j3 there exists a' with /3' < a' < /3, 
such that X G A^'- By monotonicity condition (6.2) we have x G for all 
0 < a < a'. Hence, x G Do<a</?^a’ however, applying (6.3) we getx G Ap. 
Consequently, C A/ 3 . ■ 

These results allow for introducing a natural one-to-one correspondence be- 
tween fuzzy subsets of X and real-valued functions mapping X to [0, 1]. Any 
fuzzy subset A of is given by its membership function h a and vice-versa, 
any function ju : X [0, 1] uniquely determines a fiizzy subset A of X, with 
the property that the membership function ha of A is h- 

The notions of inclusion and equality extend to fuzzy subsets as follows. 
Let A = {Aa}ag[o,i]» B = {Balaeio,!] be fuzzy subsets of X. Then 

A C B if Aa C Ba for each a G [0, 1], (6.7) 

A = B if Aa = Ba for each a G [0, 1]. (6.8) 

Proposition 6.6 Let A = {Aa}„g[o_i] aruIB = {5a}„g[o,i] be fuzzy sub- 
sets ofX. Then the following holds: 

Ac. B if and only if ha{x) < Hb{x) for all x G X, (6.9) 

A = B if and only if ha{x) = Hb(x) for all x G X. (6.10) 

Proof. We prove only (6.9), the proof of statement (6.10) is analogical. 
Let X E X, A C B. Then by definition (6.7), Aa C Ba for each a G [0, Ij. 
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!J,a{x) = sup{o! I a € [0, 1], x 6 

< sup{a I a G [0, 1], x G Ba) 

= hb{x). 

Suppose that iia{x) < F'b{x) holds for all x G X and let a G [0, 1]. We 
have to show that A a C Ba- Indeed, for an arbitrary u e Aa, we have 

sup{/3 I G [0, 1], u G Ajs) < sup{/3 | /? G [0, 1], u G 5^}. 

From here, sup{/? | /? g [0, 1], tt G 5^} > a, therefore, for each /3 < a, it 
follows that u G Bp. Hence, by (6.1) in Definition 6.1, we obtain u G Ba- ■ 

A subset of X can be considered as a special fuzzy subset of X where 
all members of its defining a family consist of the same elements. This is 
formalized in the following definition. 

Definition 6.7 Let Abe a subset of X. The fuzzy subset {Ao,}ae[o,i] of 
X defined by Aa = A for all a G (0, 1] is called a crisp fuzzy subset of X 
generated by A. A fuzzy subset of X generated by some A C X is called a 
crisp fuzzy subset of X or briefly a crisp subset of X. 

Proposition 6.8 Let i] be a crisp subset of X generated by A. 

Then the membership function of {A} ag[o,i] is equal to the characteristic func- 
tion of A. 

Proof. Let )U be the membership function of {A}ag[o,i]- We wish to prove 
that 

/X f 1 if X G A, 
ifx^A. 

Let X E X,x ^ A. Then by definition (6.4) and Definition 6.7, 

/i(x) = sup{a I a G [0, 1], x G Aa} = 0. 

Let X E X,x E A. Then again by definition (6.4) and Definition 6.7, 

/i(x) = sup{o; I a G [0, 1], X G Aq,} 

= sup{a I a G [0, 1], x G A} 

= 1 . 



By Definition 6.7, the set V{X) of all subsets of X can naturally be embed- 
ded into the set of all fuzzy subsets of X and we can write A = {Aa}ag[o,i] if 
{Aa}a6[o,i] is generated by A c A". According to Proposition 6.8, we have in 
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this case /j,j\ = XA- In particular, if A contains only one element a of X, that 
is, A = {a}, then we write a 6 ^(X) instead of {a} € X{X) and Xa instead 

ofX{a}- 

Example 6.9 Let /i : R [0, 1] be defined by n{x) = Let A' = 
{^a}Qe[o,i]> = {^a}ae[o,i] ^ families of subsets in R defined as 

follows: 



= {a; I € R, n{x) > a}, 

-^a = {x I a; € R, fi{x) > a}. 

Clearly, A" is a fuzzy subset of R and A' A". Observe that ( 6 . 1 ) and ( 6 . 2 ) 
are satisfied for A' and A" . However, A\ = 0 and rio<a<i ^'a — {®}> 
thus (6.3) is not satisfied. Hence A' is not a fuzzy subset of R. □ 

3. Operations with Fuzzy Sets 

In order to generalize the set operations of intersection, union and comple- 
ment to fuzzy set operations, it is natural to use triangular norms, triangular 
conorms and fuzzy negations introduced in Chapter 4. 

Given a De Morgan triple (T, 5, N), i.e., a t-norm T, a t-conorm S and 
a fuzzy negation N, introduced in Definition 4.21, we define the operations 
intersection rif, union U 5 and complement Cn on T{X) as follows: Let A 
and B be fuzzy subsets of X, and pA and /ib be their membership functions. 
Then the membership functions of the fuzzy subsets ADtB, AUsB and C^A 
of X are defined by 

/iAUs B (x) = S {pA {x) , PB {x) ) , 

IJCna{x) = N{pa{x)). 

The operations introduced by L. Zadeh in [57] have been originally based on 
T ■= Tm = min, S = Sm = max and standard negation N defined in (4.20). 
The properties of the operations intersection fir, union Us and complement 
Cn can be derived directly from the corresponding properties of t-norm T, t- 
conorm S and fuzzy negation N. For brevity, in case of T = min and S = 
max, we write only n and U, instead of Dt and Us- 

Notice that for A € X{X) we do not necessarily obtain properties which 
hold for subsets of X. For example, 

ADt CnA = 0 , ( 6 . 11 ) 

AUsCnA = X, (6.12) 

may not hold. If the t-norm T in the De Morgan triple (T, S, N) does not have 
zero divisors, e.g., T = min, then these properties never hold unless A is a 
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crisp set. On the other hand, for the De Morgan triple {Ti„Sl,N) based on 
Lukaszewicz t-norm T = Tl, properties (6.11) and (6.12) are satisfied. 

Given a t-norm T and fuzzy subsets A and B of X and Y, respectively, the 
Cartesian product A x y B is the fuzzy subset of X x Y with the following 
membership function: 

HAxTB{x,y) = T{pA{x),PB{y)) for (rr,y) eX xY. (6.13) 

An interesting and natural question arises, whether the a-cuts of the inter- 
section Aflr 5, union and Cartesian product of A, B e B{X), 

coincide with the intersection, union and Cartesian product, respectively, of the 
corresponding a-cuts [A]a and [5]^. We have the following result, see [57]. 

Proposition 6.10 Let T be a t-norm, S be a t-conorm, a e [0, 1]. Then 
the equalities 

[A Dt B]a = [A]a n [B]a, 

[AUsBlc, = [A]aU[B]a, (6.14) 

[AXTB]a = [A]aX[B]a, 

hold for all fuzzy sets A,Bs B(X) if and only if a is an idempotent element 
of both T and S. 

In particular, equalities (6.14) hold for all a G [0, 1] and for all fuzzy sets 
A,B e B{X) if and only if T = Tm and S - Sm- 

4. Extension Principle 

The purpose of the extension principle proposed by L. Zadeh in [136] and 
[137] is to extend functions or operations having crisp arguments to functions 
or operations with fuzzy set arguments. Zadeh ’s methodology can be cast 
in a more general setting of carrying a membership function via a mapping, 
see, e.g., [29]. There exist other generalizations for set-to-set mappings; see, 
e.g., [29], [85]. From now on, X and Y are nonempty sets. 

Definition 6.11 (Extension Principle) Let X, Y be sets, f : X Y be a 
mapping. The mapping f : T{X) B{Y) defined for all A € ,F(X) with 
Pa'- X [0, 1] and ally eY by 

f^isup{pA{x)\xEX,f(x) = y} (615) 

\ 0 otherwise, 

is called a fuzzy extension of /. 

By formula (6.15) we define the membership function of the image of the 
fuzzy set A by fuzzy extension /. A justification of this concept is given in 
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the following theorem stating that the mapping / is a true extension of the 
mapping / when considering the natural embedding of V{X) into T{X) and 
V{Y) into:F(y). 

Proposition 6.12 Let X, Y be sets, f : X ^ Y be a mapping, xq G X, 
yo = f(xo). Iff : HX) -> T{Y) is defined by (6.15), then 

f{xo) = 3 / 0 , 

and the membership function p of the fuzzy set /(xq) is a characteristic 

function of yo, i.e. 



Proof. To prove the theorem, it is sufficient to prove (6. 16). Remember that 
we identify subsets and points of X and Y with the corresponding crisp fuzzy 
subsets. 

Let y eY, we will show that 

^/(xo)(2/) = Xj/o(l/)- (6.17) 

Let 3/ = 3/0. Since 3/0 = /(xo) we obtain by (6. 15) that ( 3/) = Xxo(^o) = 
1. Moreover, by the definition of characteristic function we have Xj,,, (3/0) = 1, 
thus (6.17) is satisfied. 

On the other hand, let y yo- Again, by the definition of characteristic 
function we have Xyoiv) = 0- As 3 / 7 ^ f{xo) we obtain for all x G X with 
y = /(x) that X / Xq. Clearly, Xxoix) = (^ by (6.15) it follows that 
p /(xo) (2^) ~ (^’ which was required. ■ 

A more general form of Proposition 6.12 says that the image of a crisp set 
by a fuzzy extension of a function is again crisp. 

Theorem 6.13 Let X, Y be sets, f : X ^Y be a mapping, A C X. Then 



m = f{A) 



and the membership function p of f (A) is a characteristic Junction of the 

set f(A), i.e. 



i^f{A) - ^f(A)- 



(6.18) 



Proof. We prove only (6.18). Let y E Y. Since A is crisp, pA = Xa- 
By (6.15) we obtain 

= max{0,sup{xA(f) \ tEX, f(t) = y}} 

= |1 ifyEfiA), 

1 0 otherwise. 
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Consequently, {y) = Xf{A){y)- ■ 

In the following sections the extension principle will be used in different 
settings for various sets X and Y, and also for different classes of mappings. 

The mathematics of fuzzy sets is, in a narrow sense, a mathematics of the 
space of membership functions. In this chapter we deal with some proper- 
ties of this space related to the set of (generalized) quasiconcave membership 
functions. 

5. Binary and Valued Relations 

In the classical set theory, a binary relation R between the elements of sets 
X and Y is defined as a subset of the Cartesian product X xY, that is, R c 
X X y. A valued relation on X x V will be a fuzzy subset of X x F. 

Definition 6.14 A valued relation on X x Y is a fuzzy subset of X x Y. 
The set of all valued relations on X x Y is denoted by T{X x Y). 

The valued relations are sometimes called fuzzy relations, however, we re- 
serve this name for valued relations defined on X(X) x X{Y), which will be 
defined later. 

Every binary relation R, where R C X xY, is embedded into the class of 
valued relations on X x F by its characteristic function x R being understood 
as its membership function hr. In this sense, any binary relation is valued. 

Particularly, any function / ; X F is considered as a binary relation, that 
is, as a subset Rf of X x F, where 

Rf = {(a^) y)eX xY \ y = f{x)}. (6.19) 

Here, Rf may be identified with the valued relation by its characteristic func- 
tion 

fJ-Rf {x, y) = XRf {x, y) (6.20) 

for all {x, y) E X X Y, where 

XRf(x,y)=^Xf(x)(y)- (6.21) 

In particular, if F = X, then each valued relation on X x X is a fuzzy 
subset of X X X, and it is called a valued relation on X instead of on X x X. 

Definition 6.15 Let T be a triangular norm. A valued relation RonX is 
(i) reflexive if for each x E X 



Hr{x,x) = 1; 
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(ii> symmetric if for each x,y e X 

(iii) T-transitive if for each x,y,z £ X 

T{iiR{x,y),y,R{y,z)) < fiR{x,z)-, 



(iv) separable if 

fJ'Ri^, y) = 1 if and only ifx = y; 

(v) T-equivalence if R is reflexive, symmetric and T -transitive; 

(vi) T-equality if R is reflexive, symmetric, T -transitive and separable. 

Definition 6.16 Let Rbea valued relation on X xY and let N : [0, 1] 

[0, 1] be a negation. 

(i) A valued relation R~^ on Y x X is the inverse of R if pR-i{y,x) = 
Pr{x, y) for each x C. X and y €Y. 

(ii) A valued relation C nR onX xY is the complement ofR if pcnR^^i y) — 
N{pR{x,y))for each x € X and y e Y. If N is the standard negation, 
then the index N is omitted. 



(iii) If PR is upper semicontinuous on X xY, then R is called closed. 
For more information about valued relations, see [32]. 



Example 6.17 Let (^ : R — > [0, 1] be a function. Then R defined by the 
membership function pR for all a:, y e R by 

PR{x,y) = p(x-y) (6.22) 



is a valued relation on R. If 




if< < 0, 
otherwise. 



then R defined by (6.22) is the usual binary relation < on R. If 




iff > 0, 
otherwise. 



then R defined by (6.22) is the usual binary relation > on R. If 




iff = 0, 
otherwise. 



then R defined by (6.22) is the usual binary relation = on R. 



□ 
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6. Fuzzy Relations 

Let X, y be nonempty sets. Consider a valued relation RonX xY given 
by the membership function fiR : X x Y — » [0, 1]. In order to extend this 
function with crisp arguments to function with fuzzy arguments, we apply the 
extension principle (6.42) in Definition 6. 1 1 . Then we obtain a mapping /i r : 
T{X X y) — » -^([0, 1]), that is, values of /i/j are fuzzy subsets of [0, 1]. 

Since X([0, 1]) can be considered as a lattice, we can consider p.R &s the 
membership function of an L-fuzzy set. 

However, we do not follow this way, instead, we follow a more practical 
way and define fuzzy relations as valued relations on X(X) x T{Y). 

Definition 6.18 A fuzzy subset ofT(X) x X(y) is called a fuzzy relation 
on T{X) X Tiy). The set of all fuzzy relations on T{X) x T{Y) is denoted 

bynnx)^nY)). 

Further on, we shall investigate mappings ’i' assigning to each valued rela- 
tion R from T[X x y) a fuzzy relation from T{J^{X) x X(y)), that is, 

^ : T{X xY)-^ HX{X) X J^(y)). 

Definition 6.19 Let Rbea valued relation onXxY. A fuzzy relation R on 
J^{X) X T{Y) given by the membership function p ^ : !F{X) x !F(Y) — > [0, 1] 
is called a fuzzy extension of relation R, if, for each x € X,y eY, it holds 

FR{x,y) = PR{x,y). (6.23) 



Definition 6.20 Let ; T{X xY) ^{X(X) x T{Y)) be a mapping. 
Let for all R£ J^(X X Y), ^(i?) be a fuzzy extension of relation R. Then the 
mapping $ is called a fuzzy extension of valued relations. 

Definition 6.21 Let ; J^(X x y) X(X(X) x T(Y)) be mappings. 
Wc say that the mapping $ is dual to if 

$(Ci?) = C^(R) (6.24) 

holds for all R ^ T[X xY). For $ dual to ^ , R E T(X xY), the fuzzy 
relation ^(R) is called dual to fuzzy relation 'if (R). 

Notice that a mapping $ is dual to if and only if the mapping ^ is dual 
to $. This fact follows from (6.24) and from the identity 

CCR = R. 

The analogical statement holds for the dual fuzzy relations $(i?) and '^(R). 
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Now, we define an important special fuzzy extension mapping of a valued 
relations. 

Definition 6.22 Let T be a t-norm. A mapping : J^{X x F) 

X J-iX)) defined for every valued relation R G T{X x F) and 
for all fuzzy sets A,B with the membership functions pA • X [0,1], 
Pb -Y — > [0, 1], respectively, by 

= s\xp{T{pR{x,y),T{Ti'A{Y),PB{y))) | a: G X, y G F}, 

(6.25) 

is called a T-fuzzy extension of valued relations. Given R e iF{X xY), then 
the fuzzy relation is called the T-fuzzy extension of relation R. 

In the following proposition we show that the T-fuzzy extension of 
valued relations is a fuzzy extension of valued relations in the sense of Defini- 
tion 6.19. 

Proposition 6.23 Let T be a t-norm. Let Rbe a valued relation on X x 
Y. If R = is the T-fuzzy extension of relation R, then R is a fuzzy 

extension of relation R. Moreover, if A', A" G T(X), B' , B" G T(F) and 

A' C A", B' C B", 



then 

p^{A',B')<p^{A",B"). (6.26) 



Proof. Let x e X,y g Y. By (6.25) we obtain 

lJ'<!>T{R){x,y) = sup{TipR{u,v),T{Xxiu),Xy{i'))\ueX,v eY} 

= T(/r/i(x,y),T(l,l)) = )Lifl(a;,y). 

Observe that, for all u G X, u G F, the inequalities pA'{u) < Pa"{u) and 
(I’B'iv) < Pb"{v) hold. Clearly, (6.26) follows from the monotonicity of the 
t-norm T. ■ 

Example 6.24 Let / : X — > F be a mapping, let the corresponding relation 
i?/ be defined by (6.19) and (6.20). Let T be a t-norm, let A and B be fuzzy 
subsets of X and F given by the membership functions p a ■ X [0, 1], 
Pb '-Y [0, 1], respectively. Let y E Y and let B be defined for all 2; G F 

as follows: pb{z) = XyX- Then by (6.25) we get the T-fuzzy extension 
'^^{Rf) of relation i?y as 

-®) 

= max{0,sup{T(/ifl^(rr,2),T(/iA(2:),Xj/(^)) | a: G X, ;2; G F}}. 

(6.27) 
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The value B) expresses the degree in which y G F is considered 

as the image of A E !F{X) through the mapping /. □ 

The following proposition says that extension principle (6.15) is a special 
t-norm independent fuzzy extension of relation (6.19). 

Proposition 6.25 Let f : X Y be a mapping, let the corresponding 
relation Rf be defined by (6.19) and (6.20). Let T be a t-norm and A, B be 
fuzzy subsets with the corresponding membership functions /U ^ : X — > [0, 1], 
PB -Y [0, 1], respectively. Let y EY and let pB be defined for all z eY 
by Pb{z) = Xy(^). Then, for the membership function of the T -fuzzy extension 
of relation Rf, 



where y^(^)(y) is defined by (6.15). 

Proof. Let x e f~^{y). For z = y,-we get 

T{pAix),Xy{z)) = T{pa{x), 1) = pa(x) 

and, by (6.20) and (6.21), pR^{x,y) = Xf{x)(y) = 1- It follows from (6.27) 
that 



B) = sup{T(l, pa{x)) \ xEX, /(a:) = y} 

= sup{^x(a;) I a; G X, f(x) = y] 

~ l‘‘f{A)^y)- 

Next, if /'t(y) = 0, then pR^{x, ^) = 0 for all a: G X, z G Y. By (6.27) 
we obtain 

l^^^(Rf)(AB) = sup{T(pR^(x, z),T(pa(x), Xy(z))) I a; G X, z G y} 
= sup{r(0, T{pa{x), Xy(z))) I a: G X, z G y} 

= 0. 

However, by (6. 1 5), // (y ) = 0. ■ 

In the following section we shall introduce another fuzzy extensions of val- 
ued relations. 

7. Fuzzy Extensions of Valued Relations 

In the preceding section. Definition 6.22, we have introduced a T-fuzzy 
extension ^'^(i?) of a valued relation R, where T has been a t-norm. For 
arbitrary fuzzy sets A, B with the membership functions // a ■ X —>■ [0, 1], : 
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Y —>■ [0, 1], respectively, the T-fuzzy extension of a valued relation R 

has been defined by (6.25). The T-fuzzy extension of valued relations is the 
most common mapping used in applications. However, in possibility theory the 
other mappings based on t-norms and t-conorms are well known; see, e.g., [41]. 

Let X,Y he nonempty sets. In the following definition we introduce six 
fuzzy extensions of valued relations, including the previously defined T-fuzzy 
extension. Later, in Part II, these mappings and the corresponding fuzzy re- 
lations will be used for comparing left and right sides of the constraints in 
mathematical programming problems. 

Definition 6.26 Let The a t-norm,S beat-conorm. 

(i) A mapping : !F{X x Y) — > T’(T’(X) x T(T)) is defined for every 
valued relation R C T{X x Y) and for all fuzzy sets A, B with the mem- 
bership functions p a : X ^ [0, 1], pb - y [0, 1], respectively, by 

= sup{T{T{pa{x), pB{y)), PR{x,y)) \ x G X,y eY}. 

(6.28) 



(ii) A mapping 'if s : T{X xY) (F{(F{X) x J-{Y)) is defined for every 
valued relation R C. (F{X x Y) and for all fuzzy sets A € T{X), B € 

HY) by 

lJ"ifsiR)i^^B) = ini{S{S{pcA{x), pcB{y)), PR{x,y)) \ x € X,y eY}. 

(6.29) 



(hi) A mapping x y) — > T(T{X) x T{Y)) is defined for every 

valued relation R E R{X x Y) and for all fuzzy sets A G (F(X), B G 

HY)by 

M'J-ts(^)(^, B) 

= sup{M{T(pA{x),S{pcB{y),liR{x,y))) I y G y} I X G X}. 

(6.30) 



(iv) A mapping '^x,s • T(X x y) — > (F{(F{X) x T{Y)) is defined for every 
valued relation R E !F{X x Y) and for all fuzzy sets A E Ti^X), B E 
HY) by 

1^'^t,s{R) 

= inf{sup{5(T(/i^(x), pr{x, y)), pcB{y)) | x G X} ] y G y}. 

(6.31) 
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(v) A mapping x y) -> ^(:F(X) x J^{Y)) is defined for every 

valued relation R £ ^(X x Y) and for all fuzzy sets A G T{X), B € 
HY) by 

B) 

= sup{M{T{S{pca{x), PR{x,y)), pB{y)) \ x & X} \ y eY} 

(6.32) 



(vi) A mapping ^ s,T • X(X x y) — > T(T{X) x X{Y)) is defined for every 
valued relation R ^ T(X x Y) and for all fuzzy sets A € X(X), B G 
X{Y)by 

= inf{sup{5(/icA(a;),r(//s(?/),//ij(a;,y))) | y G y} 1 x G X}. 

(6.33) 



Now, we show that all mappings defined in Definition 6.26 are fuzzy exten- 
sions of valued relations in the sense of Definition 6.19. 

Proposition 6.27 Let T bea t-norm, S bea t-conorm. Then the mappings 

^s, ^T,s, ^S,T, (6.34) 

defined by (6.28) - (6.33), are fuzzy extensions of valued relations according to 
Definition 6.19. 

Proof. The statement (i) has been proved already in Proposition 6.23. The 
other statements can be proved analogously. We omit the detailed proofs. ■ 

Proposition 6.28 Let R be a binary relation on X x Y, A and B be 
nonempty crisp subsets of X and Y, respectively. Let T be a t-norm, S be 
a t-conorm. Then for the membership functions of fuzzy extensions of R it 
holds: 

(i) B) = 1 if and only if there exist a € A and b € B such that 
PR{a, b) = 1; 

(ii) p^g(R) {A, B) = 1 if and only if for every a Q A and every b € B it holds 
PR{a,b) = 1; 

(iii) S) = 1 if and only if there exists a G Asuchthat pR{a,b) — 
1 for every b G B; 

(iv) (A, B) — 1 if and only if for every b E B there exists a E A such 
that pR{a,b) = 1; 
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(v) B) = 1 if and only if there exists b C B such that b) = 
1 for every a € A; 

(vi) = 1 if and only if for every a G A there exists b C B 
such that fj,n{a, 6 ) = 1 . 

Proof, (i) By (6.28), we obtain 

B) = sup{T{TinA{x), fJ-B{y)), IJ'Rix, y))\x e X,y eY} 

= sup{r(T(xA(a:), Xsiy)), y))\xCX,yeY) 
_ f 1 if b) = 1, for some a € A and b C B, 

( 0 otherwise. 

The other statements can be proved analogously. The detailed proofs can be 
found in [104]. ■ 

In the following proposition we prove some duality results between fuzzy 
extensions of valued relations (6.34). In a special case, particularly T = min 
and S = max, the analogical results can be also found in [41]. 

Proposition 6.29 Let X,Y be nonempty sets, T be a t-norm, S be a t- 
conorm dual to T. Then 

(i) is dual to 5 , 

(ii) is dual to ’J' s,T> 

(iii) is dual to ^T,s- 

Proof, (i) Let Re T{X x Y), we have to prove (6.24), i.e., 

^^(Ci?) = C^s(R)- (6.35) 

To prove (6.35), let A E R^{X), B E J^(Y). We have to show that 
y"i/T{CR){A,B) = 

By definition (6.28) and by duality of T and S, see (4.7), (4.8), we obtain 

(CR){A B) 

= snp{T{T{pA{x),pB{y)),ItCR{x:,y)) \xEX,yEY} 

= sup{l - 5(1 - T{pa{x), pB{y)), y))\xEX,y eY} 

= 1 - \ni{S{S{pcA{x),pcB{y)),lJ-R{x,y)) \xEX,yEY) 

= 1 - /i^^(^)(A,B) = pc<t>s(R)i-^^B). 

Statements (ii) and (iii) can be proved analogously. ■ 

A number of other properties in case of T = min and 5 = max can be 
found in [41]. 

Some more properties of the fiizzy extensions of valued relations for the 
case X = Y = shall be derived in the last section of this chapter. 
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8. Fuzzy Quantities and Fuzzy Numbers 

In this section, we are concerned with fuzzy subsets of the real line. There- 
fore we have X = R and T{X) = JF(R). 

Definition 6.30 

(i) A fuzzy subset A = {^a}ae[o,i] ®/R is called a fuzzy quantity. The set of 
all fuzzy quantities will be denoted by .F(R). 

(ii) A fuzzy quantity A = {^Q}ag[o,i] is called a fuzzy intervd if A^ is 
nonempty and convex subset of ^ for all a € [0, 1]. The set of all fuzzy 
intervals will be denoted by .F/(R). 

(iii) A fuzzy interval A is called a fuzzy number if its core is a singleton. The 
set of all fuzzy numbers will be denoted by T n(R-)- 

Notice that the membership function pA -Ti [0, 1] of a fuzzy interval A 
is quasiconcave on R, that is, for allx,y e Il,x ^ y, X G (0, 1), the following 
inequality holds: 



Pa{Xx -f- (1 - X)y) > min{y:iA( 2 :), PA{y)}- 

By Definition 6.30, each fuzzy interval is normalized, since Core(^) = [vl] i 
is nonempty, that is, there exists an element xq € R with pa{^o) = 1- Then 
Hgt(.A) = 1. Moreover, the restriction of the membership function to 
(— oOjXo] is non-decreasing and the restriction of /u a to [a:o,+oo) is a non- 
increasing function. 

Now we focus our attention to some subclasses of the class of fuzzy intervals 
that turn out to be useful in appUcations. 

A closed fuzzy interval A has an upper semicontinuous membership func- 
tion Pa or, equivalently, for each a G (0, 1] the a-cut [A] q is a closed subin- 
terval in R. Such a membership function pA, and the corresponding fuzzy 
interval A, can be fully described by a quadruple (Z, r, F, G), where Z, r, G R 
with Z < r, and F, G are non-increasing left continuous functions mapping 
(0, -f-oo) into [0, 1), by setting 



{ F(l — x) if a; G (— oo, Z), 

1 ifx G[Z,r], (6.36) 

G{x — r) if x G (r, -|-oo). 

We shall briefly write A = {fr,F, G) and the set of all closed fuzzy intervals 
will be denoted by Fcii^- As the ranges of F and G are included in [0, 1), 
we have Core(A) = [Z,r]. We can see that the functions F,G describe the 
left and right ’’shape” oi p a, respectively. Observe also that each crisp number 
a;o G R and each crisp interval [a, 6] C R belongs to .Fc/(R), as they may be 
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equivalently expressed by the characteristic functions x {10} X[o,6] » respec- 

tively. These characteristic functions can be also described in the form (6.36) 
with F{x) = G{x) = 0 for all a; € (0, -l-oo). 

Example 6.31 {Gaussian fuzzy number) Let a € R, 7 € (0, -t-00), and let 
A = (a, a, G, G) where 

G(x) - e~~ . 

Then the membership function fi a of A is given by 

IJ,a{x) = G{x — a) = e f , 

see Figure 6.1, where 7 = 2, a = 3. n 




Figure 6.1. 



A class of more specific fuzzy intervals of is obtained, if the a- 

cuts are required to be bounded intervals. Let 1, r, € R with I < r, let 7, ^ G 
[0, -hoo) and let L,Rhe non-increasing non-constant functions mapping inter- 
val (0, 1] into [0, -t-00), i.e., L, R : (0, 1] ^ [0, -l-oo). Moreover, assume that 
L(l) = i?(l) = 0, define L(0) = limx_o -^(2:), R(0) = limx_oR(x), and 
for each x G R let 



fJ-A{x) = < 




if X G (/ - 7,0’ 7 > 0’ 
if X G [l,r], 

if X G (r, r -|- ^), <5 > 0, 
otherwise. 



where R^ are pseudo-inverse functions of L, R, respectively. We 

shall write A = {I, r, 7, 6) lr, and say that A is an (L, R)-fuzzy interval . The 
set of all {L, i?)-fuzzy intervals will be denoted by F lr(R-)'. see also [57]. 
The values of 7, (5 are called the left and the right spread of A, respectively. 
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Observe that Supp(>l) = [i — 7 , r + J], Core(^) = [/, r] and [A] „ is a compact 
interval for every a E (0, 1]. 

Particularly important fuzzy intervals are so called trapezoidal fuzzy inter- 
vals where L{x) = R{x) = 1 — x for all x € [0, !]• In this case, the subscript 
LR will be omitted in the notation. If 1 = r, then A = (r, r, 7 , 5) is called a 
triangular fuzzy number and the notation is simplified to: A = (r, 7 , <5). 

Interesting classes of fuzzy quantities are based on the concept of a basis of 
generators; see [61], [60]. 

Definition 6.32 A fuzzy quantity A given by the membership function p a • 

R — > [0, 1] is called a generator in R 

(i) 0 e Core(A), 

(ii) Pa Is quasiconcave on R. 

Notice that each generator is a special fuzzy interval A that satisfies (i). 

Definition 6.33 A set B of generators in R is called a basis of generators 
in 'Rif 

(I) X{0} € B, xr € B, 

(ii) max{/, g} E B and min{/, g} E B whenever f,gEB. 

Definition 6.34 Let B be a basis of generators. A fuzzy quantity A given 
by the membership function pA '■ R [ 0 , 1 ] is called a B-fnzzy interval if 
there exists G R and gA^^ such that for each x G R 

Pa{x) = gA{x - oa). 

The set of all B-fuzzy intervals will be denoted by T b(R). Each A E .?^b(R) is 
represented by a pair {a a, pa), we write A = (oa, pa)- An ordering relation 
<S is defined on .T^b(R) as follows: For A,Be .Fb(R), A = ( 0 ^, 5 ^) and 
B = {aBiPB), we write A <b B if and only if 

(o^ < Ob) or {a A = ob and pA < Pb)- (6.37) 



Notice that <b is a partial ordering on .Fb(R). The proof of the following 
proposition follows directly from Definition 6.33. 

Proposition 6.35 Apair (B,<), where Bis a basis of generators and < is 
the pointwise ordering of functions, is a lattice with the maximal element x r 
and minimal element X{o}- 
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Example 6.36 The following sets of functions form a basis of generators in 

R: 

(i) Bd = {x{o}> Xr} - discrete basis, 

(ii) Bj = {x[a,6] I < a<b< +00} - interval basis, 

(iii) Bg = {iJ.\ n{x) = /d) for each a; € R, d > 0} U {X{o}>Xr}> 

where g : (0, 1] — > [0, +00) is non-increasing non-constant function, 
g(l) = 0, p(0) = limj;_o^(a;). Evidently, the pointwise relation < be- 
tween function values is a linear ordering on Bq- 



□ 

Example 6.37 .Fbq(R) = {/r | there exists a € R and ^ 6 Be, such that 
fi{x) = g{x — a) for each x 6 R}. Evidently, the relation <b is a linear or- 
dering on Jbq (R) . □ 

9. Fuzzy Extensions of Real- Valued Functions 

Now, we shall deal with the problem of fuzzy extension of a real function /, 
where / : R^ — » R, m > 1, to a function / : .T^(R) x ■ • - x .F(R) — > .F(R), 
applying the extension principle from Definition 6.11. Let Ai G .F(R) be 
fuzzy quantities given by the membership functions g-At : R ^ [0, 1], f = 
1, 2, . . . , m. Let T be a t-norm and let a fuzzy set A G .F(R”^) be given by the 
membership function gA '■ R"* — [0, 1], for all a: = {xi,. Xm) C. R"^ as 
follows: 

gA {x) = T{gAi {xi), gA^ ( xt ) , • • • , gAm (6.38) 

The fuzzy set A G .F(R”*) given by the membership function (6.38) is called 
the fuzzy vector of non-interactive fuzzy quantities; see [47]. Applying (6.15), 
we obtain for all y G R”^: 

fXf (y) = / sup{gA{x) I X G R"*, fix) = y} if f~’^{y) # 0, (g 39) 
\ 0 otherwise. 

Let D = (di, ^2) • • • ? dm) be a nonsingular m x m matrix, where all dj G 
R'" are column vectors, i = 1, 2, . . . , m. Let a fuzzy set B G J'^(R'") be given 
by the membership function gs : R"* — > [0, 1], for all x = (xi, . . . , Xm) G 
R”^ as follows: 

gsix) = T(/xai ((di, x)), gA 2 i{d 2 , x)),..., gAmiidm, a:))). (6.40) 

The fuzzy set B G given by the membership function (6.40) is called 

the fuzzy vector of interactive fuzzy quantities, or the oblique fuzzy vector, and 
the matrix D is called the obliquity matrix; see [47]. 
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Notice that if D is equal to the identity matrix E = (e i, 62 , . . . , em), = 
( 0 , . . . , 0 , 1 , 0 , . . . , 0), where 1 is only at the ith position, then the correspond- 
ing vector of interactive fuzzy quantities is a noninteractive one. Interactive 
fuzzy numbers have been extensively studied, e.g., in [44], [47], [93] and [94], 
In this book, we shall need them again in Chapter 9. 

Now, we shall continue our investigation of the non-interactive fuzzy quan- 
tities. 

Example 6.38 Let / : > R be defined for all {xi,X 2 ) € R^ as follows: 

f{xi, X 2 ) = xi* X 2 , where * is a binary operation on R, e.g., one of the four 
arithmetic operations (-I-, — , •, /). Let ^li, .A2 € .F(R) be fuzzy quantities 
given by membership functions HAi : R — [0, 1], i = 1, 2. Then, for a given 
t-norm T, the fuzzy extension / : .T^(R) x .T^(R) — > .T^(R) defined by (6.39) 
as 



IJ'Ai®TA 2 {y) = max{0,sup{T(/iAi(a;i),/iA2(a:2)) \xi*X 2 = y}} 

corresponds to the operation © t on 7^(R) . It is obvious that © -r is an extension 
of *, since for arbitrary crisp subsets ^1, ^42 € 'P(R) we obtain 

A\ -^2 = Ai * .A2, (6.41) 

and, as a special case thereof, for any two crisp numbers a, & € R, 

a ©y b = a *b. 

If .Ai, ^2 € .T^(R) are fuzzy quantities, we obtain (6.41) in terms of a-cuts as 
follows 

[Ai ®T .A2]a = [^l]a * (6.42) 

where a G (0, 1], or in terms of mapping /, equality (6.42) can be written as 

[RAu A2)]a = f{[Al]a, [A2]a)- (6-43) 

□ 

Now, we investigate equality (6.43) in a more general setting as a commu- 
tation of a diagram of two operations; mapping by / or / and a-cutting of 
A or f{A). Considering (6.38) and (6.39), we are interested in the following 
equality 

[f{A)]a = f{[Al]a,...,[Am]a)- (6-44) 

The process of forming of the left side and the right side of (6.44) may be 
visualized by the diagram depicted in Figure 6.2. Observe that, by (6.38) and 
(6.13), we obtain 



A = Ai Xt A 2 Xt • • • Xx Am 
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I/(.4)1. = 


/([^ijai • • •) [-^m. 


T 


T 


a-cutting 


mapping 

1 


m 


. . . , [Ato], 


T 


T 


mapping 


a-cutting 

1 


A ^ 


Ai , . . . , Am 



Figure 6.2. 



If the equality at the top of this diagram is satisfied, we say, that the diagram 
commutes. For the beginning, we derive several results concerning some con- 
vexity properties of the individual elements in the diagram. The first result 
is a generalization of Proposition 4.45 for more than two membership func- 
tions. Notice that the membership functions in question are not assumed to be 
normalized. 

Proposition 6.39 Let Ai G T(R) be fuzzy quantities given by the mem- 
bership functions '■ R- — » [0, 1], i = 1,2, ...,m. Let T be a t-norm 
and let a fuzzy quantity A G .F(R”*) be given by the membership function 
Pa ■ R'” ^ [0, 1] defined by (6.38). If p At T -quasiconcave on R/or all 

i = 1, 2, . . . , m, then pA is T -quasiconcave on R”^. 

Proof. The proof can be analogous to the proof of Corollary 4.46 for m = 2. 

■ 

If we assume that Ai G .?^(R) are normalized, then by Propositions 4.28 
and 4.29, T-quasiconcavity on R is equivalent to quasiconcavity of /x on R. 
Another proposition follows from Proposition 5.25. 

Proposition 6.40 Let Ai G .F/(R) be fuzzy intervals given by the mem- 
bership functions pAi : R [0,1],* = 1,2, ...,m. Let G — 
be an aggregation operator and let A G be given by the membership 

function PA : R”^ [0, 1] for all x G R”* by 

Pa{x) = 

Then pA is upper-starshaped on R*”. 
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. . . , X 771 ) — yij 4 j(xj). (6.45) 

Then /z^ is normalized and quasiconcave on R”*. In order to apply the proof 
of Proposition 5.25 we have to show that Core(/z 1 ) n • • • fl Core(/z,n) 0- We 
prove even more, particularly 

Core(;Ui) n • • • n Core(/ijn) = Core(/ZAi) x • • • x Core(izAm) 7 ^ 0- 

Indeed, if x = (xi, . . . , Xm) € Core(yLzi) n • • • fi Core(/iTn), then for alH = 
1, 2, . . . , m, Hi{x) = 1 and by (6.45) we obtain ptAi (^i) = 1- Consequently, 
for all z = l,2,...,m, Xj € CoTe(p,Aj; therefore, x = (xi,...,Xm) € 
Core(/z^J X • • • X Core(/iA„)- 

Conversely, let x = (xi, . . . , Xm) € Core(/Zyii) x • • • x Core(/u,Am)- Then 
for each Xi € Core(/z^J and alH = 1, 2, . . . , m, and by (6.45) it follows that 
/Xi(x) = 1 for all i. Thus we obtain 

X = (xi, . . . , Xm) G Core(/zi) n • • • n Core(^m)- 

Finally, since by the assumption we have Ai € J^/(R), and Core(pAi) is 
nonempty for alH = 1 , 2 , . . . , m, we have 

Core(pAi) X • • • X Core(/itA„) 7^ 0- 

The rest of the proposition can be proved analogously to Proposition 5.25 
with G being an aggregation operator. Thus, pa = Gm(pAi ,■■ ■, MAm) i® 
upper-starshaped on R”*. ■ 

The next example shows that Proposition 6.42 cannot be strengthen in such 
a way that pA is quasiconcave on R”*. 

Example 6.41 Let X = R^ and let pAi : R [0, 1], z = 1 , 2 , be defined 
as follows; 

PAi (a:i) = max |o, 1 - ^ = max |o, 1 - v 1 ^} • 

Let T = Tp be the product t-norm. Following (6.38) define for all (xi, X 2 ) € 
X: 



Pa{xi,X2) = max 





• max 





(6.46) 



It is evident that pAi is normalized quasiconcave functions on R for i = 1,2. 
By Proposition (6.40), pA defined by (6.46) is upper starshaped. In Figure 6.3, 
the contours of some ct-cuts of the fuzzy set A given by (6.46), are depicted. 
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Figure 6.3. 



This figure demonstrates that ha is not quasiconcave on X, as some of its a- 
cuts are not convex. This fact can be verified by looking closely at the curves 
fXA{xi,X2) = a fora G (0, 1]. All a-cuts are, however, starshaped sets. □ 

The next two results concern the a-cuts of the fuzzy quantities. 

Proposition 6.42 Let Ai G .^(R) be fuzzy quantities given by the mem- 
bership functions pAt • R — ^ [0, 1], * = 1,2, . . .,m. Let T be a t-norm 
and let a fuzzy quantity A G JP(R"*) be given by the membership function 
Pa-'R-^-^ [0, 1] in (6.38). 

(i) If a G (0, 1], then 

[A]q, C [Ai]q. X [A.2]a X • • • X [j4t7j]q.. (6.47) 



(ii) The equality 

[-^]a [.^l]a ^ [-^2ja X * * * X (6.48) 

holds for all a G (0, 1], if and only ifT = Tm- 
Proof, (i) Let a; = (xi, . . . , Xm) € [A]a, i.e., 

Pa{x) = T{pAr(xi), . ..,pAm{Xm)) > Oc. 
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Since by (4.6) 

min{//Ai (2^l)> • • M F>Ami.Xm)} > T{piAi ( 2 : 1 ), • • • , fiAmi^m)), 

we obtain (xi) > a for all i = 1,2,..., m. Consequently, for alH = 
l,2,...,m, wehavexj € [.Ajja andalsoa; = (a;i, . . .,a; 7 „) G x [Aaja x 

• • • X [.AnjJo;. 

(ii) Let T ^ min. Then there exists x = (a:i, . . . , € R”* such that 

min{ynAi (ari), . . . , {Xm)} > T(fj.Ai (xi),..., 14 - a^ (xm))- 

Putting /? = min{/iAi (a^i), . . . , /XA„,(xm)}, we have ,5 > 0 and a;* G [Ai]p 
for all i = 1,2, i.e., x = {xi,...,Xm) € [Ai]^ x [^ 2 ]/? x ••• x 
[Am]p- However, /ZA(a;) = T{i4A-t,{xi), . . ^lAraixm)) < /? and therefore 
X = [xi, . . Xm) ^ a contradiction with (6.48). Thus, T = min. 

On the other hand, if T = min, then 

HA = min{/rAi > • • • - F-Am)- (6-49) 

Let a G (0, 1] be arbitrary and rr = (a:i, . . . , Xm) € R"^ be also arbitrary with 
X E [.4i]q X [A 2 ]a X • • • X [.4to]q,. Then hai (xi) > a for alH = 1, 2, . . . , m and 
it follows that min{/x A i ( 2 : 1 ), . . . , HAm (xm)} > (4. Hence, by (6.49) we have 
X G [.4]q.. We have just proved inclusion [A] a D [j4i]q, x [^ 2)0 x • • • x [Am]a> 
the opposite inclusion (6.47) is true by (i). Consequently, we have the required 
result (6.48). ■ 

Now, we shall deal with a fuzzy extension of a mapping / by using the 
extension principle (6.39). Some sufficient conditions under which f{A) is 
quasiconcave on R will be given in the next section as the consequence of a 
more general result. The problem of commuting of the diagram in Figure 6.2 
will be also resolved. 

10. Higher Dimensional Fuzzy Quantities 

In the previous section we assumed that the fuzzy subset ^ G .F(R”*) was 
given in the special form (6.38), or eventually (6.40). In this section, we shall 
investigate fuzzy subsets of the m-dimensional real vector space R"*, where m 
is a positive integer. The set of all fuzzy subsets of R”*, denoted by 7^(R”*), 
is called the set of m-dimensional fuzzy quantities. Sometimes the expression 
m-dimensional is omitted. We shall investigate the problem of extension a 
function / : R”^ — > R to a function / : 7^(R”*) — > .?^(R)- The process 
of commuting of the operations of mapping and a-cutting is depicted on the 
diagram in Figure 6.4. 

The following definition will be useful. 

Definition 6.43 A fuzzy subset A — {^a}ae[o,i] PflV^ is called closed, 
bounded, compact or convex if A ^ is a closed, bounded, compact or convex 
subset of for every ot G (0, 1], respectively. 
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[/(^)]a = 


fi[A]a) 


T 


T 


a-cutting 


mapping 

1 


m 


[-^]q 


T 


T 


mapping 


a-cutting 


\ 


/ 



A 



Figure 6.4. 



If a fuzzy subset A of R”* given by the membership function [j,a '• R”^ 

[0, 1] is closed, bounded, compact or convex, then [j4] ^ is a closed, bounded, 
compact or convex subset of R"^ for every a G (0, 1] , respectively. Notice that 
A is convex if and only if its membership function /i a is quasiconcave on R”*. 

In what follows we shall use the following important condition requiring 
that special optimization problems always posses some optimal solution. Some 
sufficient conditions securing this requirement will be presented later. 

Definition 6.44 Condition (C): Let f : R”* ^ R, : R”^ -> [0, 1]. We 
say that condition (C) is satisfied for / and jj,, if for every y € Ran(/) there 
exists Xy G R”* such that f{xy) = y and 

y.{xy) = sup{n{x) I X G R"^, f{x) = y}. (6.50) 



Theorem 6.45 Let A Ci be a fuzzy quantity, let y. a be upper-quasi- 

connected on R”*, let f : R™^ — > R be continuous on R™ and let condition 
(C) be satisfied for f and pA- Then the membership function of f{A) is quasi- 
concave on R. 

Proof. Let a e (0, 1]. We show that [/(^)]a is convex. Let yi G [f{A)]a, 
i = l,2, with yi < y^ and A G (0, 1). Putting j/o = + (1 ~ we have 

yi < 2/0 < 2/2- (If 2/1 = 2/2> then there is nothing to prove.) 

By Condition (C) there exists Xi G R"*, i = 1,2, with f{xi) = yi such that 
by (6.50) and (6.17) we get pAi^i) = y'f(A)iyi) — therefore, Xi G [^]a- 
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Since fiA is upper quasiconnected on R”*, [^]q is path-connected, therefore 
there exists a path P belonging to [^] a, i.e., 

P C [A]a. (6.51) 

Since P is connected and / is continuous on P with /(xj) = yi and j/i < 
2/0 <2/2. then /(P) is also connected, 2/1.2/0.2/2 € f{P) and it follows that 
there exists xq E P such that /(xq) = 2/o- By (6.51) we have xo € [^]a. 
i.e., ij,a{xo) > a, which implies A«/(^)(2/o) = sup{fj,A{x) \ x € /(x) = 

2/o} > F-a{xq) > a. Consequently, yo € [f{A)]a, thus [f(A)]a is convex. ■ 

Now, we return back to the question concerning sufficient conditions for the 
validity of Condition (C). 



Proposition 6.46 Let A g P"(R"*) be a compact fuzzy quantity and let 
f : R”* a be a continuous function. Then Condition (C) is satisfied for f 
and Pa- 



Proof. Let y e Ran(/) and denote Xy = {x € R*” 1 /(x) = y}. Then Xy 
is nonempty and closed. Put 



a = sup{^^(x) I X G Xy}. (6.52) 



Without loss of generality we assume that a > 0. Take a number j3,0 < /3 < a 
such that a — ^ > 0 for all fc = 1, 2, . . ., and denote 

fc = l,2,.... (6.53) 

By the compactness of [.A]^ for all 5 G (0, 1] we know that alH7fe are compact 
and Uk+i C Uk for all fc = 1,2,.... Putting = Uk Xy we obtain 
by (6.52) and (6.53) that Vk is nonempty, compact and Vfc+i C Vfc for all 
fc = 1,2,.... From the well known property of compact spaces it follows that 
n^i is nonempty. Hence, for any Xy G Pl^i ^k it holds: f{xy) = y and 

PA{Xy) >OL. ■ 

Clearly, the fuzzy set A is compact, if the a-cuts [A\ ^ are compact for all 
a G (0, 1], or the a-cuts [A\a are bounded for all a G (0, 1] and the member- 
ship function pA is upper semicontinuous on R”*. 

Returning back to the problem formulated at the end of the last section, 
namely, the problem of the existence of sufficient conditions under which the 
membership function of / (A) is quasiconcave on R with pA defined by (6.38), 
we have the following result. 



Uk 



-{ 



X G R” 



Pa{x) > a- 
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Theorem 6.47 Let Ai € .? 7 (R) be compact fuzzy intervals. Let T be a 
continuous t-norm and let a fuzzy quantity A € .F(R '^) be given by the mem- 
bership function p a ■ R’” — [0, 1] as 

Pa{x) = T{pAi{Xl),PA2ix2), ■ ..,PAm{Xm)), 

for all X = {xi,. . Xm) € R”^. Moreover, let f : R"^ — > R be continuous on 
R"^. Then the membership function of f{A) given by (6.39) is quasiconcave 
on R. 

Proof . It is sufficient to show that p a (x) is upper-quasiconnected and [A] a 
are compact for all a G (0, 1]. Having this, the result follows from Proposi- 
tion 6.46 and Theorem 6.45. 

By Proposition 6.40, pA is upper starshaped on R”*, hence pA is upper 
connected. As T is continuous, [A] a is closed for all a G (0, 1]. 

It is also supposed that [Ai]q are compact for all a G (0, 1], z = 1, 2, . . . , m, 
therefore the same holds for a Cartesian product [Ai]q x [A2]a x • • • x 
Applying (6.47), we obtain that all [A] a are bounded, hence compact. 

Finally, all assumptions of Proposition 6.46 are satisfied, thus Condition (C) 
is satisfied and by applying Theorem 6.45 we obtain the required result. ■ 

Now, we resolve the former problem of commuting of the diagrams in Fig- 
ure 6.2 and Figure 6.4. 

Proposition 6.48 Let A G .F(R”^) be a fuzzy quantity, let pA be upper- 
quasiconnected on R"^, let f : R"* ^ R be continuous on R"*. Then /([A]a) 
is convex for each a G [0, ij. 

Proof. Let a G [0, 1]. As [A]a is path-connected and / is continuous, we 
conclude that / ( [A] „) is a connected subset of R, thus it is a convex subset of 
R. ■ 

Proposition 6.49 Let A G .F(R”*) be a fuzzy set, let f : R^ —>■ R. Then 

/(1A1„) c [/(A)|„, 



for each a G (0, 1]. 

Proof. Let a G (0, 1] and y G /([A]q). Then there exists Xy G [A]a, such 
that / (xy) = y. By (6.39) we obtain 

l^f(A)iy) = sup{pA{x) 1 X G R”*, fix) = y}> PAixy) > a. 



Hence, y G [/(A)]^. 
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The following theorem gives a necessary and sufficient condition for the 
diagram in Figure 6.4 to commute. 

Theorem 6.50 Let A € be a fuzzy quantity. Condition (C) is satis- 

fied if and only if 

[fiA)]a = f{[A]a), (6.54) 

for each a E (0,1]. 

Proof. 1. Let Condition (C) be satisfied. We have to prove only [f(A)]a C 
/([j4]q,), the opposite inclusion holds by Proposition 6.49. 

Let a e (0, 1] and y E [f(A)]a- Then > a and by Condition (C) 

we have 



F-f{A)iy) = sup{^A(a;) I X E R"*, fix) = y} = iiAixy) 

for some Xy E R”* with f{xy) = y. Combining these results we obtain 
Xy E [A]a, consequently, f{xy) = yE fi[A]a). 

2. On the contrary, suppose that Condition (C) does not hold. Then there 
exists yo such that for each z € R™^ with f{z) = yo we have 

sup{/i^(a;) I a: G R”", f(x) = yo} > fiAiz)- (6-55) 

Put^ = sup{//A(a:) I X E R^,f{x) = yo}. Then = /?. i-e-, 

yo € [f{A)]i 3 . Suppose that (6.54) holds for a = (3. It follows that there 
exists xo G [A\fi, i.e., /xa(xo) > (3, with f{xo) = yo- However, this is in 
contradiction with (6.55). ■ 

Theorem 6.50 is a reformulation of the well known Nguyen’s result, 
see [76]. As a consequence of the Theorems 6.50, 6.47 and Proposition 6.46, 
we resolve the problem of commuting of the diagram in Figure 6.2. 

Theorem 6.51 Let Ai E .F/(R) be compact fuzzy intervals, z = 1, 2, ..., m. 
Let f : R”^ R be a continuous function, let T be a continuous t-norm 
and let a fuzzy quantity A E J^ifR'^) be given by the membership function 
Pa • R”^ — ^ [0, 1] by (6.38). Then 

{fiA)]a = f{[Ai]a,...,[Am]a), 



for each a E {0,1]. 

Proof. It is sufficient to show that 

Pa(x) = TipA^iXi),PA2iX2),...,(tAmi^m)) 

is upper starshaped on R^ with [A] a compact for all a G (0, 1]. Then the rest 
of the proof follows from Proposition 6.46 and Theorem 6.50. 
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Indeed, by Proposition 6.40, y.A is upper starshaped on R”*. As jiAi are 
upper semicontinuous, i = 1, 2, . . . , m, and T is continuous, it follows that 
fJ-A = T{fiAi,---,fJ'Am) is upper semicontinuous on R”^. Hence, [A]a is 
closed for each a € (0, 1]. 

It is supposed that [Ai]a is compact for all a e (0, 1], i = 1, 2, . . .,m; 
the same holds for the Cartesian product [Ai]q x [A 2 \a x • • • x [Am]a and 
applying (6.47), we obtain that [A] a is bounded, thus compact. 

Now, all assumptions of Proposition 6.46 are satisfied, thus Condition (C) 
holds and by Theorem 6.50 we obtain the required result. ■ 

Proposition 6.52 Let A € .F(R”^) be a compact fuzzy quantity. If f : 
R'” — » R is continuous then f{A) is compact. 

Proof. Leta g (0, 1]. Since [ A]a is compact, then by continuity of /, it fol- 
lows that /([A]q,) is compact. By Proposition 6.46, Condition (C) is satisfied 
and by Theorem 6.50 we obtain 

[/(^)]a = f {[ A ] a ), (6.56) 



for each a € (0, 1]. ■ 

(Corollary 6.53 If in Proposition 6.52, p a is upper-quasiconnected,then 
[/(A)]a is a compact interval for each a G (0, 1]. 

Proof. By Proposition 6.52, [/(A)]q are compact and by Proposition 6.48, 
Z([A]a) are convex for all a G (0,1]. Using equation (6.56), [/(A)]a are 
convex and compact, i.e., compact intervals in R. ■ 

Commuting of the diagram in Figure 6.4 is important when calculating 
the extensions of aggregation operators in multi-criteria decision making, see 
Chapter 7. 

11. Fuzzy Extensions of Valued Relations 

In Section 6.6, we have introduced and investigated six types of fuzzy ex- 
tensions of valued relations on X x y . In this section we shall deal with fiizzy 
extensions of valued and, particularly, binary relations on R"*, where m is a 
positive integer, i.e., X = y = R”*. Binary relations can be viewed as special 
valued relations with values from {0, 1}. The usual component- wise equality 
relation = and inequality relations <, >, < and > on R”* are simple examples 
of binary relations. The results derived in this section will be useful in fuzzy 
mathematical programming we shall investigate in Part II. 

We start with three important examples. 
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Example 6.54 Consider the usual binary relation = ("equal”) on R"*, given 
by the membership function /i= for all a:, y G as 

„ r-r,,';-/! ifa;i = yjforalH = l,2,...,m, 

~ ’ lO otherwise. 

Let T be a t-norm, A,Bhe fuzzy subsets of R”* with the corresponding mem- 
bership functions // ; R”^ [0, 1], : R”* — > [0, 1], respectively. Then by 

(6.25), the membership function of the T-fuzzy extension of relation 

= can be derived as 






= sup{T(n={x, y),T{n{x), p{y))) \x,yG R"*} 
= sup{T(l, T{fjL{x), i/{y))) \x,ye R”*, x = y} 
= sup{T(iJ,{x),i'{x)) 1 X G R”*} 

= Hgt(j4 Dx B). 



□ 

Example 6.55 Consider the usual binary relation > ("greater than or equal 
to”) on R”*. The corresponding membership function is defined as 

i,^(^ ,,'1 _ /I ifa;i>yiforalH = l,2,...,m, 
lO otherwise. 

Let T be a t-norm, A,Bhe fuzzy subsets of R^ with the corresponding mem- 
bership functions y, : R"^ — > [0, 1], i/ : R"^ — > [0, 1], respectively. Then by 
(6.25), the membership function of the T-fuzzy extension of relation 

> can be derived as follows: 

y^T^>){A,B) = snp{T{y>{x,y),T{y{x),i^{y)))\x,ye'R'^} 

= sup{T(l, T{y{x), v{y))) \x,ye R”*, x > y) 

= sup{T(/i(a;), v{y)) \x,ye R”*, x > y}. 



□ 



Example 6.56 Let d > 0 and let : R — > [0, 1] be a function defined as 
follows 



Mt) = 



1 iff > 0, 

d -f- f 

if -d < f < 0, 
d 

0 otherwise. 



Then the valued relation Rd defined by the membership function for all 
a:, y G R as 



= Vd{x-y) 
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is a ’’generalized” inequality relation > on R. By (6.25), the membership 
function of the T-fuzzy extension of relation Rd is given by 

B) = snp{T{ipd{x - y), T{fi{x), u{y))) \ x,-y G R}. 



□ 

Now, we deal with properties of fuzzy extensions of binary relations on 
R"*. We start with investigation of m-dimensional intervals. We consider the 
usual componentwise binary relations in R”*, namely ’’less than or equal to” 
and ’’equal to”, i.e., R e {<,=}• For brevity, we simplify the notation for 
respective fuzzy extension of relations < and = as follows: 



T-fuzzy extension 


Simplification 






^'s(<) 




5rT’.5(<) 


^T,S 


^T,s(<) 


^T,S 


5,S,T(<) 


^S,T 




^S,T 



T -fuzzy extension 


Simplification 




£.T 


«'s(=) 




4fI’.S(=) 


^T,S 


^T,s(=) 


^T,S 








= S,T 



Theorem 6.57 Let A,B be nonempty and closjd intervals o/R”*, A = 
{a € R"* I a < a < a}, R = {6 6 R"* \ b<b<^.LetTbea t-norm, S be 
a t-conorm. Let < and = be usual binary relations in R”^. Then 

(i) 1 p^T {A, R) = 1 if and only ifa< b, 

2 p^t{A, R) = 1 ifarui only if a < b and a > 

(ii) 1 p^^{A, R) = 1 if and only if a < bj 

2 /x=g (A, R) = 1 if and only ifa = b = b = a; 

(iii) 1 p^T,s {A, R) = 1 if and only ifa_<bj 

2 p^T,s {A, R) = 1 if and only if a < b = b < a; 

(iv) 1 ^ {A, R) = 1 if and only if a <b, 

2 {-A, R) = 1 if and only ifa_ < b<b < a; 

(v) 1 p^s,t{A, R) = 1 if and only if a < b, p^s,t{A, R) = 1 if and only if 

b<a = a<b; 

(vi) 1 R) = 1 if and only if a < b, 

2 /i=s j. {A, R) = 1 if and only ifb<a_<a<b. 
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(i) 1. Let ix^t{A, B) = 1. Then, by (i) in Proposition 6.28 there exists a ^ A 

and b £ B such that a < b, thus a< a < b < b. Conversely, let a<b. 
Since a £ A, b E B,hy (i) in Proposition 6.28, we immediately obtain 
H^t{A,B) = 1 . 

2. Observe that a<b and 6 < a are equivalent to the nonemptiness of ^ n 
B, i.e., there is c such that c£ AoB. However, by (i) in Proposition 6.28, 
this is equivalent to fx^r{A, B) = 1. 

(ii) 1. Let {A, B) = 1. Then, by (ii) in Proposition 6.28, for every a £ A 
^d every § £ B, we have a <b, thus a <b. Conversely, let a < a < 6 < 
b. Then, by (ii) in Proposition 6.28, we easily obtain /i (A, B) = 1. 

2. Let fi=g{A, B) = 1. Then, by (ii) in Proposition 6.28, for every a £ A 
and ever^ft £ B, we have a = b, thus a = a = b = 6. Conversely, let a = 
a = b = b. Then, by (ii) in Proposition 6.28, we obtain (.A, B) = 1. 

(iii) 1. Let ij,^t,s{A, B) = 1. Then, by (iii) in Proposition 6.28, there exists 
a £ A such that for every b £ B we have a < b, thus a < a < b, 
Conversely, let a < 6 . Then, by Proposition 6.28, (iii), we take a = a and 
since b<b,we easily obtain {A, B) = 1. 

2. Let /x^T,s (j4, B) = 1. Then, by (iii) in Proposition 6.28, there exists 
a £ A such that for every b £ B we have a = b, thus a < b = b < a. 
Conversely, let a < 6 = 6 < a. Then, by (iii) in Proposition 6.28, we take 
a = b and immediately obtain {A, B) = 1. 

(iv) 1. Let ^{A, B) = 1. Then, by (iv) in Proposition 6.28, for every 
b £ B, there exists a £ A such that a <b, thus a<a<b. Conversely, let 
a < b. Then, by (iv) in Proposition 6.28, we take a = a_ and since b_< b, 
we obtain ^ {A, B) — 1. 

2. Let s {A, B) = 1. Then, (iv) in Proposition 6.28, for every b £ B, 
there exists a £ A such that a = b, hence a<b<b<a. Conversely, let 
OL<b<b<a. Then, by (iv) in Proposition 6.28, we take a = band obtain 

M=r.s(^>-B) = 1. 

(v) 1. Let ij,^s,t{A,B) = 1. Then, by (v) in Proposition 6.28, there exists 

b £ B such that for every a G we have a < b, thus a < b < b. 
Conversely, let a <b. Then, by (v) in Proposition 6.28, we take b — b and 
since a < a for every a £ A, we easily obtain pl^s,t{A, B) = 1. 

2. Let ij,^s,t{A,B) = 1. Then, by (v) in Proposition 6.28, there exists 
b £ B such that for every o G ^4 we have a = b, thus b<a — a<b. 
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Conversely, let 6 < a = a < 6. Then, by (v) in Proposition 6.28, we take 
6 = a and obtain ii^s,T{A, B) — 1. 

(vi) 1. Let = 1. Then, by (vi) in Proposition 6.28, for every 

a E A, there exists b E B such that a < b, thus a <b <b. Conversely, let 
a < b. Then, by (vi) in Proposition 6.28 , we take b = b and since a < a, 
we therefore obtain B) = 1. 

2. Let fi^gj.{A,B) = 1. Then, by (vi) in Proposition 6.28, for every 
a E A, there exist^b E B such that a = b, thus b<a<a<b. Conversely, 
let 6 < a < a < b. Then, by (vi) in Proposition 6.28, we take a = b and 
finally obtain fj,=g j.{A, B) = 1. 



If A, B are nonempty closed intervals of R"*, then by comparing (iii) and 
(iv) in Proposition 6.57, we can see that 

fj,^T,s{A, R) = 1 if and only if fi^^^{A, B) — 1. (6.57) 

Likewise, 

H^s,t{A, R) = 1 if and only if B) = 1, (6.58) 

as is clear from (v) and (vi), in the same proposition. 

The following proposition shows that (6.57) and (6.58) can be presented in 
a stronger form. 

Proposition 6.58 Let A,B e .?^(R) be compact fuzzy sets, T = min, 
S = max. Then 

P^t,s{A,B) = p^^^{A,B),p^^^{A,B) = p^s,t{A,B). 

The proof of Proposition 6.58 is given in [32] in a more general setting. 

The following two propositions hold for a binary relation R on X x Y, 
where X, Y are nonempty sets, and is the T-fuzzy extension of R. 

Proposition 6.59 Let X, Y be sets, let A e :F(X), B e J^{Y) be fuzzy 
sets given by the membership functions ^ [0, 1], : y ^ [0, 1], 

respectively. Let T be a t-norm and R be a binary relation onX xY ^{R) 
be a T-fuzzy extension ofR, let a E (0, 1). 

(i) If B) > a, then p^T^R){[A]a, [5] a) = 1. 

(ii) Let T min. If ~ 1> then B') ^ ct. 
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Proof, (i) Let a € (0, 1), (.4, B) > a. Then by (6.25) we obtain 

F-<bT{R){A,B) = svip{T{nA{u),lJ-B{v)) | uRv}. 

Since sup{r(/i^(u), hb{v)) \ u E X, v € Y, uRv} > a, there exist u', v' E 
R”* such that u'Rv' and T(ij,a{u'), hbW)) > ot • Since Tm is the maximal 
t-norm, we have 

TuiF^Aiu'), hb{v')) > T{fj,A{u'), ij,b{v')) > a. 



Hence 



F‘A{u') > a and fiBiv') > a, 



in other words, u' E [^] q , v' E [R]a and u'Rv'. By (i) in Proposition 6.28, we 
obtain 

[-®]a) = 1- 

(ii) Let T — min, [5] q ) = 1. By Proposition 6.28 there exist 

€ [A]a, v" E [R]a such that u"Rv". Then ^iaW) > ol and iibW') > a, 
therefore min{jUA(w"), > a. Consequently, 



B) = sup{min{;UA(u),pB(u)} \ u E X, v eY, uRv} > a. 



■ 

If we replace the strict inequality > in (i) by >, then the conclusion of (i) 
is no longer true. To prove the result with > instead of >, we assume that a 
condition similar to Condition (C) from the preceding section is satisfied. 

Proposition 6.60 Let X,Y be sets, let A e ^{X), B e be fuzzy 

sets given by the membership functions pA ■ X [0, 1], //b : Y — »• [0, 1], 
respectively. Let T be a t-norm and Rbe a binary relation on X xY, ^^{R) 
be a T -fuzzy extension of R, let a E (0, 1]. Suppose that there exist u* E 
X,v* EY such thatu*Rv* and 

T{pa(u*), Pb{v*)) = sup{T(/i^(u),/XB(^^)) \ u E X, V eY, uRv}. 

(6.59) 

VF’it>T(^R){A, B) > a, then /i^,r(B)([^]a, [-B]a) = 1- 

Proof. Let a E (0, 1], p^t(A, B) > a. Then by (6.25) we obtain 

B) = sup{T(/i^(ti), pb{v)) \ u E X, V E Y, uRv}. (6.60) 

Applying (6.59) and (6.60), we obtain T{pa(u*), Pb(v*)) > a. Since min is 
the maximal t-norm, we have 



min{/i^(u*),^B(v*)} > T{pa{u*), pb{v*)) > a, 
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hence 



> ol and 

In other words, u*Rv* and u* € [^]a» v* G [B\a- By Proposition 6.28 we 
obtain 






The following proposition gives some sufficient conditions for (6.59). 

Proposition 6.61 Let A, B be compact fuzzy quantities with the member- 
ship functions pA '■ R’” — [0> 1]> • R”* ^ [0> !]• ^et T be a continuous 

t-norm and Rbea closed binary relation on R . Then there exist u*,v* E R”* 
such thatu*Rv* and 

T{pa{u*),Pb{v*)) = sup{T{pa{u), IJ-siv)) \u,vE R"", uRv}. 

Proof. We show that <p{u, v) = T{pa{u),pb{v)) attains its maximum on 
the set Z = {(u, u) G R^"* | uRv}. Since R is closed binary relation, Z is 
a closed set. Further, since for all (3 G (0, 1], the upper level sets U (p, 0) are 
compact, it follows that either U (p, /?) D Z is empty for all /3 G (0, 1], or there 
exists (3q G (0, 1] such that U{p, Po) H Z is nonempty. 

In the former case, (6.59) holds for any u*, v* E Z with 

T(ma(u*),MbK)) = 0. 

In the latter case, there exists {u*,v*) E R^’” such that p attains its maximum 
on U (p, po) n Z at {u*, v*), which is a global maximizer of ponZ. ■ 

Corollary 6.62 Let A,Be .F(R"*) be compact fuzzy quantities with the 
membership functions pA ■ R"* [0, 1], /xb : R”* [0) !]• T = min 

and Rbea closed binary relation on R’”, ^^{R) be a T-fuzzy extension ofR. 
Fora E (0, 1], 

F<t>T(R){A,B) > a if and only ifp^T^R){[A]a, [B]a) = 1- 

Proof. By Proposition 6.61, condition (6.59) is satisfied. Then by Propo- 
sition 6.60, we obtain the ”if ’ part of the statement. The opposite part follows 
from Proposition 6.59. ■ 

Notice that the usual binary relations ”=”, ”<” and ”>” are closed binary 
relations. 

Propositions 6.60, 6.59 and 6.61 hold for the T-fuzzy extension ^^(R) of 
the valued relation R. Similar results can be derived also for the other fuzzy 
extensions, particularly and Here, we present an 
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important result for the particular case m = 1, i.e., R”* = R. The following 
theorem is a parallel to Theorem 6.57. 

Theorem 6.63 Let A, B ^ be strictly convex and compact fuzzy sets, 

T = min, S = max, a € (0, 1). Then 

(i) S) > a if and only //inf[yl]a < sup[R]o;. 

(ii) B) > a if and only if sup[A]i-a < 

(iii) The following are equivalent: 

■ /x^T,s(<)(yl, jB) > a, 

■ ^^t,s(<)(A-B) > a, 

■ sup[A]i_Q < sup[R]a. 

(iv) The following are equivalent: 

■ p^s,T B) > a, 

■ /i^s,j.(<)(A,R) > a, 

■ inf[.4]Q. < inf[R]i_Q,. 

From the practical point of view, the last theorem is important for calculating 
the membership function of both fuzzy feasible solutions and fuzzy optimal 
solutions of fuzzy mathematical programming problem in Chapter 8. Some 
related results to this problem can be found also in [29]. 
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Mathematics is alive and well, but living under different names 

— SIAM Report on Mathematics in Industry 




Chapter 7 

FUZZY MULTI-CRITERIA DECISION MAKING 



1. Introduction 

When dealing with practical decision problems, we often have to take into 
consideration uncertainty in the problem data. It may arise from errors in mea- 
suring physical quantities, from errors caused by representing some data in 
a computer, from the fact that some data are approximate solutions of other 
problems or estimations by human experts, etc. In some of these situations, 
the fuzzy set approach may be applicable. In the context of multicriteria de- 
cision making, functions mapping the set of feasible alternatives into the unit 
interval [0, 1] of real numbers representing normalized utility functions can be 
interpreted as membership functions of fuzzy subsets of the underlying set of 
alternatives. However, functions with the range in [0, 1] arise in more contexts. 

In this chapter, we consider a decision problem in X, i.e., the problem to 
find a "best” decision in the set of feasible decisions X with respect to sev- 
eral criteria functions; see [100], [101], [102], [105], [106], [117]. Within the 
framework of such a decision situation, we deal with the existence and mutual 
relationships of three kinds of ’’optimal decisions”: Weak Pareto-Maximizers, 
Pareto-Maximizers and Strong Pareto-Maximizers - particular alternatives sat- 
isfying some natural and rational conditions. We call them Pareto-Optimal 
decisions. 

We study also the compromise decisions x* € X maximizing some aggre- 
gation of given criteria pi, i E I = {1,2,.. . , m}. The criteria pi considered 
here are functions defined on the set X of feasible decisions with the values 
in the unit interval [0, 1], i.e., pi:X—*[0,l],iE I. Such functions can be 
interpreted as membership functions of fuzzy subsets of X and will be called 
here fiizzy criteria. Later on, in Chapters 8 and 9, each constraint or objective 
function of the fuzzy mathematical programming problem will be naturally as- 
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sociated with a unique fuzzy criterion. From this point of view this chapter 
should follow the Chapters 8 and 9 dealing with fuzzy mathematical program- 
ming. Our approach here is, however, more general and can be adopted to a 
more general class of decision problems. 

The set X of feasible decisions is supposed to be a convex subset or a gen- 
eralized convex subset of the n-dimensional Euclidean space R”, frequently 
we consider X = R”. The main subject of our interest is to derive rela- 
tions between Pareto-optimal decisions and compromise decisions. Moreover, 
we generalize the concept of the compromise decision by adopting aggrega- 
tion operators which were investigated in Chapter 5, and we also extend the 
results derived for max-min decisions. The results will be derived for the n- 
dimensional Euclidean vector space R" with n > 1. However, some results 
can be derived only for R^, denoted here simply by R. 

2. Fuzzy Criteria 

Since no function mapping R into [0, 1] is strictly concave, and each con- 
cave function mapping R into [0, 1] is constant on R, we take advantage of 
Definition 3.1 in Chapter 3, where we defined (quasi)concave and (quasi)- 
convex functions on arbitrary subsets X of R”. Now, for membership func- 
tions of fuzzy subsets of R”, the concavity concepts defined in Definition 3.1 
will be applied to the supports of the membership functions, that is, for a fuzzy 
subset A of R” with the membership function : R” ^ [0, 1], we consider 
X = Supp(A). We use the notation and nomenclature of Chapter 6. How- 
ever, we wiU sometimes use also the notation introduced in Chapter 4, Defi- 
nition 4.26, namely, Supp(/i). Likewise, we will use Core(yl) and Core(//) in 
the same meaning, provided /x is a membership function of fuzzy subset A. 

It is evident that a function fi : R” — > [0, 1] quasiconcave on R” is quasi- 
concave on Supp(/i), and vice versa: any function /x quasiconcave on Supp(/x) 
is quasiconcave on R”. However, this is no longer true that the member- 
ship functions strictly (quasi)concave on R” and membership functions strictly 
(quasi)concave on their supports coincide. 

Example 7.1 Let /x : R [0, 1] be defined by = maxjO, 1 — x^}, 
see Figure 7.1(a). It can easily be shown that Supp(/x) = [—1, 1] and /x is 
strictly concave and strictly quasiconcave on Supp(/x). However, /x is neither 
strictly concave nor strictly quasiconcave on R. In Figure 7. 1 (b), a semistrictly 
quasiconcave function on Supp(/x), which is not semistrictly quasiconcave on 
R, is depicted. □ 

As mentioned in the introduction, we are interested in the properties of so- 
lution concepts of optimization problems whose objectives are expressed in 
the terms of fiizzy criteria. A particular interest will be given to fuzzy criteria 
defined as follows. 
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Figure 7.1. 



Definition 7.2 A fuzzy subset o/R” given by its membership function p : 
R” [0, 1] is called a fuzzy criterion on R" if p is upper normalized. 

By Definition 7.2 any fuzzy criterion is given by the membership function 
attaining the maximal membership value 1. Sometimes in this chapter, the 
results will be derived for membership functions of fiizzy subsets of R” not 
necessarily upper normalized. This fact will be explicitly mentioned if neces- 
sary. 

Fuzzy criteria in one-dimensional Euclidean space R with additional con- 
cavity properties can be characterized by the following simple propositions. 
The corresponding proofs follow easily from the definition. 

Proposition 7.3 If the membership function p of a fuzzy criterion on R 
is quasiconcave on R, then there exist oi,^E [0, 1] and a,b,c,d G R U 
{— oo, -f-oo}, such that a < b < c < d and 

■ p{x) = afor X < a, 

■ p(x) is non-decreasing for a < x <b, 

■ p{x) = lforb < X < c, 

• p{x) is non-increasing for c < x <d, 

■ p{x) = 13 for d < X. 

Proposition 7.4 If the membership junction p of a fuzzy criterion on R 
is strictly quasiconcave on Supp(/z) and Supp(/x) is convex, then there exist 
a, 6 G R U {— oo, -l-oo}, and x G R, such that a <x <b and 

■ p{x) = Ofor X < a or X > b, 

■ p{x) is increasing for a < x < x, 
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■ fjb{x) is decreasing for x <x <b. 

Later on, we shall take advantage of the above stated properties in case of 
R” for n > 1. 

3. Pareto-Optimal Decisions 

Throughout this chapter we suppose that I = {1,2,..., m}, m > 1, / is 
an index set of a given family F = {/ij | i € /} of membership functions of 
fuzzy subsets of R". Let X be a subset of R” such that Supp(/ii) C X for all 
id. The elements of X are called decisions. 

Definition 7.5 

(i) A decision xwp is said to be a Weak Pareto-Maximizer (WPM), if there is 
no X E X such that 

fH (xwp) < mix), for every id. 

(ii) A decision x p is said to be a Pareto-Maximizer (PM), if there is nox E X 
such that 

mi^p) < for every i E I, 

m(xp) < mi^)i for some iE I. 

(iii) A decision xsp is said to be a Strong Pareto-Maximizer (SPM), if there 
is nox E X,x Xsp, such that 

m{xsp) < for every i E I. 

Definition 7.6 The sets of all WPM, PM and SPM are denoted by Xwp. 
Xp, Xsp, respectively. The elements ofXwp^Xp\JXsp are called Pareto- 
Optimal Decisions. 

The following property is evident. 

Proposition 7.7 Any SPM is PM, and any PM is WPM, i.e., 

Xsp C Xp c Xwp- (7.7) 



To illustrate the above concepts, let us inspect the following example. 

Example 7.8 Let pi and p 2 be as in Figure 7.2. Then Xwp — [O) 5]. -^p = 
[6,c]U(d,e)U{/},XsP = (d,e)U{/}. □ 
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Figure 7.2. 



Let Dj C R” for all j € J, where J is a finite index set. By Conv{Dj | 
j € J} we denote the convex hull of all sets Dj, i.e., 

Conv{Dj \jeJ} 

= 1^: G R” z = XjXj, Xj 6 Dj, Xj > 0, ~ ^ • 

In the following propositions, we obtain a transparent characterization of all 
WPM, PM and SPM for strictly quasiconcave fuzzy criteria in one-dimensional 
space R. Unfortunately, we cannot obtain parallel results in R” forn > 1, as 
is demonstrated by Example 7.10; see also [106]. 

Proposition 7.9 Let be membership Junctions of fuzzy criteria 

on R. If each pn is quasiconcave on R, then 

Conv{Core(/ij) \ i E 1} C Xwp- 

Proof. Let = inf Core(/ij), x" = supCore(/ij) and set x' = min{x^ | 
i € /}, x" = max{a;" [ i G /}, then Cl(Conv{Core(/ii) | i G /}) = \x' ,x"]. 
Let X G Cony{CoTt{pi) | t G /} and suppose that x ^ Xwp- Then there 
exists y with pi{y) > Pi{x), for alH G /. Assume that y < x, then there 

exists k E I and y' E Core(//fc) with y < x <y' such that by Proposition 7.3 

we obtain pk{y) < a contradiction. Otherwise, if x < y, then again by 

Proposition 7.3 we have pj (x) > pj (y), again a contradiction. ■ 

Example 7.10 This example demonstrates that Proposition 7.9 is not true 
for R”, where n > 1, particularly forn = 2. Set 

pi{xi,X 2 ) - maxjo, 1 - ixf -xsj , 

P 2 {xi,X 2 ) = max {0, 1 - (xi - 1)^ - (x 2 - 1)^} . 
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Notice that Hi, are continuous membership functions of fuzzy criteria, 
strictly concave on their supports, hence quasiconcave on R^. Here, 
Core(/xi) = xi = (0,0), Core(/X 2 ) = X 2 = (1,1) are the end points of 
the segment Conv{xi, X 2 } in R^. It is easy to calculate that 

/ii(0.5, 0.5) = 0.6875 and /i2(0.5, 0.5) = 0.5. 

On the other hand, /xi (0.7, 0.4) = 0.7175, ^2(0.7, 0.4) = 0.55. We obtain 
/ii (0.5, 0.5) < Ml (0.7, 0.4) and /Z2(0.5,0.5) < M2(0.7,0.4). As (0.5, 0.5) € 
Conv{xi, X 2 } and (0.7, 0.4) ^ Conv{xi, X 2 }, it follows that 

Conv{Core(Mi) | i = 1,2} = Conv{xi,X 2 }, 

which is not asubsetofXw^p. O 

Example 7.11 Let mi, M 2 be as in Figure 7.3. Here, mi> ^2 are continuous 
and evidently Xwp = [a,d\,Xp = [b, c], however, Xsp = 0- 




Figure 73. 



Proposition 7.12 Let € I,be membership functions of fuzzy criteria 
on R, strictly quasiconcave on their convex supports. Then 

Xp C Conv{Core(Mi) | * € /}. 

Proof. By Proposition 7.4, each Core(Mi) contains exactly one element, 
i.e., Xi = Core(Mi). Setting x' = min{a;i | i 6 /}, x" = max{a;i \i G I}, we 
have 

Conv{Core(Mi) | i € /} = [x',x"\. 

Let X ^ Conv{Core(Mi) \ i G 1} and suppose that x < x'. By monotonicity 
of Pi we get pi{x) < Pi{x') for all i G I. Moreover, by Proposition 7.4, 
Pj(x) < Pj{x') for j satisfying Xj = x', consequently x ^ Xp. 
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On the other hand, suppose that x" < x. Again by monotonicity of /Xj we 
get fJti{x") > ixi{x) for all i e /, and by Proposition 7.4, fj,k{x") > fJ>k{x) for 
k satisfying Xk = x". Hence, again x ^ Xp, which gives the required result. 



Proposition 7.13 Let m,i € I, be membership functions of fuzzy criteria 
on R, strictly quasiconcave on their convex supports. If 

Conv{Core(/Xj) | i G /} C P|Supp(/Xi), (7.2) 

iel 

then 

Xwp = Xp = Xsp = Conv{Core(/ij) \ i E I}. (7.3) 



Proof. By Proposition 7.4, each Core(/ij) contains exactly one element, 
i.e., Xi = Core{pi). Settings' = minjrcj | i E /}, x" = max{a:i j i E I}, we 
obtain 

Conv{Core(/Xj) | i E /}) = [a:', a;"]. 

First, we prove that [x', x"] c Xsp- 

Let X E [x\ x"\ and suppose by contrary that x ^ Xsp- Then there exists y 
with y X and Pi{y) > Pi{x), for alH G /. 

Further, suppose that y < x, then by strict quasiconcavity of /Xfc, for fc 
satisfying Xk = x" , and by Proposition 7.4, we get pk {y) < F-k (a^), a contra- 
diction. 

On the other hand, if a: < y, then by strict quasiconcavity of pj, for j 
satisfying Xj = x', we get Pj{x) > pj (y), again a contradiction. Hence 

Conv{Core(/Xj) | x G /}) C Xsp- 

Second, we prove that Xwp C Conv{Core(/Xj) \ i E I}. 

Suppose that y ^ [x' , x'\. Let y < x'. From (7.2), it follows pi{x') > 0 for 
all i E I. Applying strict monotonicity of we get pi(y) < Pi{x'), for all 
i E I, hence, y ^ Xwp- Assuming y > x", we obtain by analogy the same 
result. 

Combining the first and the second result, we obtain the chain of inclusions 
Xwp C Conv{Core(/Xi) \ i E 1} C Xsp- 

However, by (7.1) we have Xsp C Xp C Xwpl consequently, we obtain 
the required equalities (7.3). ■ 

Notice that inclusion (7.2) is satisfied if all Supp(/Xi), i G /, are identical. 
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4. Compromise Decisions 

In the theory of multi-objective optimization, the ’’compromise decision” or 
’’compromise solution” is obtained as the solution of a single-objective prob- 
lem with the objective being a combination of all criteria in question; see, 
e.g., [56]. 

In this section we investigate a concept and some properties of compromise 
decision x* € X, maximizing the aggregation of all criteria, e.g., min{/Xi(rr) | 
i € /}, where X C R” is a convex set, I = {1,2, . . .,m}, m > 1. The 
original idea belongs to Bellman and Zadeh in [11], who proposed its use in 
decision analysis by using the following definition. 

Definition 7. 14 Let X be a convex subset o/R" and let i E I, be the 
membership functions of fuzzy subsets of X. A decision x* E X is called a 
max-min decision, if 

mm{pi{x*) I i G /} = max{min{/Xj(a;) | i € /} | x G X}. 

The set of all max-min decisions in X is denoted by X m- 

We start with two propositions that are concerned with the existence of max- 
min decision. In R, the requirement of compactness of the a-cuts of the criteria 
is not necessary for the existence of nonempty X whereas the same result is 

no longer true in R" with n > 1, which will be demonstrated on an example. 

Proposition 7.15 Let pi , i e I, be the membership functions of fuzzy 
criteria on R, quasiconcave on R. If all pi are upper semicontinuous (USC) 
on R, then Xm 0- 

Proof. For each i g / there exists Xi E Core(^). Put x' = min{xi | i € /} 
and x" = max(xi | i G /}. By Proposition 7.3, pi are non-decreasing in 
(— oo, x'] and non-increasing in [x", -t-oo) for alH G /. Then p = min{/ij | 
z G /} is also non-decreasing in (— oo, x'] and non-increasing in [x", -Foo). As 
Pi, i E I, are upper semicontinuous, p is also USC on R, particularly on the 
compact interval [x', x"]. Hence p = min{/ij | z G /} attains its maximum on 
[x', x"] at a global maximizer on R. This maximizer is a max-min decision, 
i.e., Xm 7^ 0- ■ 



Example 7.16 This example demonstrates that semicontinuity is essential 
in the above proposition. Let 




if X < 0, 
if X > 0, 




if X < 0, 
if X > 0. 



Here, pi, p 2 are the membership functions of fuzzy criteria, p 2 is contin- 
uous, Pi is not upper semicontinuous on R. It is easy to see that '4>{x) = 
m.in{pi{x) , p 2 {x)} does not attain its maximum on R , i.e., Xm = 0- 171 
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Example 7.17 This example demonstrates that Proposition 7.15 does not 
hold in with n > 1, particularly with n = 2. Set 



, min|x 2 ,l- , 



fj>i{xi,X 2 ) = max 1^0 

fj, 2 {xi,X 2 ) = max lo, min ^ X 2 > 1 — 



It can easily be verified that and are continuous fuzzy criteria on R^, 
quasiconcave on R^. Let 




<p{xuX2) = mm{lJ.i{xuX2),tJ.2{xi,X2)}. 

It is not difficult to show that (p{x i , X 2 ) < 1 on R^ and 9?(0, X 2 ) = 1 — 1/ {x 2 + 
1)^ for X 2 > 1. Since limy?(0, X 2 ) = 1 for X 2 — > + 00 , ip does not attain its 
maximum on X, i.e., Xm{ij-i , 1 ^ 2 ) = 0- D 

Recall that a fuzzy subset A given by the membership function /x : R” — > 
[0, 1] is compact if and only if p, is USC on R" and [A]a is a bounded subset 
of R" for every a € (0, 1], or, [.4 ]q is a compact subset of R" for every 
aG(0, 1]. 

Proposition 7.18 Let A be a compact fuzzy subset of R” given by the 
membership function p : R” — [0, 1]. Then p attains its maximum on R”. 

Proof. Let a* = sup{p{x) | x g R"} > Oandletjafc}^^ is an increasing 
sequence of numbers such that G (0, 1) and ak a*. (If a* = 0, then 
there is nothing to prove.) Then [>l]afc is compact and [-A]afc+i C for 
all fc = 1,2, — By the well known property of compact sets there exists 
X* G R” with 

00 

('7-4) 

fc=l 

It remains to show that 

p{x*) = a*. (7.5) 

On contrary, suppose that p{x*) < a*. Then there exists ko such that 

p{x*) < ako < a*. (7.6) 

By (7.4), X* G hence, p{x*) > a contradiction to (7.6). Conse- 
quently, (7.5) is true, which completes the proof. ■ 
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Proposition 7.19 Let m ,i € I , be membership functions of fuzzy subsets 
Ai o/R”. If Ai is compact for every i € I, then Xm ^ 0- 

Proof. Let p = min{/ii | i e /}. Observe that [ip\a = 

for all a € (0, 1]. Since all [pi]a are compact, the same holds for [y?]a. By 

Proposition 7. 18, <p attains its maximum on R”, i.e., Xm ^0- ■ 

In what follows we investigate some relationships between Pareto-Optimal 
decisions and max-min decisions. In the following two propositions, normality 
of Pi is not required. 

Proposition 7.20 Letpi,i e I, be member ship functions of fuzzy subsets 
o/R”. Then 

Xm C Xwp- 

Proof. Let x* G Xm- Suppose that x* is not a Weak Pareto-Maximizer, 
then by Definition 7.5 there exists x' such that Pi{x*) < Pi{x'), for all i C. I. 
Then 

xn.in{pi{x*) 1 1 G /} < min{^i(a:') lie/}, 
which shows that x* is not a max-min decision, a contradiction. ■ 

Proposition 7.21 Let Pi,i G I, be the membership functions of fuzzy sets 
of'RT', let Xm = {a;*}, i.e. x* E X be a unique max-min decision. Then 

Xm C Xsp- 

Proof. Suppose that x* is a unique max-min decision and suppose that x * 
is not a SPM. Then there exists x"*" E X,x* ^ X+, pi{x*) < ^(x+), for all 
i E I. Then 



m.in{pi{x*) \ i E 1} < min{/xi(x"^) | i G /}, 

which is a contradiction with the uniqueness of x * G Xm- ■ 

In the following proposition sufficient conditions for the uniqueness of a 
compromise decision are given. 

Proposition 7.22 Letpi,i e I, be membership functions of fuzzy subsets 
o/R” that are strictly quasiconcave on their convex supports Supp(/i j). Let 
X* E Xm be such that 



min{/:ij(x*) | i G /} > 0. 



(7.7) 



Then Xm = {a;*}, i.e., the max-min decision x* is unique. 
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Proof. Let (p{x) = min{//i(a;) | i € /}, where x € R”, and suppose that 
there exists x' G Xm, x* ^ x'. Then by (7.7) 

(f{x') = (p{x*) > 0. 

As by (7.7) we have also x*,x' e X = fl^gjSupp(//i), where X is convex. 
By strict quasiconcavity of (p on X we obtain for a:"'' = Xx' + (1 — X)x* and 
0 < A < 1: 

ip{x'^) > mivi{ip{x'),^{x*)}, 

which contradicts the fact that (^(a;*) = max{(jo(x) | x € R"^}. Consequently, 
Xm consists of one element only. ■ 

Corollary 7.23 Let C. I, be membership functions of fuzzy subsets of 
R^. If each pi is strictly quasiconcave on its convex support and x* £ Xm 
satisfies (7.7), then x* 6 Xsp- 

5. Generalized Compromise Decisions 

In this section we generalize the concept of the max-min decision by adopt- 
ing aggregation operators investigated in Chapter 5. 

Definition 7.24 Let X be a convex subset o/R” and let pi, i E I, be 
the membership functions of fuzzy subsets of X. Let G = {Grn}m=i 
aggregation operator. A decision x* E X is called a max-G decision, if 

Gm{pi{x *), . . . , Pm{x*)) = max{Gm{pi{x), Pm{x)) \ X E A"}. 

The set of all nwx-G decisions on X is denoted by X g(pi, • ■ ■,Pm)> or, shortly, 
Xg. 

If there is no danger of misunderstanding, we omit the subscript m in the 
aggregating mapping Gm^ writing shortly G. In the previous section we have 
investigated some properties of the compromise decisions considering a partic- 
ular aggregation operator, namely the t-norm Tm- In what follows we extend 
the results from the previous section to more general aggregation operators. 
The following propositions generalize Propositions 7.19, 7.20, 7.21 and 7.22. 

Proposition 7.25 Let pi, i E I, be the USC membership functions of fuzzy 
subsets o/R”, G be an USC aggregation operator. Then -ip : R” — > [0, 1] 
defined for x E R” by 

'lp(x) = G{pi{x),...,Pm{x)) (7.8) 



is USC on R”. 
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Proof. Let xq e i?” and e > 0. It is sufficient to prove that there exist 
^ > 0, such that i){x) < '^{xq) + e for every x € B{xq, (5) = {a: 6 i?” | 
||a; - xoll < ^}. 

Let yoi = ih{xq) for i € I, put yo - (yoi, ■■■, yom)- Since G is USC on 
[ 0 , 1 ]"*, there exists r/ > 0 ,suchthaty G B{yo,r]) = {y G [ 0 , 1 ]”^ | Hy-yoll < 
T]} implies 

G{yi, ...,ym) < G{yoi, yom) + £■ (7.9) 

By upper semicontinuity of all /Xj, i e I, there exists ^ > 0 such that Hiix) < 
y-ii^o) + 77/2 for every x G B{xq,6). By monotonicity property of G, we 
obtain 

G{yi{x),...,yrn{x)) < G{zi,...,Zm), (7.10) 

where Zi = min{l, /Xi(xo)+ 77 / 2 }, and also ( 21 , ..., Zm) 6 B{yo, rj). Moreover, 
by (7.8) we have V’(a^o) = G(yoi) • • • > 2/Om)- Combining inequalities (7.9) and 
(7.10), we obtain the required result ^(x) < + £• ■ 

The next two proposition give some sufficient conditions for the existence 
of max-G decisions. 

Proposition 7.26 Let ,i G I , be membership functions of fuzzy subsets 
Ai o/R", G be an USC and idempotent aggregation operator. If A i is compact 
for every id, then Xq / 0. 

Proof. Let a g (0, 1], '^^(x) = G{yi{x),...,pm{x)). We prove that 
[V’la = {a: e i?” I G{pi{x ), . . .,prn{^)) > a} is a compact subset of R". 
First, we prove that is bounded. Assume the contrary; then there exist 
€ [ip]a, k = 1,2,..., with lim||xfc|| = +00 for k — > +00 . Take an 
arbitrary (3, with 0 < (3 < a. Since all [pi]p are bounded, then there exists fco 
such that for all i G / and A: > fco we obtain Xk ^ [pi]y, i-C-, Piixk) < I3- By 
monotonicity and idempotency of A it follows that for fc > fc 0 we have 

G{pi (xfc), . . . , pm{xk)) < G{l3, ...,f3) = ^ <a. 

But this is a clear contradiction, consequently, [rp] a is bounded. 

By Proposition 7.25 rp{x) = G{pi{x ), . . . , Pmi^)) is USC on R”, hence 
[tp]a is closed. Consequently, [ip]a is compact. Then ip is a. membership func- 
tion of a compact fuzzy subset of R”, therefore, by Proposition 7. 18, ip attains 
its maximum on R", i.e., Xq ^0. ■ 

Notice that the mean aggregation operators (5.1) - (5.8) are idempotent. 
However, by Proposition 5.3, the only idempotent t-norm is the minimum t- 
norm Tm- The following proposition extends the statement of Proposition 7.26 
to all other USC t-norms. 

Proposition 7.27 Let pi ,i G I , be membership functions of fiizzy subsets 
Ai o/R”, T be an USC t-norm. If Ai is compact for every i e I, then Xt 7 ^ 0- 
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Proof. Let tj) : R'* — » [0, 1] be defined for x e R" as 
<j>[x) — (^)> • • • ) 

Let a G (0, 1]. We prove that [4>]a is a bounded subset of R”. By definition 
we have [<j)]a = {x G R” | T()Ui(x), . . /rm(x)) > a}. Since [iii]a are 
bounded for all i G 7, it follows that 

HN" = {x G R" I min{/ii(x ), . . . , fj,ra{x)} > a} 
iei 

is also bounded. We show that [(j)] a C 

Let X G [<p\oc- Then by definition of a-cut we have 

T{l^l{x),...,^i^{x))>a. (7.11) 

Since T is dominated by the minimum t-norm Tm, it follows that 

T(/xi(x),...,/i^(x)) < min{/ii(x),...,/.i„i(x)}. (7.12) 

From (7.1 1) and (7.12) we obtain 

a < min{/ii(x),...,/xrn(x)}, 

thus X G proving that [(j)]a C Clieib^ila- Consequently, [?^]q. is 

bounded for all a G (0, 1]. 

By Proposition 7.25 (f>(x) = T(/ii(x), . . .,/x^(x)) is USC on R” and by 
Proposition 7.18^ attains its maximum on R”, i.e., Xt 7 ^ 0 . ■ 

The following proposition is an extension of Proposition 7.20. 

Proposition 7.28 Let yti , i e I, be the membership functions of fuzzy 
subsets ofTU^, G be a strictly monotone aggregation operator. Then 

Xq C Xwp- 

Proof. Let x* g Xq. Suppose that x* is not a Weak Pareto-Maximizer, 
then by Definition 4.27 there exists x' such that pi{x*) < pi(x'), for alH G 7. 
Then by the strict monotonicity of G we obtain 

G{pi{x*),...,pm{x*)) < G{pi{x'),...,prn{x')), 

showing that x* is not a max-G decision, a contradiction. ■ 

The following proposition is a generalization of Proposition 7.21. 

Proposition 7.29 Let pi , i e I, be the membership Junctions of fuzzy 
subsets o/R'*, let Xq = {x*}, i.e., x* E R" be a unique max-G decision, let 
G be an aggregation operator. Then 



Xq C Xsp- 
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Proof. Suppose that x* is a unique max-G decision and suppose that x * is 
not a SPM. Then there exists x"*" € R”, x* ^ ih{x*) < ^j(x+), for all 
ini. Then by monotonicity of G we obtain 

G{ni (x /in^(x )) ^ G{ni (x^), . . . , ^jjj(x'*')), 

which is a contradiction with the uniqueness of x * € Xq- ■ 

The proof of the following proposition is a slight adaptation of that of Propo- 
sition 7.22 and requires that G dominates Tm, i e., G » Tm, according to 
Definition 5.30 in Chapter 5. 

Proposition 7.30 Let , i C. I, be the membership functions of fuzzy 
criteria on R'*, strictly quasiconcave on their convex supports S\ipp{pi). Let 
G be a strictly monotone aggregation operator such that G dominates T m o.nd 
let X* e Xq with 

min{^i(x*) I i G /} > 0. (7.13) 

Then 

Xg = {x*}, 

i.e., X* is a unique max-G decision. 

Proof. Let (p{x) = G(pi(x), . . .,prn(x)), where x G R”, and suppose 
that there exists x' G Xm, x* ^ x'. Then by (l.\2i) 

<p{x') = ip{x*) > 0. (7.14) 

By (7.13) we have also x*,x' C X = Supp(/ij), where X is convex. 
Since G is a strictly monotone aggregation operator and pi are strictly quasi- 
concave, it follows that tp is strictly quasiconcave on X. Then we obtain for 
x+ = Ax' -h (1 - A)x* and 0 < A < 1: 

p{x+) = G(/ii(Ax' + (l-A)x*),...,/r^(Ax'-h(l-A)x*)) 

> G(min{//i(x'), pi(x*)}, ..., mm{prn{x'), prn{x*)}). 

As G dominates Tm, we obtain 

G{iu.iii{fMi(^x fii[x min{/x 771 (x ), /i, 77 i(x )}) 

> min{G(//i(x'), . . . , G(/xi(x*), . . . , 

Combining the last two inequalities with (7.14), we obtain 

(^(x+) > min{(y3(x'),(^(x*)} = p{x*), 

which contradicts the fact that (/?(x*) = max{(/?(x) | x G X}. Consequently, 
Xg consists of only one element. ■ 

For fuzzy criteria pi, i E I, sn aggregation operator G and x* G Xg satis- 
fying the assumptions of Proposition 7.30, it follows that x * G Xsp. 
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6. Aggregation of Fuzzy Criteria 

In this section we investigate the problem of aggregation of several fuzzy 
criteria on R” with additional properties related to generalized quasiconcav- 

ity. We present sufficient conditions which secure some attractive properties. 
The proofs of the following propositions are omitted as they can be obtained 
by slight modifications of the corresponding Propositions 5.25, 5.27 and 5.31 
in Chapter 5. 

Proposition 7.31 Let ■ R” — *• [0, l],i € I, be Tjy-quasiconcave mem- 
bership functions of fuzzy criteria on R ” such that 

f| Core(/Xi) ^ 0. (7.15) 

iel 

Let A : [0, 1]'” — » [0, 1] be an aggregation operator. Then : R” [0, 1] 
defined for X € R” by 

1p(x) = A{pi{x),...,Prn{x)) (7.16) 

is upper-starshaped on R". 

Proposition 7.32 Let pi : R*^ ^ [0, 1], i C I,be T£>-quasiconcave mem- 
bership functions of fuzzy criteria on R" such that 

Core(/ri) = • • • = CoT&{prn) 7 ^ 0 - (7.17) 

Let A : [0, 1]"^ ^ [0, 1] be a strictly monotone aggregation operator. Then 
Ip : R” — [0, 1] defined for x G R" by (7.16) is To-quasiconcave on R”. 

Conditions (7.15) and (7.17) are essential for the validity of the statements 
of Propositions 7.32 and 7.32, which has been demonstrated by means of Ex- 
amples 5.26 and 5.28. 

Proposition 7.33 Let T be a t-norm, /Xj : R" [0, 1], i e I, be T- 
quasiconcave membership Junctions of fuzzy criteria. Let A be an aggregation 
operator, and let A dominate T. Then ■0 : R” [0, 1] defined for x G R” 
by (7.16) is T-quasiconcave on R”. 

As it was already mentioned in Chapter 4, every t-norm T dominates T 
(reflexivity) and the minimum t-norm Tm dominates any other t-norm T. Ac- 
cordingly, we obtain the following consequence of Proposition 7.33. 

Corollary 7.34 Let T be a t-norm, pi : R” — >■ [0, 1], i G I,beT- 
quasiconcave membership functions of fuzzy criteria. Themp j : R*^ — > [0,1], 
j = 1,2, defined by 

pi{x) = T{pi{x),...,pm{x)), xGR”, (7.18) 

(P2{x) = TMiplix), ..., Pm(x)), X G R”, (7.19) 

are also T-quasiconcave on R^. 
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7. Extremal Properties 

In this section we derive several results concerning relations between local 
and global maximizers (i.e. max- A decisions) of some aggregations of fuzzy 
criteria. For this purpose we apply the local-global properties of generalized 
concave functions from Chapter 3, Theorems 3.17 and 3.18, in a combina- 
tion with the results on aggregation operators in Chapter 5, Propositions 5.25 
and 5.31. 

Theorem 7.35 Let ^ : R” — > [0, 1], i C I, be T -quasiconcave member- 
ship functions of fuzzy criteria on R” such that 

Pi Core(/ii) ^ 0. 

iei 

Let A: [0, 1]”^ ^ [0, 1] be an aggregation operator. Ifxjj ; R” [0, 1] defined 
for X € R” by 

'lp{x) = A{pi{x),...,prn{x)) (7.20) 

attains its strict local maximizer at x € R ” , then x is a strict global maximizer 
ofrl> on R”. 

Proof. By Proposition 7.31, '0 is upper-starshaped on R”. Now, by Theo- 
rem 3. 17, we obtain the required result. ■ 

Theorem 7.36 Let T be a t-norm, pi : R" — > [0, 1], i G I, be T-quasi- 
concave membership functions of fuzzy criteria on R”. Let A be an aggrega- 
tion operator and let A dominate T. If ip : ^ [0,1] defined for x G R” 

by (7.20) attains its strict local maximum at x G R”, then x is a strict global 
maximizer of Ip on R”. 

Proof. By Proposition 5.31, function V’ defined by (7.20) is T-quasiconcave 
on R". Since each T-quasiconcave function on R" is upper-quasiconnected 
on R”, the statement follows from Theorem 3.17. ■ 

Theorem 7.37 Let T be a t-norm, let pi : R” ^ [0, 1], i C. I, be semi- 
strictly T-quasiconcave membership functions of fuzzy criteria on R”. Let 
A be a strictly monotone aggregation operator and let A dominate T. If 
Ip : R” — > [0, 1] defined for x G R” by (7.20) attains its local maximizer 
at X E R”, then x is a global maximizer of ip on R”. 

Proof. Again, by Proposition 5.31, function ip is T-quasiconcave on R". 
Since each T-quasiconcave function on R” is upper-quasiconnected on R”, 
the statement follows from Theorem 3.18. ■ 
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Since each t-norm T dominates T and the minimum t-norm Tm dominates 
any other t-norm T, we obtain the following results. 

Corollary 7.38 Let T be a t-norm, fii : [0, 1], i e I, be T- 

quasiconcave membership functions of fuzzy criteria on H”'. If : R” — > 

f\ defined f or X G by (7.1 8) attains its strict local maximum at x\ G R'^, 

then xi is a strict global maximizer of pi on R". 

Corollary 7.39 Let T be a strict t-norm, pi : R” — > [0, 1], i G I, be 
semistrictly T-quasiconcave membership functions of fuzzy criteria on R If 

Pi : R” — > [0, 1], defined for x G R” by 

pi{x) = T{pi{x ), . . . , pm{x)), 

attains its local maximum at x\ C R”, then xi is a global maximizer of p\ on 
R”. 

Corollary 7.40 Let T be a t-norm, pi : R" — [0, 1], i C I, be T- 

quasiconcave membership functions of fuzzy criteria on . If p 2 '■ R" 

[0, 1] defined for x G R” by 

P2(x) =TM{pi{x),...,Pm{x)), 

attains its strict local maximum at x 2 C. R”, then X 2 is a strict global maxi- 
mizer of p 2 on R”. 

8. Application to Location Problem 

A classical problem in location theory consists in location p suppliers to 
cover given demands of q consumers in such a way that total shipping costs 
are minimized; see e.g. [27]. Consider the following mathematical model; 

Let I = {1, 2, . . . , g} be a set of g consumers located on the plane R^ in 
the points Ci with coordinates Ci = [ui, Vj) G R^, id. Each consumer id 
is characterized by a given nonnegative demand 6j - an amount of products, 
goods, services, etc. The demands of consumers are to be satisfied by a given 
set of p suppliers denoted by J = {1, 2, . . .,p}. The distance of consumer 
i G / located at {ui, Vi) and supplier j G J at (xj,yj) is denoted by dij{xj,yj) 
and defined by 

dij(xj, yf) = d((ui, vf), (xj, yj}), 

where d is an appropriate distance function (e.g. Euclidean distance). The 
shipping cost between i and j depends on the location of consumer i, on the 
distance dij{xj,yf) of consumer i to supplier j, and, on the amount of goods 
Zij transported from j to i. These characteristics can be expressed by the value 
fi{dij{xj,yj),Zij) of a cost function /i : [0, -boo) x [0, -foo) — > R^,i G /, 
that is nondecreasing in both variables. The total cost of the shipment of goods 
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from all suppliers to all consumers is defined as the sum of the individual cost 
functions 



q p 

• -1 i^pjyp)i ■ ■ -i^qp) — EE fi{dij{xj^yj), Zij). 

i=l j=l 

The problem is to find locations of suppliers (xj, yj) and transported amounts 
Zij for all consumers and suppliers such that the requirements of the consumers 
are covered and total shipping cost is minimal. The mathematical model of the 
above location problem can be formulated as follows: 

minimize Ej=i fi{dij{xj, yj), Zij) 

subject to Zij >bi, i € I, j E J, (7.21) 

Zij>0, {xj,yj)eR'^. 

Problem (7.21) is a constrained nonlinear optimization problem with 2p+pq 
variables Xj, yj, Zij. We assume that functions fi have the following simple 
form: 

fi{dij{xj, yj), Zij) — cti ■ dij{xj, yj) ■ Zij, 

where Oj > 0 are constant coefficients, and distance function dij is defined as 

dij(xj,yj) = ((tij - xj)^ + {vi - yj)^f^^, 

where i E I, j E J and (3 > 0. Problem (7.21), even in the above simple 
form, is difficult to solve numerically because of its nonlinearities which bring 
numerous local optima. 

In order to transform problem (7.21) in a more tractable form, we consider 
the objective function as a utility or satisfaction function p, such that p maps 
the Cartesian product x into [0, 1]. Then 



M((a:i, yi), • • • , {xp, yp), bi,...,bq)=0 

denotes the total dissatisfaction (zero utility) with location {x j,yj) E R?,j E 
J, and supplied amounts bi, i E I. On the other hand, 

Ki^i,yi), ■ ■ ■,{xp,yp),bi, . . .,bq) = 1 

denotes the maximal total satisfaction (or, maximal utility) with location 
{xj, yj) eR?, j E J and supplied amounts. 

Depending on the required amount bi, an individual consumer i E I may 
express his satisfaction with the supplier j E J located at {x j, yj) by member- 
ship grade Pij{xj, yj,bi), where membership function pij : R^ x R^ — > [0, 1] 
satisfies condition Pij{ui, Vi, bi) = 1, i.e., the maximal satisfaction is equal to 
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1, provided that the facility j 6 J is located at the same place as the consumer 
i € I. 

The individual satisfaction expressed by the function n i : x ^ 

[0, 1] of the consumer i C I with the amount and with suppliers located at 
(^1) yi)) {x 2 i 2 / 2 ), • • • , {xp, 2 /p), is defined by the satisfaction of the location of 
the facility with maximal value, that is, 

yi), . • (ajp, yp), bi) = maz^{^J,ix{xx,yl,bi), ■ ■ -,liip{xp, Vp, &i)}- 

More generally, we can apply a compensative aggregation operator with the 
values inbetween max and min. The supplier y € J with the maximal grade of 
satisfaction yj,bi) will cover the required amount bi. If there are more 

such suppliers, then they share amount bi equally. The above formula can be 
generalized by using an aggregation operator A for alH G / as follows 



Fd{{xx,yi),---, {xp, yp), bi) = A(iJ,ix{xx,yx, bi),..., Hipixp, Vp, h)). 

Moving the location point of a supplier along the path from a location (x, y) 
toward the location site of consumer i ate i = {ui, Vi), it is natural to assume 
that satisfaction grade of consumer i is increasing, or, at least non-decreasing, 
provided that bi is constant. This assumption results in ($, ^^)-concavity (e.g. 
T-quasiconcavity) requirement of membership functions /iy on R^. 

On the other hand, with the given location (xj, yj) of supplier j, satisfaction 
grade iHj{xj, yj,b) is nonincreasing in variable b. 

We obtain Cj = (uj, Vi) G flje J Core(/iy). If all mj are T-quasiconcave on 
R^, then by Proposition 7.31, individual satisfaction y , , of consumer i is upper 
starshaped on R^p. 

The total satisfaction with (or, utility of) locations {x j,yj) G K?, j € J, 
and required amounts bi, i G /, is defined as an aggregation of the individual 
satisfaction grades, e.g., a minimal satisfaction, or, more generally, the value 
of an aggregation operator G, e.g., a f-norm T, as follows: 

F'iixi, yi), • • • , (xp, yp), bx, . . . , bq) 

= G{A{yxi{xx,yi,bx),---,yipixp,yp,bx)), (7.22) 

. . . , A{yqx{xx,yx, bq),..., yqp{xp, yp, bq))). 

Instead of considering the constrained optimization problem (7.21), we now 
consider the following unconstrained problem of optimal location: 

maximize the value of y defined by (7.22) over R^. (7.23) 



As a problem of unconstrained optimization, (7.23) can be numerically 
more easily tractable than the original problem (7.21). Notice also that prob- 
lem (7.23) has only 2p variables, whereas problem (7.21) has 2p-kpq variables. 
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We illustrate the above approach in the following two numerical examples. 

Example 7.41 Consider the location problem with three consumers and one 
supplier given by (ui,ui) = (0, 1), (u2, ^2) = (0,2), (us/vs) = (3,0), 61 = 
10, 62 = 20, 63 = 30. 

First, let us deal with the classical problem (7.21) with a j = 1, z = 1, 2, 3, 
I3 = 2. Then the problem becomes that of minimizing: 

f{x,y,Zi,Z2,Z3) 

= Zi(x^ + (1 - 2 /) 2 ) 1/2 + ^ 2 (a :2 + (2 - J/)2)l/2 + z^((x - 3)2 + z/2)1/2^ 

subject to zi > 10, Z 2 > 20, Z 3 > 30, and (x, y) G R^. 

The optimal location of the supplier has been found to be 

(x^, y^, zf , z^, zf ) = (3, 0, 10, 20, 30), 

with the minimum cost f{x^, y^, zp, zp, zp) = 103.73. 

Applying the alternative approach, we assume that the individual satisfac- 
tion of consumer i, located at Cj = (ui, Vi) with location of the supplier at 
(x, y) and with demand bi, is given by the following membership (satisfaction) 
function: 

^*(^’ 1 + bi{{x - tii)^ + {y- ' 

We shall investigate the problem with two different aggregation operators, par- 
ticularly, f-norms. 

If we consider the minimum t-norm, i.e., 

G{u, v) = Tm{u, v) = min{n, v}, 

then, for 

/zi(x,y,10) - i + io(a:2 + (y-l) 2)i/2’ 

fi 2 {x,y, 20 ) - i^ 20(x2-|-(y-2)2)V2’ 

/Z3(x,y,30) = i + 30((x-3)2 + y2)i/2’ 
we solve the maximum satisfaction problem: Maximize 

m(2;,y, 10,20,30) = min{/zi(x,y, 10),/i2(a:,y,20),)U3(x,y,30)} 
subject to (x, y) G R^. 

The optimal location of the supplier has been found to be 

(x^,y^) = (1.8,0.8) 
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0.8, 10, 20, 30) = 0.023, 

see Figure 7.4. 




0 



Figure 7.4. 

Comparing with the optimal solution of the classical problem, we obtain the 
membership function value 

1 y^, 10, 20, 30) = 0.013. 

On the other hand, the cost is f{x^, , 10, 20, 30) = 104.64. 

Now, as an aggregation operator we consider the product f-norm, i.e., 

G(u, v) = Tp{u, v) = u-v. 

We solve the maximum satisfaction problem: Maximize 

y, 10, 20, 30) = Ml (x, y, 10) • H 2 {x, y, 20) • /j,z{x, y, 30), 

subject to (x,y) G R^. 

The optimal location of the supplier has been found to be {x^, y^) = (0, 1) 
with the optimal membership function value pi p(0, 1, 10, 20, 30) = 0.0005, 
see Figure 7.5. Moreover, we get 

Hp{x^, y^, 10, 20, 30) = 0.0004 



184 



GENERAUZED CONCAVITY 




0 



Figure 7.5. 



and 

10, 20, 30) = 0.00002. 

The cost of this solution is / (x^ ,y^, 10,20,30) = 114.87. The obtained 
results are summarized in the following table. 





X 


y 


f 






1. 


3.0 


0.0 


103.7 


0.01 


0.00041 


2. 


1.8 


0.8 


104.6 


0.02 


0.00002 


3. 


0.0 


1.0 


114.9 


0.01 


0.00050 



In the above table we can see differences between the results of the individ- 
ual approaches. In Row 1., the results of solving the classical problem (7.21) 
are displayed. In Row 2., the solution of maximum satisfaction problem with 
the aggregation operators being minimum t-norm and maximum f-conorm is 
presented. In Row 3., the results of the same problem with the aggregation 
operators being product f-norm and f-conorm are given. Depending both on 
input information and decision-making requirements, various locations of the 
supplier may be optimal. □ 



Example 7.42 Consider the same problem as in Example 7.41 with but now 
with two suppliers to be optimally located. 



Fuzzy Multi-Criteria Decision Making 



185 



Again, we begin with the classical problem (7.21) with a j = l,i — 1, 2, 3, 
/3 = 2. Then the problem to solve is to minimize the cost function 

X2, V2, Zn, Zl2, Z21, 222 , - 231 ,- 232 ) 

= 2:11(3;? + (l-yi)2)^/2 + 2i2(a:| + (1-1/2)^)^/^ (7 24) 

+221 (x? + (2 - J/i)2)V2 + Z 22 {xl + (2 - y2)2)'/2 
+2:3i((3:i - 3)2 + 2/i)^/2 + 232((x2 - 3)^ + 



subject to 



•211 + Z 12 > 10, 221 + 222 ^ 20, 231 + 232 > 30, 

Zij ^ 0, (xj, y^) G R.^, i = 1, 2, 3, j = 1, 2. 

The optimal solution, i.e., the locations of the facilities and shipment 
amounts, have been found to be 

, y?, 3 ;^, y^, 2 i2, Z2\, Z 22 , z^i, — (0, 2, 3, 0, 10, 0, 20, 0, 0, 30), 
whereas the minimum cost is 



/(0, 2, 3, 0, 10, 0, 20, 0, 0, 30) = 10. 



Applying our approach, the individual satisfaction of consumer i G / lo- 
cated at (ui, Vi) with location of the facility at (xj,yj), j £ J = {1, 2}, and 
with demand is given by the membership (satisfaction) function 



/Xy {xj , yj , i>j) 



1 

1 -1- bi{{Xj - Ui)2 -f {yj - Vj)2)V2 



(7.25) 



We investigate the problem again with two different aggregation operators, 
particularly, ^-norms and i-conorms. 

First, the aggregation operator Sm = max is used for aggregating the sup- 
pliers, Tm = min is used for combining consumers. According to (7.23) we 
solve the optimization problem: Maximize 



fJ'Mi{xi,yi), (X2, y2), 10, 20,30) = min 



max{/xi)(xj,yj,10)} 

jeJ 

max{/X2j(xj,yj,20)} I 
jEJ ’ 

max{jU3j(xj,yj,30)} 



subject to (xi, yi, X2, y 2 ) e R^. 

The optimal locations of the facilities has been computed as 

yf^, y¥) = (3, 0, 0, 5/3) 
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with the optimal membership value 

/xm((3, 0), (0, 5/3), 10, 20, 30) = 0.130. 

Notice that membership functions (7.25) are all Tjvf -quasiconcave on and, 

by Proposition 7.33, /xm is also TM-quasiconcave on R^. 

Second, the operator 5p(u, v) = u + v — u-vis used for aggregating the 
suppliers, Tp{u,v) = u-v is used for combining consumers. Again, by (7.23) 
we solve the maximum satisfaction problem: Maximize 

Hp{{xi,yi), (x 2 , 2 / 2 ), h, 62 , 63 ) 

= + /^2(a;2,2/2,^>i) - ■ fj.i2{x2,y2,bi)), 

subject to (xi, 2 / 1 , X 2 , 2 / 2 ) e 

The optimal locations of the facilities have been found as 
(xf , 2/f , xf , y^) = (3, 0, 0, 2) 
with the optimal membership value 

Aip((3, 0), (0, 2), 10, 20, 30) = 0.119, 

being the same as the optimal solution of classical problem (7.24). The results 
are summarized in the following table. 





Xi 


yi 


X2 


2/2 


/ 




tip 


1. 


3.0 


0.0 


0.0 


2.0 


10.0 


0.090 


0.119 


2. 


3.0 


0.0 


0.0 


1.67 


13.3 


0.130 


0.022 


3. 


3.0 


0.0 


0.0 


2.0 


10.0 


0.090 


0.119 



In the above table we can see the differences between the results of the 
individual problems. Solving classical problem we obtain the same results 
as in the maximum satisfaction problem with the aggregation operators be- 
ing the product f-norm Tp and t-conorm Sp. Notice again, that membership 
functions (7.25) are Tp -quasiconcave on R^ and by Proposition 7.33 pip is 
Tp-quasiconcave on R"^. □ 

9. Application in Engineering Design 

Innovative product development requires high quality and resource-efficient 
engineering design. Traditionally, it is common for engineers to evaluate 
promising design alternatives one by one. Such an approach does not consider 
the nature of imprecision of the design process and leads to expensive design 
computations. At the stage where technical solution concepts are being gener- 
ated, the description of a design is largely vague or imprecise. The need for a 
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methodology to represent and manipulate imprecision is greatest in the early, 
preliminary phases of engineering design, where the designer is most unsure 
of the final dimensions and shapes, material and properties and performance of 
the completed design, see [2]. 

Because design imprecision concerns the choice of design variable values 
used to describe an product or process, the designer’s preference is used to 
quantify the imprecision with which design variables are known. Preferences, 
modeled here by quasiconcave membership functions, denote either subjective 
or objective information that may be quantified and included in the evaluation 
of design alternatives. 

Each design variable is characterized by the membership function 
-^[0,1], ie I = {l,2,...,n}, 

where the value Hi{xi) of the membership function specifies the design pref- 
erence of the design parameter Xi\ its nature is possibly multi-dimensional, n 
is the number of variables. This preference function, which may arise objec- 
tively (e.g., cost of the parameter), or subjectively (e.g., from experience), is 
used to quantify the imprecision associated with the design variable. Thus the 
designer’s experience and judgment are incorporated into the design evalua- 
tions. In practice, the design variables-preferences are divided into two groups: 
individual design preferences {D = {1,2,..., m}) and individual customers 
preferences - functional requirements (P = {m -1- 1 , ... , n}). 

In order to evaluate a design, the various individual preferences must be 
combined or aggregated to give a single, overall measure. This aggregation, in 
practice, occurs in two stages, see [2]. 

First, the individual design preferences fii,i € D, are aggregated into the 
combined design preference by an aggregation operator : [0, 1]’” — ^ 
[0, 1], and the customer individual preferences fii, i £ P, are aggregated by 
an aggregation operator Ap : [0,1]”“"^ [0, 1] into the combined design 

preference fxp, that is, 

/^jD (^1 ) • • • ) ^m) “ Aj) 5 • • • 7 (^1 7 • * * ) 

— Ap)(^fri(xi) , . . . , jJirn{p^rn)^f 



and 



frpi^Xjn^l, . . .,Xn) — Ap(^IJiTrn-\-li • • • 1 • • • 1 ^n) 

— Ap{fifn.-{-liXm-\-l)i • • • j F’niA'n))- 

Then we combine them by an aggregation operator .4© to obtain an overall 
preference /io from the following formula: 

!io = Ao{hd,IJ'p) 

= Ao (A d { ni,...,Hm),Ap (/im-t-l 7 • • • 7 A^n)) • 
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In Definition 5.1 it is required that each aggregation operator A is monotone 
and satisfies the boundary conditions A(0, 0, . . . , 0) = 0, and A{\, 1, . . . , 1) = 
1. In engineering design it is often required that aggregation operators are 
continuous and idempotent. The last condition restricts the class of feasible 
aggregation operators to the operators between the t-norm Tm and t-conorm 

Sm. 

For some preferences of the system of engineering design, for example, 
where the failure of one component results in the failure of the whole system, 
the non-compensating aggregation operators such as minimum T m should be 
applied. On the other hand, a better performance of some component can 
compensate some worse performance of another component. In other words, 
a lower membership value of some design variable can be compensated by a 
higher value of some other variable. Such preferences can be aggregated by 
compensative aggregation operators, e.g., averaging operators, see Chapter 5. 
Notice that by Definition 5.2, the t-norm Ta/ is considered also as a compen- 
sative operator, however in some other sense. 

The problem of engineering design is to find an optimal configuration of the 
design parameters, i.e., to maximize 

Ao{Ad{iJ'i{xi), . . . , -^pilhn+1 • • • > /^n(^n)))- 

We illustrate this approach on a simple example. 

Example 7.43 (Car design) Consider 4 design variables, two of them are 
individual preferences: 

■ fxi- maximal speed. 



■ /X 2 - time to reach lOOkm/hour, 



defined as follows, see Figure 7.6 and Figure 7.7: 



Hi{x) 

A‘2(y) 



H-0.25(160-x) 

1 



if 0 < X < 160, 
if X > 160. 



1 if0<2/<7, 

l+0.3\j/-7) 



We consider compensative aggregation operator - Product t-norm T p: 



(J'D{x,y) = Aoimix), H2{y)) = Tp(/ii(x),/i2(y)), 



particularly. 



IJ'D{x,y) 



( 1 1 
1+0.25(160-1) ■ l+0.3(j;-7) 
1 

< l+0.25(160-x) 

1 

l+0.3(s/-7) 

u 



if 0 < X < 160 and y >7, 
if 0 < y < 7, 
if X > 160, 

if X > 160 and 0 <y <7, 
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see Figure 7.8. Notice, that //£> is a monotone-starshaped function which is not 
quasiconcave on R+. 

Remaining two design variables are customer preferences: 

■ )U 3 - price of the car in $ 1000, 

■ )U 4 - fuel consumption in liter/100 km. 

They are defined as follows: 

= I ^ ■ 1 

t l+0.2(u-8) 



if0<tt<8, 
if u > 8. 
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Figure 7.8. 



in{v) 



t l+0.1(t;-4) 



if 0 < u < 4, 
if V > 4. 



Moreover, technological and economical functional dependencies are given by 
the following (regression) model: 



X < 

u = 

V = 



" + 120 . 
y 

175 

0.03x-0.3y+ , 

y 

0.05x — — — 2.5. 

y 



For an aggregation operator >lp we apply a compensative operator, namely, 
geometric average G defined in (5.6), i.e.. 



np{u,v) = Ap{fJ,3{u), IJ,4{v)) = G{nz{u), fi4(v))- 
Finally, /X£» and /ip are combined by the aggregation operator 



= Tm, 



to obtain the overall aggregation: 



/io(x, y, u, v) = Tm{ij.d{x, y), /ip(u, v)). 
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The optimal configuration of the parameters has been found by Conjugate 
Gradient optimization method as follows: 

x* = 159.8, y* = 10.1, u* = 19.2, v* = 6.5, A*o = 0.497. 



□ 




Chapter 8 

FUZZY MATHEMATICAL PROGRAMMING 



1. Introduction 

Mathematical programming problems (MP) can be considered as decision 
making problems in which preferences between alternatives are described by 
means of objective functions on a given set of alternatives in such a way that 
more preferable alternatives have higher values. The values of the objective 
function describe effects from choices of the alternatives. In economic prob- 
lems, for example, these values may reflect profits obtained when using var- 
ious means of production. The set of feasible alternatives in MP problems 
is described implicitly by means of constraints - equations or inequalities, or 
both - representing relevant relationships between alternatives. In any case 
the results of the analysis using given formulation of the MP problem depend 
largely upon how adequately various factors of the real system are reflected in 
the description of the objective function(s) and of the constraints. 

Descriptions of the objective function and of the constraints in a MP prob- 
lem usually include some parameters. For example, in problems of resources 
allocation such parameters may represent economic parameters like costs of 
various types of production, labor costs requirements, shipment costs, etc. The 
nature of these parameters depends, of course, on the detailization accepted for 
the model representation, and their values are considered as data that should 
be exogenously used for the analysis. 

Clearly, the values of such parameters depend on multiple factors not in- 
cluded into the formulation of the problem. Trying to make the model more 
representative, we often include the corresponding complex relations into it, 
causing that the model becomes more cumbersome and analytically unsolv- 
able. Moreover, it can happen that such attempts to increase ’’the precision” of 
the model will be of no practical value due to the impossibility of measuring 
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the parameters accurately. On the other hand, the model with some fixed val- 
ues of its parameters may be too crude, since these values are often chosen in 
a quite arbitrary way. 

An intermediate approach is based on introduction into the model the means 
of a more adequate representation of experts understanding of the nature of the 
parameters in the form of fuzzy sets of their possible values. The resultant 
model, although not taking into account many details of the real system in 
question, could be a more adequate representation of the reality than that with 
more or less arbitrarily fixed values of the parameters. In this way we ob- 
tain a new type of MP problems containing fuzzy parameters. Treating such 
problems requires the application of fuzzy-set-theoretic tools in a logically 
consistent manner. Such treatment forms the essence of fuzzy mathematical 
programming (FMP) investigated in this chapter. 

FMP and related problems have been extensively analyzed and many pa- 
pers have been published displaying a variety of formulations and approaches. 
Most approaches to FMP problems are based on the straightforward use of the 
intersection of fuzzy sets representing goals and constraints and on the subse- 
quent maximization of the resultant membership function. This approach has 
been mentioned by Bellman and Zadeh already in their paper [11] published 
in the early seventies. Later on many papers have been devoted to the problem 
of mathematical programming with fuzzy parameters, known under different 
names, mostly as fiizzy mathematical programming, but sometimes as possi- 
bilistic programming, flexible programming, vague programming, inexact pro- 
gramming, etc. For an extensive bibliography, see the overview paper [45]. 

Here we present a general approach based on a systematic extension of the 
traditional formulation of the MP problem. This approach is based on previous 
works of the authors of this book, see [84]- [99], and also on the works of many 
other authors, e.g., [17], [18], [20], [26], [42] - [44], [46], [47], [60], [61], [62], 
[63], [64], [77], [78], [108], [109], [111], [133], [138]. 

FMP is one of many possible approaches how to treat uncertainty in MP 
problems. Much research has been devoted to similarities and dissimilarities 
of FMP and stochastic programming (SP), see, e.g., [116] and [117]. In Chap- 
ters 8 and 9 we demonstrate that FMP (in particular, fuzzy linear programming) 
essentially differs from SP; FMP has its own structure and tools for investigat- 
ing broad classes of optimization problems. 

FMP is also different from parametric programming (PP). Problems of 
PP are in essence deterministic optimization problems with special variables 
called the parameters. The main interest in PP is focused on finding relation- 
ships between the values of parameters and optimal solutions of MP problem. 

In FMP some methods and approaches motivated by SP and PP are utilized, 
see e.g. [18], [1 1 1]. In this book, however, algorithms and solution procedures 
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for MP problems are not studied, they can be found elsewhere, see e.g. the 
overview paper [109]. 

2. Modelling Reality by Fuzzy Mathematical 
Programming 

An alternative approach to classical MP is based on introduction into the 
model the means of some more adequate representation of the parameters in 
the form of fuzzy sets. By applying FMP to real problems, one obtains a 
mathematical model which, aldiough not taking into account many details of 
the real system in question, could be a more adequate representation of the 
reality than that with more or less arbitrarily chosen values of its parameters. 
In this way we obtain a new type of MP problems containing fuzzy parameters. 

As mentioned in [109], the use of FMP models does not only avoid unreal- 
istic modeling, but also offers a chance for reducing information costs. Then, 
in the first step of the interactive solution process, the fuzzy system is modeled 
by using only the information which the decision maker can provide without 
any expensive acquisition so as to obtain an initial compromise solution. Then 
the decision maker can perceive which further information would be required 
and is able to justify additional information costs. 

An appropriate treatment of such problems requires proper application of 
special tools in a logically consistent maimer. An important role in this treat- 
ment is played by generalized concave membership functions. Such approach 
forms the essence of FMP investigated in this chapter. The following treat- 
ment is based on the substance already investigated in Chapters 2, 3, 4, 5 and, 
particularly. Chapter 6. 

First we formulate a FMP problem associated with a collection of instances 
of the classical MP problem. After that we define a feasible solution of FMP 
problem and optimal solution of FMP problem as special fuzzy sets. From 
practical point of view, a-cuts of these fuzzy sets are important. The main 
result of this chapter says that the class of all MP problems can be naturally 
embedded into the class of FMP problems. 

3. Mathematical Programming Problems with Parameters 

In the last section of Chapter 3, we consider optimization problems of the 
form: 

maximize f{x) 
subject to X E X 

where / is a real-valued function on R” and X is a subset of R" given by 
means of real-valued functions , ^ 2 , . . . , 9m on R” as the set of all solutions 
of the system 

9i(x) > 0, i = l,2, ...,m. 
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Recall that / is called the objective function, gi are called the constraint func- 
tions, the elements of X are called feasible solutions, and the global maximiz- 
ers of / over X are called optimal solutions. 

In this section, we assume that the set of feasible solutions is given as the 
set of all solutions of the system 

Qi{x) = bi, i = 1,2, 

gi{x) < bi, i = mi + l,mi -f2, ...,7712, 

9i{x) > bi, i = 1712 + l,m 2 + 2,. . .,m, 

where mi, m 2 and m are integers such that 0 < mi < m 2 < m, and bi are real 
numbers. To simplify the notation we introduce the sets 1 = {1, 2, . . .,mi}, 
M 2 = {mi -t- 1, mi -I- 2, ... , m 2 }, Mz = {m 2 -f 1, m 2 -I- 2, . . . , m} and 
M = Ml U M 2 U Mz\ if mi =0 then Mi = 0, if mi = m 2 then M 2 — 0, 
and if m 2 = m then Mz = 0. 

For example, if / and all Qi are linear functions on R” given by 

f{x) = CiXi -I- C 2 X 2 -i 1- CnXn 

9i{x) = CLiiXi + a,i2X2 -|- • • • -h OinXm * € Af , 

then we have the linear programming problem. If, in addition, mi = 0, m = 
m 2 -h 77, hi = 0 for alH G Mz, and 

_fl 

ifj^z, 

for all i,j € Mz, then we obtain the linear programming in the standard 
inequality form 

minimize cixi -t- C 2 X 2 H h CnXn 

subject to Oiixi -h Oi 2 X 2 H b Oi„Xn < hi, i G M 2 , (8.1) 

Xi > 0, X2 > 0, . . . , Xn > 0. 

Notice that for given mi, m 2 , m, every instance of problem (8.1) is specified 
by vectors c = (ci, C 2 , . . . , c„), Ci = {an, Oi 2 , . . . , ai„), i G M 2 , from R" 
and real numbers bi, i G M 2 - In practice, one often needs to solve or analyze 
not just one instance, but several related instances. In such a situation, certain 
subsets C and Pi, i G M 2 , of R", and certain subsets Bi of R are given 
that specify a set of problem instances by allowing c, a i and bi to be arbitrary 
elements of the sets C, Pi and Bi, respectively. 

More generally, let C and Pi, i G M, be arbitrary sets and let Bi, i G M, 
be subsets of R. Furthermore let / and gn i G M, be real-valued functions 
defined on R” x C and R" x Pi, i G XI, respectively. Under the MP problem 
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with parameters we understand the collection of instances of the problem 



maximize f{x] c) 

subject to gi{x; Oj) = 6j, ie Mi, 
9i{x-, ai) <bi, ie M2, 
9i{x-,ai)>bi, ieMs, 



( 8 . 2 ) 



obtained by all possible choices of c € C; a* e Pj, i € M; bi G Bi, i G 
M. Notice that each instance is a MP problem in R” with objective function 
/(•; c) and constraints given by function 5 i(-; Uj) and numbers bi, i G M. The 
elements of C, Pj and Bi,iG M, will be called parameters but this should 
not be confused with the terminology of parametric programming. 

On the one hand, in parametric programming, one also considers a set of re- 
lated instances but the approach to that set of instances differs from the fuzzy 
approach described and applied in the next two chapters. For simplicity, con- 
sider the set of instances of linear programming problem (8.1) given as follows. 
All Cj and bi are fixed and the coefficients of the objective function are affine 
functions of the same real variable t given by 

Ci(f) = ait + ^i, C2{t) = a2t + 132,..., C„(f) = ant + I3n, 



where t varies over a given interval [fo, fi] of real numbers. The variable t is 
then called a parameter with values in [fo, fi], and the main issue is to study 
how the optimal value and optimal solution depends on changes in values of 
the parameter. 

On the other hand, in the fuzzy approach considered in the next two chap- 
ters, a single fuzzy optimization problem is associated with the MP problem 
with parameters given by (8.2). 



4. Formulation of Fuzzy Mathematical Programming 
Problems 

It seems that using the notation and concepts introduced in Chapter 6, we 
can associate with the MP problem with parameters given by (8.2) the fuzzy 
mathematical programming problem of the form 

maximize f(x; c) 

^ - - (8.3) 

subject to gi{x-,ai)Ribi, i G M. 

However, it is not clear what do we mean by this problem. Let us clarify it. 

Recall that the problem (8.2) represents a set of instances of an optimization 
problem in R" which is given by sets of parameters C, Pj, J5j and functions 
/ ; R'^ X C — > R, Pi : R” x > R. For simplicity, we assume that all sets 
Bi,i G M, are equal to R. The guiding idea of our approach is to associate 
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with this set of instances just one fuzzy optimization problem of the form (8.3). 
For this purpose, we assume that: 

■ c is a fuzzy subset of C with membership function /ig : C [0, 1]; 

■ fii is a fuzzy subset of Pi with membership function : Pj [0, 1], 
i e M; 

■ is a fiizzy quantity with membership function ; R — »• [0, 1], i € M.', 

■ Ri is a fuzzy relation with membership function : .F(R) .?^(R), 

i € M, given by 

= sup{r(/i/ij(u,t;),r(/Uj,(j;;5^)(u),/ig.(t;))) | G R} 

= sup{r(/x^.(^.5.)(u),/xg.(u)) I uRiV}] 

(8.4) 



■ / (a;; c) is the value of the fuzzy extension of /(x; •) at c given by 



A^/(x;c) 




sup{^c(c) I C G C, /(x; c) = 
0 



0 



iff ^(x;f)7^0, 

otherwise, 

(8.5) 



■ 5 i(x; 5i) is the value of the fuzzy extension of gi{x; •) at Oj given by 

Un i-r-n ^(t) = l sup{/ia* (o) | 0 G Pi, 0i(x; a) = t} if p“^x; t) / 0, 

Otherwise. 

Having clarified the meaning of individual terms appearing in (8.3), we must 
also clarify the meaning of the words "maximize" and "subject to", because it 
is not clear what do we mean by maximization of fuzzy set /(x; c) and by 
satisfaction of constraints pi(x, a,i)Ribi. We need to define some counterparts 
of the concepts of feasible solutions and optimal solutions of MP problems. 

The counterpart of the feasibility is described in detail in the next section. 
Regarding the optimality, we have to cope with the fact that there is no suffi- 
ciently universal and natural linear ordering of the set of fiizzy values /(x; c). 
Thus we have to define a suitable ordering on the family /(x; c), x G R” 
of fiizzy sets that allows for some reasonable "maximization". This will be 
done later in this chapter by means of an exogenously given fuzzy quantity bo, 
called the fuzzy goal, and an additional fuzzy relation Rq. The fuzzy objec- 
tive is then treated as another constraint /(x; c)Robo, and the maximization of 
the objective fynction means finding a maximizer of the membership function 
ljL^{f{x;c), bo). This approach is frequently used in the literature, see the 
overview paper [107]. For alternative approaches, see [25],[30],[82]. 
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5. Feasible Solutions of FMP Problems 

The fuzzy relation Ri is considered to be an extension of either the usual 
equality relation ”=” or one of the inequality relations ”<” and see Exam- 

ples 6.54, 6.55 and 6.56 in Chapter 6. Numerous authors, however, pointed out 
some disadvantages of T-fuzzy extensions of equality and inequality relations. 
Therefore, a number of special fuzzy relations for comparing left and right 
sides of constraints (8.3) have been proposed; see e.g. [26], [43], [60], [61], 
[62], [63], [64], [77], [78], [84], [97] or [109]. We shall use some extensions 
of the usual equality and inequality relations in the constraints of FMP (8.3), 
however, not necessarily T-fuzzy extensions. In the following definition, for 
the sake of generality of the presentation, we consider Ri as fuzzy relations. 

In the following definition, for each i € A4, dj is a fuzzy subset of a given set 
Pi of parameters, hi is a fuzzy quantity, and gi is real-valued function defined 
on X Pj 

Definition 8.1 Let Ri, i € A4, be fuzzy relations with the membership 
functions : .F(R) x .T^(R) — > [0, 1], and let A be an aggregation operator. 

The fuzzy subset X of HP whose membership function p is defined by 



Px(x) = A{p^^{gi{x-,di),bi), . . . , p^{gm{x-,am),bm)) (8.6) 

is called the feasible solution of the FMP problem (8.3). For a G (0, 1], the 
elements of the a-cut are called a-feasible solutions of (8.3), and a point x 
such that pj^{x) = Hgt(X) is called a max-feasible solution o/(S.i). 

Notice that the feasible solution of a FMP problem is a fuzzy subset of R”. 
For X € R" the interpretation oi pj^ (a;) depends on the interpretation of un- 
certain parameters of the FMP problem. For instance, within the framework of 
possibility theory, the membership functions of the parameters are explained as 
possibility degrees and p (x) denotes the possibility of the event that x € R ” 
belongs to the feasible solution of the FMP problem. Some other interpreta- 
tions have been also applied, see e.g. [20], [42] or [109]. 

On the other hand, each a-feasible solution is a point belonging to the a-cut 
of the feasible solution X and the same holds for the max-feasible solution, 
which is a special a-feasible solution with a = Hgt( X). If a decision maker 
specifies the degree of feasibility a G [0, 1] (the degree of possibility, satisfac- 
tion etc.), then a vector x G R” with Px(x) > a is an a-feasible solution of 
the respective FMP problem. 

Considering the zth constraint of problem (8.3), for given x, dj and fej, the 
value p^,{gi{x] dj), bi) from interval [0, 1] can be interpreted as the degree of 
satisfaction of this constraint. 
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For i e M, we use the following notation: by Xi we denote the fuzzy set 
given by the membership function // , which is defined for all a; € R” as 

di), hi). (8.7) 

The fuzzy set X{ is interpreted as the ith fuzzy constraint. All fuzzy con- 
straints are aggregated into the feasible solution (8.6) by the aggregation oper- 
ator A. 

6. Properties of Feasible Solution 

In this section we suppose that T is a t-norm, A is an aggregation operator, 
Pj are sets of parameters, Ri are fuzzy relations, i E Ai. Below, in The- 
orem 8.2, the fuzzy relations Ri are supposed to be fuzzy extensions of the 
usual binary relations on R, but in other theorems and propositions which will 
foUow, we_ suppose that a stronger requirement is satisfied. Namely, we sup- 
pose that Ri are T-fiizzy extensions of relations Ri- For the sake of simplicity, 
we denote the relations only by the symbol Ri and not by ^^(i?j) as it was 
originally introduced in Definition 6.26. Other fuzzy extensions of the usual 
binary relations on R, defined earlier in Definition 6.26, will not be treated in 
this chapter. However, we shall use them again in Chapter 9. 

Investigating the concept of the feasible solution (8.6) of the FMP prob- 
lem (8.3), we first show that in the case of crisp parameters Oj and bi, the 
feasible solution is also crisp. 

Theorem 8.2 Let Oi and hi in (8.3) be crisp parameters given by ai E 
and bi E R., i E Ai. For i E Ai, let Ribe a fuzzy extension of relation Ri, 
where Ri stands for = or < or >, depending on whether i E Ai \ or i E Ai^ 
ori E Aiz, respectively. Furthermore, let A be a t-norm. 

Then the feasible solution X is a crisp set that coincides with the set X 
of feasible solutions of the instance of MP problem (8.2) given by a i and bi, 
i E Ai. 

Proof. We wish to show that 

Px(x) = xx (x) for each x G R". 

Observe first that by extension principle (6.15) we obtain 

Pgi{x-,ai) = Xgdxm) fOT&lliEAi. 

Next, for alH e AI, we obtain by (6.23) 

= 1 - 



( 8 . 8 ) 
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Notice that X = {x e R” | gi{x-,ai)Ribi, i e M}, where we write 
Qi{x; ai)Ribi instead of (8.8). Applying the t-norni A on (8.8), we obtain 

lixix) = {gi{x; Oi), 6i), . . . , n^{gm{x] am), bm)) = Xx{x), 

which is the desired result. ■ 

Recall that, for two fuzzy subsets d', d" G J^(R"), o' C o" if and only if 
A^a'(^) ^ Fa"{^) for all X G R”, see Proposition 6.6. The following theorem 
shows some monotonicity of the feasible solution depending on the parameters 
of the FMP problem. In Theorem 8.2, we assumed that ^ have been fuzzy 
extensions of the usual binary relations ”=”, ”<” and ”>”. Here, we allow Ri 
to be fuzzy extensions of more general valued relations. 

Theorem 8.3 Let gi be real-valued functions^ : R" x P* R, where 
Pj are sets of parameters. Let d[, b[, and d", b" be two collections of fuzzy 
parameters of the FMP problem. Let T be a t-norm, let Ri = '^^{Ri) be T- 
fuzzy extensions of valued relations Ri onR, i E A4, and A be an aggregation 
operator 

If X' is the feasible solution of the FMP problem with the collection of 
parameters d[, b'^, and X" is the feasible solution of the FMP problem with the 
collection of parameters d'(, 6" such that for alii G M. 

a' C d'l and b'i C b'l, 



then 

X' C X". 

Proof. In order to prove X' C X", we first show that pj(x; d^) C gi{x] a”) 
for aU i € M.. 

Indeed, by ( 6 . 15 ), for each u gR and i G M, 

Pgi{x-,d'i)i'^) = max{0, swp{pa>^{a) 1 a e Pi, gi{x\ a) = «}} 

< max{0, sup{/xa"(a) | a € Pi, gi{x; a) = u}} 

= F-gdx-ADiu)- 

Now, since b^ C 5 ", it follows from the monotonicity of T-fuzzy extension 
.^ofRithat//^(^i(x;d'j),6Q < /i^.(5i(x;a"),6f). Then, applying mono- 
tonicity of A in (8.6), we obtain X' C X". ■ 

Corollary 8.4 Let di, bi be a collection of fuzzy parameters, and let a i G 
Pi and bi gR be a collection of crisp parameters such that for alii G M 

PdMi) = Pi.{bi) = 1 . 
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If the set X of all feasible solutions ofMP problem (8.2) with the parameters 
Oi and bi is nonempty, and X is a feasible solution ofFMP problem (8.3) with 
fuzzy parameters di and bi, then for allx £ X 

Pj^[x) = 1. (8.9) 



Proof. Observe that aj c di, bi c bi for alH € Then by Theorem 8.3 
we obtain X C X, which is nothing else than (8.9). ■ 

Corollary 8.4 says that if we ’’fuzzify” the parameters of the original crisp 
MP problem, then the feasible solution of the new FMP problem ’’fuzzifies” 
the original set of all feasible solutions such that the membership degree of 
any feasible solution of the MP problem is equal to 1. 

So far, the parameters di of the constraint functions gi have been specified 
as fuzzy subsets of arbitrary sets Pi, i € M. From now on, the space of 
parameters is supposed to be the fc-dimensional Euclidean vector space R*^, 
i.e.. Pi = R*“ for all i 6 M, where k is a positive integer. Particularly, 
Pai ■ R^ — [0, 1] and : R ^ [0, 1] are the membership functions of fuzzy 

parameters di and bi. We shall also require compactness of fuzzy parameters 
di and bi and closedness of the valued relations Ri. For the rest of this section, 
we suppose that A and T are the minimum t-norms, i.e., A — T = Tm- As 
a result, we obtain some formulae for a-feasible solutions of FMP problem 
based on a-cuts of the parameters. Remember that fiizzy parameters di and bi 
are compact if [di]a and [Sj]a are compact for all a G (0, 1]. 

Theorem 8.5 Let pi be continuous functions, pi : R” x R*^ — > R. Let di 
and bi be compact fuzzy subsets o/R*^ and R, respectively. Let (Ri), 

i.e., Ri be T-fuzzy extensions of closed valued relations RiOnP.,i £ M.. Then 
for all a £ (0, 1] 

m 

[X]a = C\[Xi]a, (8.10) 

i-1 

and, moreover, for alii £ M. we have 

[Xi]a = {x G R" I PR.{piix; [di]a), [5i]a) > a}- (8.11) 



Proof. 1. Let a £ (0, 1], i £ M, x £ Then by (8.7) we have 

p^,{pi(x;di), hi) > a. (8.12) 

First, we prove that (8.12) is valid if and only if 



(8.13) 
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By Definition 8.1 we obtain 

H^{gi{x]h),bi) 

= sup{min{/iH,(tt, v),min{/ip,(^; 5 , )(?/), ^j.(n)}} \u,ve R}. 



As gi{x; di) and 6j are compact fuzzy sets and Ri is a closed valued relation, 
there exist u*, v* eR such that 

MR,(9i(x;ai),bi) = min{/^i^,(u^^;*),min{//j,(a..a,)(^i*),^j.(^;*)}} > a. 
Hence, 

9Ri(u*,v*) > a, iJ,gi{x-,ai){u*) > a, /ib.(v*) > a. ( 8 . 14 ) 

On the other hand, by definition 



= sup{min{/iii,(u,?;),min{xi|,(i;o,)]«N,X[6,]„(^^)}} | G R} 

= S\lp{nR^{u,v) I U e \gi{x]di)]a, V € [6i]a}. 

Therefore, by (8.14) we obtain 

9'Rii[9ii^'ib’i}]a: [^i]a) ^ a. 

The converse implication can be proved analogously. Hence, (8.12) is equiva- 
lent to (8.13). 

Now, by Proposition 6.46 and Theorem 6.50, it follows that 

^^(x, [u^jo:). (8.15) 

Substituting (8.15) into (8.13), we obtain 

9'Ri^9i^^'i [aila)) [^i]a) ^ a, 

which establishes the validity of (8.1 1). 

2. To prove (8.10), observe first that with A = min in (8.6), we have 

IJ-xix) = mm{g,^^{gi{x\di),bi), . . . , fi^^{grn{x-,drn),bTn)}- (8.16) 

Let X € [X]q, that is Hj^{x) > a. By (8.16) this is equivalent to 

9 ^{ 9 i{x'^b.i),bi) > a 

for alH € M. Using the arguments of the first part of the proof, the last 
inequality is equivalent to x € [Xjjo. for alH € Ad. In other words, x € 
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Theorem 8.5 has some important computational aspects. Assume that in 
a FMP problem, we can specify a possibility (satisfaction) level a 6 (0, 1] 
and determine the a-cuts [di]o, and [5 i]q of the fiizzy parameters. Then the 
formulae (8.10) and (8.1 1) will allow us to compute all a-feasible solutions of 
FMP problem without performing special computations of functions 

If the valued relations Ri are binary relations similar to those in Theo- 
rem 8.2, then the statement of Theorem 8.5 can be strengthened as follows. 

Theorem 8.6 Let §i be continuous functions, gi ; R” x R. Let 

a,i and hi be compact fuzzy subsets o/R*^ and R, respectively. For i C: M.i, 
let Ri = ^^(=), i.e., let Ri be a T-fuzzy extension of the equality relation 
; for i G Afa. ^ he a T-fuzzy extension of the inequality 

relation ; and for i E M 3 , let ^ = 'J'^(>) be a T-fuzzy extension of the 

inequality relation . 

Then for all a G (0, 1] 

m 

Wa = f]^Xi]a' 

1=1 

and, moreover, for alii E M we have 

[Aj]a ~ € R I ~ !}• 

Proof. 1. Let a e (0, 1], i e M, x e [Xi]a. Then by (8.4) and (8.7) we 
have 

Pp^f£i{x\di),hi) > ol. (8.17) 

We prove first that (8.17) is valid if and only if 

[^t]a) — !• (8.18) 

In order to apply Corollary 6.62, for each x E R” and each a E (0, 1], 
[pi(x; aj)]a should be compact. Indeed, this is true by Proposition 6.52. Then 
by Corollary 6.62, we obtain the equivalence between (8.17) and (8.18). More- 
over, by Proposition 6.46 and Theorem 6.50, we have 



ai)]a = 9 i{x\ Na)- (8.19) 

Substituting (8.19) into (8.18), we obtain (gj(x; [ai]a), [bila) = 1, as re- 
quired. 

To prove the remaining part, we can repeat the arguments of the correspond- 
ing part of the proof of Theorem 8.5. ■ 

Now, we shall see how the concept of generalized concavity introduced in 
Chapter 3 is utilized in the FMP problem. Particularly, we show that all a- 
feasible solutions (8.10), (8.11) are solutions of the system of inequalities on 
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condition that the membership functions of fuzzy parameters di and bi are 
upper-quasicoimected for alH € 

For given a G (0, 1], i G we introduce the following notation 



Gi{x-,a) 


= inf{5fi(a;;a) 1 a G [di]a}, 


(8.20) 


Gi{x;a) 


= sup{^i(x; a) 1 a G 


(8.21) 


ft* (a) 


= inf {6 G R 1 6 G [6i]a}> 


(8.22) 


6i(o:) 


= sup{6 G R 1 6 G [bi]a}- 


(8.23) 



Theorem 8.7 Let all assumptions of Theorem 8.6 be satisfied. Moreover, 
let the membership functions of fuzzy parameters d i and bi be upper-quasi- 
connected for all i E M. 

Then for all a G (0, 1], we have x G [X]a if and only if 

Gi(x-,a) < bi{a), i ^ Mx\J M2, 

Gi{x-,a) > b^{a), i E M\^ Mz, 

Proof. Let x G [X]q.. By Theorem 8.6, this is equivalent to 

for alH G jM = A1 1 U Mq U M3. Moreover, it follows from Proposition 6.46 
and Theorem 6.50 that 



Since the membership functions of fuzzy parameters dj and bi, i G M, are 
upper-quasiconnected, by Propositions 6.48 and 6.52, \gi{x-, ai)]^ is closed and 
convex, i.e., it is a closed interval in R. The rest of the proof follows from 
(8.20) - (8.23) and Theorem 8.3. ■ 

If we assume that the functions pi satisfy some convexity and concavity re- 
quirements, then we can prove that the membership function Px of the feasible 
solution X is quasiconcave, or in other words, that X is convex. 

Theorem 8.8 Let all assumptions of Theorem 8.6 be satisfied. Moreover, let 
Qi be quasiconvex on R" x for i G U M2, cmd pi be quasiconcave on 
R” X R*^ /or z G jMi U A^ 3 . 

Then for all i E M, Xi are convex and therefore the feasible solution X of 
FMP problem (8.3) is also convex. 

Proof, l. Let z G A4i U M2, a G (0, 1]. We show that [Xj]a is convex. 

Let xi,X2 G [Xi]a, A G (0, 1), put y = Aa;i -h (1 — X)x2. Since pi is 
quasiconvex on R” x R*^, then for all (xi, oi), {xz, 0,2) € R” x R^, we have 

5i(Aa:i-l-(l-A)a:2,Aai-l-(l-A)o2) < max{^j(xi,ai),5i(cc2,02)}- (8.24) 
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By (8.11) we get 

[Xi]a = {x e R” I n^{gi{x; [aj]a), [bi]a) = 1}. 

Hence, it remains only to show that 

"h (1 A)X2 j [^i]o:)i [(^i]a) (8.25) 



Apparently, from Proposition 6.52 and Corollary 6.53, it follows that 
gi{Xxi + (1 — A)x 2 ; [5i]a) is a compact interval in R. However, [6 i]q, is also a 
compact interval, therefore for x € R” 



[ai]a), Nq) = sup{min{xj,(x;[a<]a)(“)> U < v} 



_ fl if Gj(x;o!) < 6i(o:), 
( 0 otherwise. 



To prove (8.25), we have to show that for y = Axi + (1 — A)x 2 

Gi{y,a) < bi(a). 



(8.26) 

(8.27) 



Observe that [di]a is a convex and compact subset of R^. By continuity of 



gi, there exists aj e [di]a, y = 1, 2, such that 

Gj(xj; a) = gi(xj;aj). (8.28) 

Sincexi,X 2 G we get from (8.26) Gi(xj;a) <bi{a),j = 1,2, or 

max{Gi(xi; a), Gj(x 2 ; a)} < hi(a). (8.29) 

Then by (8.29) and (8.28) we immediately obtain 

max{yi(a;i;ai),yi(x 2 ;a 2 )} < 61 ( 0 ;). (8.30) 

Considering inequality (8.24), we get 

9i(y; Aoi + (1 - A)o 2 ) < max{yi(a;i; oi), gi{x 2 ', 02)}. (8.31) 

Apparently, as Aoi + (1 - A)o 2 € [ai]a, we get 

Gj(y; a) < gi{y, Aai + (1 - A)o2). (8.32) 

Then inequalities (8.30) - (8.32) give the required result (8.27). 



2. Let i G Af 1 U Ads, a G (0, 1]. Again, we show that [Aija is convex. Let 
xi , X 2 G [Xi]a» A G (0, 1), put y = Axi + (1 — A)x 2 . Since gi is quasiconcave 
on R'^ X R*', then for all (xi, oi), (x 2 , 02) G R" x R^. we have 

yi(Axi + (1 - A)x 2, Aai + (1 - A)a2) > min{yj(xi,ai),yi(x2,02)}. 
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[-^i]a S R I [®i]a); [^i]a) — !}• 

Hence, it remains to show that 

+ (1 - Na), Na) = 1- (8-33) 

From Proposition 6.52 and Corollary 6.53, gi{Xx\ + (1 — X)x 2 ', [di]a) is a 
compact interval in R. However, [6j]a is also a compact interval, therefore for 
X € R” 

[dj]a), Na) = SUp{min{Xg,(x;[ai]a)(“)> X[ 64 ]«(v)} I « > 

^ fl ifGj(a;;Q!) > 6j(a), 

\ 0 otherwise. 

To prove (8.33), we have to show that for y = Ao:i + (1 — X)X 2 

Gi{y,a)>biia). (8.34) 

The proof of (8.34) can be conducted in an analogous way to part 1. Observe 
first that [dj]o, is a convex and compact subset of R*^. By continuity of gi, there 
exists a' 6 [di]a, j = 1, 2, such that 

Gi {Xj ? gi ) * 

Since xi,X 2 € [Xj]a, we get from (8.26) 

Gi{xj-,a)>bi(a), j = 1,2, 

or 

min{Gi(a;i;a),Gi(a;2;a)} > 6j(a). 

Then by (8.29) and (8.29) we immediately obtain 

min{yi(2;i; ai), gi{x2; 02 )} > ki{a). (8.35) 

Considering inequality (8.24), we get 

9 i{y; Xai + (1 - A)c 2 ) > min{yj(a:i; ai),gi{x 2 -, 02 )}. (8.36) 

Since Aai + (1 — A)o 2 G [di]a» we have 

Giiy; a) > gi{y, Xai + (1 - A)u 2 )- (8.37) 

Then inequalities (8.35) - (8.37) give the required result (8.34). ■ 

The main results of this section are schematically summarized in Table 8.1. 
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Table 8.1. 



Const- 
raint 
functi- 
ons: gi 


Parame- 

ters: 

Qiiy bi 


Rela- 
tions: 
Rif Ri 


t-norm/ 
agr. op. 


Results: 


Theorem: 


— 


crisp 


<,>/ 

fuzzy 

exten- 

sion 


T/T 


li 

0 

II 


T8.2 


— 


a' C a", 
k C 6" 


valued 
relat./ 
T-f. ex- 
tens. 


T/A 


X' C X" 


T8.3 


conti- 

nuous 


com- 

pact 


valued 
relat./ 
T-f. ex- 
tens. 


min /min 


Wa = fxr=i[XiU 

[Xi]a = {X€ R" 1 
MR,(p«(a;;Na),Na) 
> a} 


T8.5 


conti- 

nuous 


com- 

pact 


< ,>/ 
T-f. ex- 
tens. 


min / min 


= nZiiXiU 
[Xi]a = {X € R_" 1 

l^Ri [Ut]a)) [6i]a) 

= 1} 


T8.6 


conti- 

nuous 


com- 

pact 

UQCN 


<,>/ 
T-f. ex- 
tens. 


min /min 


Si(x;a) < bi{a), 
i 6 Ml U M 2 , 
Gi{x;a) > frj(a), 
ieMiUMs 


T8.7 


conti- 

nuous 

QCV/ 

QCA 


com- 

pact 

UQCN 


<, >/ 
T-f. ex- 
tens. 


min / min 


[Xi]a- convex 


T8.8 



7. Optimal Solutions of the FMP Problem 

For convenience of the reader we first recall P^P problem (8.3). Let us 
consider an optimization problem associated with the MP problem (8.2), par- 
ticularly, let /, Qi, i € M, be functions, / : R” x C — > R, : R” x P| — > R, 
where C and Pj are sets of parameters. Let [0, 1], '■ Pi [0, 1] 

and //g. ; R [0, 1] be membership functions of fuzzy parameters c, dj and 

hi, respectively. Moreover, let Ri, i € {0} U M, be fuzzy relations with the 
corresponding membership functions : 7^(R) x 7^(R) — » [0, 1]. 

Moreover, we assume that an additional fuzzy quantity bo, called the fiizzy 
goal, is given with which the fuzzy values f{x,c) of the objective function are 
compared by means of a fuzzy relation Rq. Recall that both the fuzzy goal 
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and fuzzy relation are given exogenously, and cannot be derived from the 
data of problem (8.2). The fuzzy objective is then treated as another constraint 
f{x] c)R(jbQ, and the maximization of / (x\ c) means finding of a global maxi- 
mizer of the membership function c), bo) over R”. 

In this way we obtain the following formulation of the FMP problem as- 
sociated with MP problem (8.2): Given a fuzzy goal bo and a fuzzy relation 
.Ro> 



maximize f(x; c) 

subject to gi(x;di)Ribi, i E M. 



(8.38) 



Its exact meaning is given by the following modification of Definition 8.1, 
where we assume that the set C and sets P^, i E M, together with functions 
/ : R” X C -> [0, 1] and : R” x Pj — > [0, 1], i € M, are given by problem 
( 8 . 2 ). 



Definition 8 . 9 For each i E let hi be a fuzzy quantity, Ri be fuzzy 

relations with membership function II : .F(R) x.F(R) — > [0, 1]. Fori E M., 

let di be a fuzzy subset o/Pj, atid let cbe a fuzzy subset of C. Moreover, 
let A and Aq be aggregation operators. The fuzzy subset X* of R whose 
membership function is given by 

Pj^{x) = AG{p^{f{x-,c), bo),Px{x)), (8.39) 

where membership function of the feasible solution given by (8.6), 

is called the optimal solution of the FMP problem (8.38). For a E (0, 1], the 
elements ofa-cut [X*]a are called the a-optimal solutions of the FMP problem 
(8.38), and the points x E R” with the property 

p*j^{x*)^Hgt{X*) (8.40) 

are called the max-optimal solutions. 

Notice that the optimal solution X* of a FMP problem is a fuzzy subset 
of R”. Moreover, X* C X, where X is the feasible solution. On the other 
hand, the a-optimal solution is a point in R'*, as well as the max-optimal 
solution, which is, in fact, the a-optimal solution with a = Hgt( X*). Notice 
that according to Chapter 7 a max-optimal solution is the max-j4 q decision on 
R". 

In Definition 8.9 two aggregation operators A and Aq are used. The for- 
mer is used for aggregating the individual constraints into the feasible solution 
by Definition 8.1, the latter is used for aggregating the fuzzy set of feasible 
solution given by the membership function 



Fxi^) — ^l)) • • • T ^m)) 
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with the fuzzy set ”of the objective” Xq defined by the membership function 

C), bo). (8.41) 

As a result, we obtain the membership function of optimal solution X* as 

/x^(x) = Aainx^ix), i^^{x)) (8.42) 

for all X G R". In particular, if A = Aq, then by commutativity and associa- 
tivity we obtain (8.39) in a simple form 



^o)j ®l)j ^l)> • • • 1 i9m{x] Sjn), brr^). 

Since the problem (8.38) is a maximization problem, i.e., ’’the higher value 
is better”, the membership function of bo should be increasing, or nonde- 
creasing. By the same reason, the fuzzy relation ^ for comparing / {x; c) and 
bo should be of the ’’greater or equal” type. In this section, we consider Eo as 
a T-fuzzy extension of the usual binary operation >, where T is a t-norm. 

Notice that our approach can be extended to a multi-objective MP problem 
with more than one objective functions and more fuzzy goals and correspond- 
ing fuzzy relations. 

Formally, in Definitions 8.1 and 8.9, the concepts of feasible solution and 
optimal solution, a-feasible solution and a-optimal solution, respectively, are 
similar to each other. Therefore, we can take advantage of the results derived 
already in the preceding section. First we show that in the case of crisp param- 
eters c, Oi and bi, the max-optimal solution given by (8.40) coincides with the 
optimal solution of the crisp problem. 

Theorem 8.10 Let / ; R" x C R, : R” x Pj ^ R, let c g C, 
Oi G Pi and bi €H be crisp parameters, i E M.. Let bo E .^(R) be a fuzzy 
goal with the strictly increasing membership function : R — > [0, 1], let 

Ri, i E {0} U A4, be fuzzy relations such that, for i E M.\, Ri is a fuzzy 
extension of the equality relation ”=” , for i E M 2 , ^ is a fuzzy extension of 
the inequality relation and for i E {0} U M 3 , ^ is a fuzzy extension of 
the inequality relation ”>”. Let T, A and A a be t-norms. 

Then the set of all max-optimal solutions coincides with the set of all optimal 
solutions X* of the corresponding instance ofMP problem (8.2). 

Proof. By Theorem 8.2, the feasible solution of (8.38) is crisp. Therefore 

Pxi^) = XX (x) (8.43) 

for all x E R”, where X is the set of all feasible solutions of the corresponding 
crisp MP problem. 
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Moreover, by (8.41) for crisp c 6 C we obtain 

= sup{T(x/(^,c)(«), F-laiv)) 1 u > v} (8.44) 

Substituting (8.43) and (8.44) into (8.42), we obtain 

= (8.45) 

Since is strictly increasing function, it follows from (8.45) that 



p\{x*) = Hgt(X«), 



if and only if 

li*^{x*) = sup{p^{f{x,c)) I a: G X}, 
which is the desired result. ■ 

Recall, that for fuzzy subsets a', a" € .7^(R”), we have a! C a" if and only 
if /Xa'(^) ^ pta"{x) for all ^ G R”- 

Theorem 8.11 Let f, §i, i 6 Ai, be real-valued functions, f : R" x C 
R, Pi ; R" X Pj — 4 R. Let o', a[, h\, and c" , d", h" be two collections of fuzzy 
parameters of the FMP problem. Let T, A and Ac be t-norms. Let bo E IF (R) 
be a fuzzy goal, let Ri = ^^(J?j), i E {0} U M., i.e., Ri be T-fuzzy extension 
of valued relation Ri on R. 

If X*' is the optimal solution of FMP problem (8.38) with the parameters 
c', d^ and b[, and X*" is the optimal solution of the FMP problem with the 
parameters c" , d'l and b'! such that for alii E M. 

c' C c", d- C d" and b'i C b", 



then 



X*' C X’ 



Proof. By Theorem 8.3, for the corresponding feasible solutions, it holds 
X' C X". It remains to show that Xq C Xq , where 



Px'S^) = /^^(/(^; c'), do), c"), bo). 



First, we show that f{x; c') C /(x; c"). 




212 



GENERAUZED CONCAVITY 



Indeed, since fiff{c) < /ic"(c) for all c 6 C, by (8.5), we obtain for all 
w € R 

^/(x;c') ^ max{0, sup{/ic/ (c) | c € C, /(x; c) = «}} 

< max{0, sup{//c"(o) | c € C, /(x; c) = «}} 



Now, using monotonicity of T-fuzzy extension Rq, it follows that 

o ')> ^ o ) < c"), bo). 



Applying again monotonicity of Ag in (8.42), we finally obtain X*' C X*". 



Corollary 8.12 Let c, di, hi be a collection of fuzzy parameters, and let 
c € C, Ui € Pi and bi € R be a collection of crisp parameters such that for 
alii eM 

Pc(c) = Pdiiai) = Mft.(&i) = 1. (8.46) 

If X* is a nonempty set of all optimal solutions of MP problem (8.2) with the 
parameters c, Ui and bi, and X* is the optimal solution of FMP problem (8.38) 
with fuzzy parameters c, di and hi, then for allx € X* 

/x^(x) = 1. (8.47) 



Proof. Observe that c C c, Oi C di, bi C bi for alH G . By Theo- 
rem 8.1 1 we obtain X* c X*, which is equivalent to (8.47). ■ 

Notice that the optimal solution X* of FMP problem (8.3) always exists, 
even if the MP problem with crisp parameters has no crisp optimal solution. 
Corollary 8.12 states that if the MP problem with crisp parameters has a crisp 
optimal solution, then the membership grade of the optimal solution (of the 
associated FMP problem with fiizzy parameters) is equal to one. This fact 
guarantees that the class of MP problems can be naturally be embedded into 
the class of FMP problems. 

In the remainder of this section, we assume that all parameter sets C and 
Pf , i € Ad, are equal to the fc-dimensional vector space R^. Also we assume 
that t-form T together with aggregation operators A and Ag are all equal to 
the minimum t-norm Tm- 
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In Theorem 8.13 - 8.16, we present some formulae and results based on 
a-cuts of the parameters that are analogous to those given by Theorem 8.5 - 
8.8, however, now for a-optimal solutions of the FMP problem. We omit the 
proofs because they are analogous to those of Theorem 8.5 - 8.8. 

Theorem 8.13 Let f and §i, i € M., be continuous real-valued functions 
defined on R” x R^. Let c, di and bi be compact fuzzy parameters, i £ M, let 
bo E y^(R) be a fuzzy goal. Let Ri = ^^{Ri) be T -fuzzy extensions of closed 
valued relations Ri onR,iE {0} U M . 

Then for all a E (0, 1] 



[^1a = n^a, 



i=0 



andy moreover, for all i ^ M. we have 

[^o]a = {x e R” I fj-^ifix] [c]a), Na) > «}, 

[Xi]a = {a: € R” I [di]a),Na) > a}- 

If the valued relations Ri are usual equality and inequality relations, then a 
stronger statement can be proved. 

Theorem 8.14 Let f and gi, i E fid, be continuous real-valued functions 
defined on R” x R*’. Let c, di and bi be compact fuzzy parameters. Let Ri be 
the same as in Theorem 8.10, i E {0} U fid. 

Then for all a E (0, 1] 



[X% = 

2=0 

and, moreover, for all i ^ Jii we have 

[^o]a = {ar € R” I P'R^ifix; [^a), Na) = 1}, 

~ {aj E R I pR^(^gi{,X, [fli]a)) [^i]o:) I}* 

Next, we present an analogue to Theorem 8.7. For this purpose we extend 
the notation from the previous section as follows. Given a E (0, 1], i E fid, let 

F{x; a) = sup{/(a;; c) | c € [c]a}, 

F{x; a) = M{f{x; c)\cE [c]^}, 
ho(a) = inf{6 € R | 6 € [6o]a}, 
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Theorem 8.15 Let all assumptions of Theorem 8.14 be satisfied. More- 
over, let the membership functions of fuzzy parameters c, a j and bi be upper- 
quasiconnected for all i G M. Let So G .F(R) be a fuzzy goal with the 
membership function satisfying the following conditions 

is upper semicontinuous, 

p^ is strictly increasing, (8.48 ) 

Then, for all a € (0, 1], we have x G [^*]a if and only if 

F[x]a) > ^(a), 

Q.i{x',a) < bi(a), ieMiUMQ, 

Gi(x;a) > bi(a), i e Mi UM 3 , 

Again, the proof is omitted, since it is analogous to the proof of Theorem 8.7 
with the only modification that instead of compactness of bo, we have assump- 
tions (8.48). 

Theorem 8.16 Let all assumptions of Theorem 8.14 be satisfied. Moreover, 
let Qi be quasiconvex on R" x R*' for i C MiU M 2 , f and gi be quasiconcave 
on R” X for i C M\\J Mz. 

Then for all i G {0} U A4, Xi are convex and the optimal solution X* of 
FMP problem (8.38) is convex too. 

The last result of this section says that if the individual membership func- 
tions of the fuzzy objective and fuzzy constraints can be expressed explicitly, 
then the max-optimal solution can be found as the optimal solution of some 
crisp MP problem. 

Theorem 8.17 Let 






and 

X G R”, i C M, be the membership functions of the fuzzy objective and fuzzy 
constraints of the FMP problem (8.38), respectively. Let (8.48) hold for bo. 
Then the vector {t* , x*) G is an optimal solution of the problem 

maximize t 

subject to p , (x) >t, i G {0} U M, 



(8.49) 
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Proof. Let g be an optimal solution of the MP prob- 

lem (8.49). By (8.40) and (8.42) we obtain 

= sup{min{/.i;^^(a:),//;f^( 2 ;)} | x G R"} = Hgt(X*). 

Hence, x* is an max-optimal solution. The proof of the converse statement is 
straightforward. ■ 




Chapter 9 

FUZZY LINEAR PROGRAMMING 



1. Introduction 

Most frequent mathematical programming problems are linear program- 
ming problems. In this chapter we sure concerned with fiizzy linear program- 
ming problem related to linear programming problems in the following form. 

Let At = {1, 2, . . .,m} mdj\f = {1, 2, . . .,n} where m and n are positive 
integers, and let all parameter sets C and P^, i G At, be equal to R”. Then for 
each c = (ci, C 2 , . . . , Cn) and Oj = (aa, 0 ^ 2 , • - • , am), i € At, the functions 
/(•; c) and g{--, Ui) defined on R” by 

f{x;Ci,---,Cn) = ClXi + CnXn, (9.1) 

^j(x, ttji, . ■ . , Oj^i) = OjiXi -|- • • • -f" UjjjXti, t G At, (9.2) 

are linear on R’*. For each c G R” and Oj G R”, i G Ad, we consider the 
linear programming problem (LP) 

maximize cixi H h c^Xn 

subject to ajia;i -I f-ajnXn <bi, i G At, (9-3) 

Xj >0, j G M. 

The set of all feasible solutions of problem (9.3) is denoted by X, that is, 

X = {x G R” I a^ixi -I 1- ainXn <bi,ie At, Xj > 0, y G A”}. (9.4) 



2. Formulation of FLP problem 

Before formulating a fuzzy linear problem as an optimization problem as- 
sociated with the LP problem (9.3), we make a few assumptions and remarks. 
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Let /, Qi be linear functions defined by (9.1), (9.2), respectively. From now 
on, the parameters cj, Uij and bi will be considered as normal /i/zzy quantities, 
that is, normal fuzzy subsets of the Euclidean space R. The fuzzy quantities 
will be denoted by symbols with the tilde. Let /igj : R — > [0, 1], • R- 

[0, 1] and : R — > [0, 1], i G M, j € JV, be membership functions of the 
fuzzy parameters Cj, a,ij and bi, respectively. 

Let Ri,i Ei M, be fuzzy relations on .T^(R). They will be used for compar- 
ing the left and right sides of the constraints. 

The maximization of an objective function needs, however, a special treat- 
ment, similar to that of FMP problem. As it was stated in Chapter 8, the set of 
fuzzy values of the objective function is not linearly ordered and to maximize 
the objective function we have to define a suitable ordering on .F(R) which 
allows for “maximization” of the objective. Again it shall be done by an ex- 
ogenously given fuzzy goal d G .F(R) and another fuzzy relation Rq on R. 
There exist some other approaches, see [26], [32], [84]. 

The yhzzy linear programming problem (FLP problem) associated with LP 
problem (9.3) is written in the form 



maximize ciX\-\ -h 

subject to (diia;i+ • • • +a,inXn)Rj)i, i G M, (9.5) 

Xj >0, j G M. 



Let us clarify the elements of (9.5). 

The objective function values and the left hand sides values of the con- 
straints of (9.5) are obtained by the extension principle (6.15) as follows. The 
membership function of gi{x] du,.. dn) is defined for each t G R by 



Pgiit) = 



sup |T(/i 

dil (ai),...,/idin(an)) 

0 



fli , . . . , o,ji G R, 

CLx^l ”1” " ■ ’ “1“ ~~ t 

if5~Ha:;f) 7^0, 
otherwise. 



where 



9 i t) — {(®1) • • • ) (tji) G R” I a\Xi -h 1- 0,nXn = t}. 



Here, the fuzzy set gi{x; dji, . . . , dji) is denoted as dnxi+ • • ■ +dinXn, i.e., 

gi{x, flji, . . . ) dil) ~ djiSJiH- • • • ^di^iXn 

for every ie M and for each x G R". 

Similarly, for given ci, . . . , Cn G .F(R), f{x; ci, . . . , c„) is the fuzzy exten- 
sion of /(or; Cl, ... , Cn) with the membership function defined for each f G R 
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Hj{t) = < 




• • • ) P'Cni^n)) 



^1 ? * • * ) ^ ^5 

CiXi H 1- CnXn = t 



iff ^(ar;i)7^0, 



0 otherwise, 

(9.6) 

where t) = {(ci, . . . , Cn) G R” | f(x; ci, . . . , c„)_= t}._ 

The fuzzy set /(x; ci, . . . , Cn) will be denoted as cixi+ • • • +CnXn, i.e., 



/ (^! Cl, , Cn) — CiXi+ • • • +C71X71. 



In (9.5) the value aiixi+ • • • +di„x„_ G .^(R) is “compared” with the fuzzy 
quantity 6j e .?^(R) by fuzzy relation Ri,i E M. 

As mentioned above, we have to define a suitable ordering on .F(R) for 
the comparison of fuzzy quantities /(x; ci, . . . , c„) E .F(R), x E R”. Let 
d E .?^(R) and Rq be exogenously given fuzzy goal and fuzzy relation on 
.F(R), respectively. 

The fuzzy relations Ri for comparing the constraints of (9.5) are usually 
extensions of a valued relation on R, particularly, the usual inequality relations 
“<”and“>”. 

If = $^(i?j) is the T-fuzzy extension of relation Ri E {<, >}, then 
by (6.25) we obtain the membership function of the ith constraint as 

f^R,{diixi+ • ■•+dinXn,bi) = sup{r(/i5.j^^:j...45.^^^(u),/ig,(t;)) | uRiv}. 

Apparently, for the feasible solution and also for the optimal solution of a 
FLP problem, the concepts which have been defined in the preceding chapter 
for FMP problem (8.2), can be adopted here. Of course, for FLP problems they 
have some special features. Let us begin with the concept of feasible solution. 



Definition 9.1 Let gi, i e M, be functions defined by (9.2). Let : 
R — > [0, 1] and : R — ^ [0, 1], i E M, j G fif, be membership functions 

of fuzzy quantities and bi, respectively. Let Ri,i G M., be fuzzy relations 

on .F(R). Let Ga be an aggregation operator and T be a t-norm used for 
extending arithmetic operations. 

A fuzzy set X, the membership function p of which is defined for all x E 
R”6y 



py^{x) 



• • • +b,\nXn, bi), 

< ..., ■ ■ ■ 'Fflrnn^ni 6771)) 

0 



ifxj > Ofor all j E fif, 
otherwise, 



(9.7) 
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is called the feasible solution of the FLP problem (9.5). 

For a € (0, 1], a vector x G [X]a is called the o-feasible solution of the 
FLP problem (9.5). 

A vector x G R" such that pj^{x) = Hgt(X) is called the max-feasible 
solution. 

Notice that the feasible solution X of a FLP problem is a fuzzy set. On the 
other hand, the a-^feasible solution is a vector belonging to the a-cut of the 
feasible solution X and the same holds for the max-feasible solution, which is 
a special a-feasible solution with a = Hgt(X). 

If a decision maker specifies the degree of membership a G (0, 1] (the de- 
gree of possibility, feasibility, satisfaction etc.), then a vector x G R” satisfy- 
ing (x) > a is the a-feasible solution of the corresponding FLP problem. 

For i G XI we introduce the following notation: Xi will denote the fuzzy 
subset of R" with the membership function p defined for all x G R"^ as 

~ ‘ (9.8) 



Fuzzy set (9.8) is interpreted as ith fiizzy constraint. All fuzzy constraints 
are aggregated into the feasible solution (9.7) by the aggregation operator G a- 
Particularly, Ga = min, the t-norm T is used for extending arithmetic opera- 
tions. Notice, that the fuzzy solution depends also on the fuzzy relations used 
in definitions of the constraints of the FLP problem. 

3. Properties of Feasible Solution 

For crisp parameters and bi, clearly, the feasible solution is also crisp. 
Moreover, it is not difficult to show that if the fuzzy parameters of two FLP 
problems are ordered by fuzzy inclusion, that is, dC c a^' and C b", then 

the same inclusion holds for the feasible solutions, i.e., X' C X", on con- 
dition Ri = ^'^(Ri) are T-fuzzy extensions of valued relations Ri; see also 
Proposition 9.5 below. 

Now, we derive special formulae which will allow for computing an a- 
feasible solution x G [X]a of the FLP problem (9.5). For this purpose, the 
following notation will be useful. Given a G (0, 1], i e M,j e Af, let 



ajj(a) = inf{o G R | 


a G 


(9.9) 


dij{oi) = sup{a G R 


1 € [aijf]a}, 


(9.10) 


bi(a) = inf{6GR| 


b € [bija}, 


(9.11) 


bi{a) = sup{b G R 1 6 G [6j]q}. 


(9.12) 
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Theorem 9.2 For alii e M and j e N, let dij and bi be compact, convex 
and normal fuzzy quantities, and let Xj>0. Let T = min, S = max, and 
a €(0,1). 

Then for i E Mwe have 



(i) 

71 

* ’ ' ~l~^2n^Ti5 ^ 2 ) — ^ iffYl a,ij{a)xj < bi{a), (9.13) 
j=i 



(ii) 

n 

^i) ^ tX iff ^ ] ®ij(l tx)Xj ^ &j(l O^)- 
j=l 

(9.14) 



(iii) Moreover, if dij and bi are strictly convex fuzzy quantities, then 

n 

/i^T,S(<)(aaa;i+ • • • +dinXn, bi) > a iff ^ ajj(l - a)xj < bi{a), 

3=1 

(9.15) 

and p^T,s(<) = p^T,si<}’ 

(iv) 



71 

p'^S.T ^^'j(cii\X'i~\~ * * • ~\-(Xi.fiXfi,bi) ^ O! iff ^^^O^ij(ot)Xj ^ ^i(l 

J=1 

(9.16) 

and = p<bs,T{<)- 



Proof. We present only a proof of part (i). The remaining parts follow 
analogically from Theorem 6.63. 

Let i € A4, p^T^<j(diiXi+ • ■ • +dinXn, h) > a. By Theorem 6.63 , this is 
equivalent to 

Tn 1 



inf 



j=l 



< SUp[6i]a. 
a 



From the well known Nguyen’s result, see [60] or [88], it follows that 



71 



;=i 



71 

;=1 



J a 
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Since [aij\a, i G M, j E M, are compact and convex intervals in R and 
> 0, j € M, the rest of the proof follows easily from definitions (9.9), 
(9. 10) and Proposition 8.3. ■ 



Let /, r, G R with I < r, let j,S E [0, +oo) and let L, i? be non-increasing, 
non-constant, upper-semicontinuous functions mapping interval (0, 1] into 
[0, -l-oo), i.e., L,R : (0,1] — > [0, -f-oo). Moreover, assume that L(l) = 
i2(l) = 0, define L(0) = limx_o L{x), R{0) = lima;_o R{x). 

Let be an (L, i?)-fuzzy interval given by the membership function defined 



by 



Ha{x) = 



' (^) 

' (^) 

lo 



if X G (( - 7,/), 7 > 0, 
if X G [/,r], 

if X G (r, r -h 6), 6 > 0, 
otherwise. 



where R^ are pseudo-inverse functions of L, R, respectively. As it 

was mentioned in Chapter 6, the class of (L, i?)-fuzzy intervals extends the 
class of crisp closed intervals [a, &] C R including the case a = b, i.e., crisp 
numbers. Particularly, if the membership functions of aij and bi are given 
analytically by 



and 




if X G [lij - JijJij), 7ij > 0. 
if X G [ly ^ 

if X G (r-y , rij + 6ij], Sij > 0, 
otherwise. 







if X G [k - 7i, k), 7i > 0, 
if X G [k,ri], 

if X G in, n -h 5i], 6i > 0, 



(9.17) 



( 0 otherwise, 

for each x G R, i G A4, j E M, then the values of (9.9) - (9.12) can be 
computed as 



lijLiOi), (lijiol) — Tij -V SijRioc), 

6j(a) = li- 7iL(a), bi(a) = n + SiR(a). 

Let G A = min. By Proposition 9.2, all cc-cuts [X]q, of the feasible solution 
of (9.5) can be computed by solving the system of inequalities from (9.13) - 
(9.16). Moreover, [X]q is the intersection of a finite number of halfspaces, 
hence a convex polyhedral set. 
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4. Properties of Optimal Solutions 

As the FLP problem is a particular case of the FMP problem, all proper- 
ties and results which have been derived in Chapter 8 are applicable to FLP 
problems. 

We assume the existence of an exogenously given additional goal d G .F(R) . 
The fuzzy value d is compared to fuzzy values cia;i+ • • • +CnXn of the objec- 
tive function by a given fuzzy relation Rq. In this way the fuzzy objective is 
treated as another constraint 

cia:i+ • • • +CnXnRod. 

We obtain a modification of Definition 9.1. 

Definition 9.3 Let f, gi be functions defined by (9.1), (9.2). Let : 
R — > [0, 1], Haij : R [0, 1] and let : K [0, 1], i € M, j G N, be 
membership functions of normal fuzzy quantities c j, dij and hi, respectively. 
Moreover, let d £ J^{IC) be a fuzzy subset of the real line. Let Ri,i ^ {0}UAd, 
be fuzzy relations onR(J{) and let T be a t-norm, let A and A a be aggregation 
operators. 

A fuzzy set X* with the membership Junction p defined for all x G R” by 

~ ' ^CjiXji, d), pj^(x)), (9.18) 

where pj^{x) is the membership function of the feasible solution, is called the 
optimal solution of FLP problem (9 A). 

For ot G (0, 1] a vector x G [X*]a is called the a-optimal solution of FLP 
problem (9.5). 

A vector x* G R” with the property 

pji.(x*) = Hgt{X*) (9.19) 

is called the max-optimal solution. 

Notice that the optimal solution of the FLP problem is a fuzzy set. On the 
other hand, the a-optimal solution is a vector belonging to the a-cut [ 2C*]a. 
Likewise, the max-optimal solution is an a-optimal solution with a = Hgt( X*). 
Notice that in view of Chapter 7 a max-optimal solution is in fact a max-A q 
decision on R”. 

In Definition 9.3, the t-norms T and the aggregation operators A and A a 
have been used. The t-norm T has been used for extending arithmetic oper- 
ations, the aggregation operator A for aggregating the individual constraints 
into the single feasible solution and A a has been applied for aggregating the 
fuzzy set of the feasible solution with the fuzzy set of the objective Xq defined 
by the membership function 

• - ^CnXn,d), 



(9.20) 
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X G R”. As a result, we have obtained the membership function of optimal 
solution X* defined for all x G R” by 

~ (9.21) 



Since problem (9.5) is a maximization problem “the higher value is bet- 
ter”, the membership function fj,^ of d is supposed to be increasing or non- 
decreasing. The fuzzy relation Rq for comparing cia:i+ • • • +CnXn and d is 
supposed to be a fuzzy extension of >. 

Formally, in Definitions 9.1 and 9.3, the concepts of feasible solution and 
optimal solution correspond to each other. Therefore, we can take advantage 
of some properties of feasible solutions studied in the preceding section. 

We first observe that in case of crisp parameters Cj, aij and 6j, the set of 
all max-optimal solutions given by (9.19) coincides with the set of all optimal 
solutions of the crisp problem. We have the following theorem. 

Proposition 9.4 Let Cj, aij, bi e K be crisp parameters of (9.5) for all 
i e M, j e ff. Let d e .F(R) be a fuzzy goal with a strictly increasing 
membership function Let for i G Xi, Ri be a fuzzy extension of relation 
“<” on R, and Rq = be a T -fuzzy extension of relation “>”. Let T, 

A and Ac be t-norms. 

Then the set of all max-optimal solutions coincides with the set of all optimal 
solutions X* ofLP problem (9.3). 

Proof. Clearly, the feasible solution of (9.5) is crisp, i.e., Px(x) = Xx{x) 
for all X G R”, where X is the set of all feasible solutions (9.4) of the crisp LP 
problem (9.3). Moreover, by (9.20), we obtain for crisp c G R" 

Pxo(^) = c)’ ^ -!-••• + CnXn). 

Substituting (8.43) and (8.44) into (9.21) we obtain 

Mr (X) = 0 ). M(x» = { + ■ ■ ■ + 

Since is strictly increasing, by (8.45) it follows that 

Px,(x*) = ^^{X*) 



if and only if 



Px*{x*) = sup{^j(cixi -I \-CnXn) \ X G X}, 



which is the desired result. 




Fuzzy Linear Programming 



225 



Proposition 9.5 Let c' , d'^j and 6^ and c", d"j and b" be two collections 
of fuzzy parameters ofFLP problem (9.5), i € M, j 6 Jf. Let T, A, Aq be 
t-norms. Let Ri = i € {0} U A4, be T-fuzzy extensions of valued 

relations Ri on R. 

IfX*' is the optimal solution ofFLP problem (9.5 ) with the parameters c ' , 
d\j and X*" is the optimal solution of the FLP problem with the parameters 
Cj, d'lj and b" such that for all i G M., j € ff, 

c' Cc", d'ij C d'{j andb'i Cbl 



then 

X*' C X*". 

Proof. First we show that for the feasible solutions it holds X' C X" . Let 
X G R”, i G M. Now we show that 

b!iiXi+ ■ ■ • +d'i.^Xn C a'liXiA ■ ■ • +d".^Xn. 

Indeed, by (6.15), for each u G R we get 

P'a\^Xi+ -+a.[^Xn 

= sup{T(/ia/^(ai),.. .,/ia'^(a„)) ] ajia:i -I + aj„x„ = u} 

< sup{^(/^a" (ai), • • • , A^d"„(«n)) I aaxi H + OinXn = u} 

Now, as 6^ C b'l, using monotonicity of T-fuzzy extension ^ of Ri, we obtain 

MR^iO'ilXl+ • • • +a'i^^n, b’i) < p^.(d'l^xi+ ■ ■ ■ +d"„Xn, h"). 

Then, applying again monotonicity of A in (9.7), we obtain X' C X". 

It remains to show that Xq C Xq, where 

/^x' (^) = 2"), d). 

We show that f(x\c!) C /(x;c"). Indeed, since for all j G M, Pc'.{c) < 
Pfft (c) for all c G R, by (9.6), we obtain for all u G R 

= SUp{T(/ia, (ci), . ..,Pc'n{Cn)) I CiXi -I + CnXn = u} 

< SUp{T(/ia//(ci), . . .,/ic"(Cn)) I ClXi -J -I- CnXn = u} 

~ A^c'/xi+ - +C^Xn(^)’ 
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Again, using monotonicity of we have 

■ ■ • +2Un, d) < Hj^{c'{xi+ ■ ■ • +clxn, d). 

Applying monotonicity of Ac in (9.21), we obtain X*' C X*". ■ 

Further on, we extend ftoposition 9.2 to the case of the optimal solution of 
a FLP problem. For this purpose we add some notation. Given a E (0, 1], 
j E Af, let 



Cj{a) = inf{c 1 c € [cj]a}, 
Cj{a) = sup{c 1 c G [cj]q}, 
d{a) = inf{d | d E 
d(a) = sup{d 1 d E [d]a}. 




Proposition 9.6 Let, for all i e AA, j E Af, Cj, dij and bi be compact, 
convex and normal fuzzy quantities, d E .T^(R) be a fuzzy goal with the mem- 
bership function p j satisfying the following conditions 


/xj is upper semicontinuous, 
/xj is strictly increasing, 
limt^_oo Pi(t) = 0. 


(9.22) 



For i 6 AA, let Ri - ^^(<) be theT-fuzzy extension of the binary relation < 
onH., Rq = ^^(>) be the T -fuzzy extension of the binary relation > on R. 
Let T — A = Aq = min. Let X* bean optimal solution of FLP problem (9.5 ) 
and OL E (0, 1). 

A vector x = (xi, . . . , x„) > 0 belongs to [A*]a if and only if 



n 



J2cj(a)xj 
J = 1 

71 


> d{a), 


(9.23) 


j=i 


< bi{a), i E Ad. 


(9.24) 



The proof is omitted since it is analogous to the proof of Proposition 9.2, 
part (i), with a simple modification that instead of compactness of d, we have 
assumptions (9.22). 

For the sake of simplicity we confined ourselves in Proposition 9.6 only to 
the case of T-fuzzy extension of valued relations < on R. Evidendy, similar 
results could be obtained for some other fuzzy extensions. 

If the membership functions of the fuzzy parameters cj, dij and bi can be 
formulated in an explicit form, e.g., similar to that of (6. 16), (9. 17), then we can 




Fuzzy Linear Programming 



227 



find an optimal solution with maximum height as the (crisp) optimal solution 
of some optimization problem. 



Proposition 9.7 Consider FLP problem (9. 5), where 



and 



l^Xi ~ 4 ~ ’ ■ ’ " 1 ” 



for each x = {xi,...,Xn) € R” and every i € M, are the membership 
functions of the fuzzy objective and fuzzy constraints, respectively. Let T = 
A - - Ag = min and let (9.22) hold for d. 

Then the vector {t* , x*) € R”“^^ is an optimal solution of the optimization 
problem 

maximize t 



subject to p {x)>t, i€{0}UjM, (9.25) 

Xj >0, j € ff 

if and only ifx* G R” is a max-optimal solution of FLP problem (9.5). 



Proof. Let (t*, x*) 6 R”+^ be an optimal solution of problem (9.25). By 
(9.18) and (9.19) we obtain 



Px*{x*) = sxlp{min{pxo{^),Px^i^)} I x € R”} = Hgt(X*). 

Hence, x* is a max-optimal solution. 

The proof of the converse statement is omitted. ■ 



5. Extended Addition in FLP 

In Theorems 9.2 and 9.6, formulae (9.13) and (9.24) hold, if the special 
case of r = Tm is assumed. The t-norm Tju has been used not only for the 
TM-fuzzy extensions of the binary relations on R, but also for extending linear 
functions, that is, the objective function and constraints of the FLP problem. 

In this section we shall investigate summations 

f{x-, Cl, . . . , c„) = Ciari+T • • • +T^Xn, (9.26) 

and 

gi(x-, Oil, ... , din) = anXi+T ■ ■ • +TO-inXn (9.21) 

for each x G R”, where Cj, dij G J^(R), for alH G M, j G jf. Formulae 
(9.26) and (9.27) are defined by (9.6) and (6.18), respectively, that is by using 
of the extension principle. Here +j> denotes that the extended summation is 
performed by a t-norm T. Note that for arbitrary t-norms T, exact formulae 
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for (9.26) and (9.27) can be either complex or even inaccessible. However, in 
some special cases such formulae exist. Some of them are given below. 

For the sake of brevity we deal only with (9.26), for (9.27) the results can 
be obtained analogously. 

Let F, G : (0, +oo) — > [0, 1] be non-increasing left continuous functions. 
For 7 , (5 G (0, -l-oo), define functions F.^,Gs : (0, -boo) — > [0, 1] by 

f,(x) = f (^) , GsM = G (i) , 

where x € (0, -boo). Let Ij, rj € R such that Ij < rj, let 'jj, 6j e (0, -boo) 
and let 

Cj Fyj,Ggj'), j G .A/”, 

be closed fuzzy intervals, with the membership functions given by 

{ -^7j ih ~^) if 2: G (-00, Ij), 

1 if xe[lj,rjl (9.28) 

Gsj {x-Vj) if X G (r j , -boo) , 

see also Chapter 6. The following proposition shows that c ixi + • • • +CnXn is 
closed fuzzy interval of the same type. The proof is omitted as it is a straight- 
forward application of the extension principle. For the references, see [57]. 



Proposition 9.8 Let Cj = Fy.,Gsj), j e U, he closed fuzzy inter- 
vals with the membership functions given by (9.28). For x = (x i, . . . , x„) G 
R”, Xj > Ofor all j G N", define Ix by 

Ix = {j I Xj >0,j£ fif}. 



Then 



^IXiFt^ ’ • • FTufCnXfi — if T, Fl^^, 

= ifr, Fljy,Grjf): 



where Tm is the minimum t-norm, T o is the drastic product and 



I — ^ IjXj, r — ^ TjXj, 
j&lx jeix 

_ Tj 



ie/x ^ 



Xi 

jeix ^ 



Id = max 



I 7 e /x} , I’D = max I 7 € 7x| 



(9.29) 

(9.30) 
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If all Cj are (L, i?)-fuzzy intervals, then we can obtain an analogous and 
more specific result. Let Ij, rj € R with h< Vj, let jj, Sj € [0, +oo) and let 
L, i? be non-increasing, non-constant, upper-semicontinuous functions map- 
ping the interval (0, 1] into [0, -Foo), Moreover, assume that L(l) = R(l) = 0, 
and define L{0) — lima;_o L{x), R(0) = limaj^o R{x)- 
For every j E Af, let 

be an (L, il)-fuzzy interval given by the membership function defined for each 
X 6 R by 






[ L( 1) ifxE {Ij - 7j, Ij), > 0, 

1 if X E [I j,rj], (9.31) 

^(_i) ^ ^ , rj • + (Jj), Sj > 0, 

0 otherwise, 

where are pseudo-inverse functions of L, R, respectively. 



Proposition 9.9 Let Cj = {lj,rj,jj,Sj)LR, j E M, be {L, R)-fuzzy inter- 
vals with the membership functions given by ( 9.31 ) and /et x = (x i , . . . , Xn) € 
R”, Xj > 0/or all j E N. Then 



hXl+Tu ' • • +Tu^^n = (/ X, Am, Bm)lR, 
CiXi+Td " ' — {1,X,Ad,Bd)lR, 
where Tm is the minimum t-norm, Td is the drastic product and 

I = ^ ^ IjXj, V = 'y ^ XjXj, 
j€Af jeM 



Am = 

jeM 

Ad = max{7j \jEff}, 



Bm — SjXj, 
jeM 

Bd = max{Jj I j eM}. 



(9.32) 

(9.33) 



The results (9.30) and (9.33) in Proposition 9.8 and 9.9, respectively, can be 
extended as follows; see [57]. 



Proposition 9.10 Let T be a continuous Archimedian t-norm with an ad- 
ditive generator f. Let F : (0, -f oo) ^ [0, 1] be defined for each x E (0, +oo) 
as 

F{x) = f^~^\x). 

Let Cj = (lj,rj, F-fj,Fsj), j E Af, be closed fuzzy intervals with the member- 
ship functions given by (9.28) and let x = (x i, . . . , x^) E R”, Xj > Ofor all 
j EAf,Ix = {j I Xj > 0, j E Af}. Then 

CiXi+T ■ ■ ■ +TCnXn = if T, Flj^, Frjf), 
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where 

j^Ix j^Ix 

\^3 ^ ■ T 

ro = max < — \ J e Ix 

[Xj 

Note that for a continuous Archimedian t-norm T and closed fuzzy intervals 
Cj satisfying the assumptions of Proposition 9.10, we have 

CiXfHx’ * ’ * * * * ~1”T£) ^71^71 ? 

which means that we obtain the same fuzzy linear function based on an arbi- 
trary t-norm T' such that T' < T. 

The following proposition generalizes several results concerning the ad- 
dition of closed fuzzy intervals based on continuous Archimedian t-norms, 
see [57]. 

Proposition 9.11 Let The a continuous Archimedian t-norm with an addi- 
tive generator f. Let K : [0, -l-oo) — > [0, -l-oo) be continuous cortvex function 
with K (0) = 0. Let a 6 (0, -l-oo) and 

forallx 6 [0,+oo). LetCj = {lj,rj,Fn/^^Fsj), j C: ff , be closed fuzzy inter- 
vals with the membership Junctions given by (9.28) and let x = (x i, . . . , Xn) 
€ R”, Xj > Ofor all j Eff,Ix = {j \ Xj > 0, j € Af}. Then 

^1^1 ' * * “l”T^7i^7i Xj Fij^j Fj.jf)j 

where 




i&ix jeix 

jeix ^ jeix ^ 



(9.34) 

(9.35) 



Two immediate consequences can be obtained from Proposition 9.10; 

(i) The sum based on the product t-norm Tp of Gaussian fuzzy numbers, see 
Example 6.31, is again a Gaussian fuzzy number. Indeed, the additive genera- 
tor / of the product t-norm Tp is given by /(x) = — log(x). Let K(x) = x^. 
Then 

Fa{x) = (aK j = e~^. 
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By Proposition 9.1 1 we obtain the required result. 

(ii) The sum based on Yager t-norm T^, see Example 4.17, of closed fuzzy 
intervals generated by the same K, is again a closed fuzzy interval of the same 
type. Observe that an additive generator of the Yager t-norm is given 
by (a:) = (1 — x)^. For A 6 (0, -Hoo) we obtain 

Fa(x) = max •! 0, 1 > . 

I J 



This means that each piecewise linear fiizzy number (Z, r, 7 , <5) can be written 
as 











and the sum of piecewise linear fuzzy numbers Cj = (Ij, rj, 7 j, Sj), j € is 
again a piecewise linear fuzzy number 



S), 

where I and r are given by (9.34), and 7 and S are given as 

jeAT j€A/" 

The extensions can be obtained also for some other t-norms; see e.g. [57], 
[109]. 

An alternative approach based on centered fuzzy numbers will be mentioned 
later in this chapter; see also [61], [62]. 

6. Duality 

In this section we generalize the well known concept of duality in LP for 
FLP problems. The results of this section, in a more general setting, can be 
found in [ 88 ]. We derive some weak and strong duality results which extend 
the known results for LP problems. 

Consider the following FLP problem 

maximize cixi-h • • • 4-^Xn 

subject to ajixi + • • • +di„x^ Bbi, ieM, (9.36) 

Xj > 0 , je M, 

where Cj, a,ij and bi are normal fuzzy quantities with membership functions 
Hcj : R [ 0 , : R [ 0 , 1 ] and /ig. : R [ 0 , 1 ], ie M,j eM. 

Let 'I' : 7^(R X R) — > 7^(7^(R) x 7^(R)) be the dual mapping to mapping 
$ : J’(R X R) 7^(.F(R) x 7^(R)). Let i? be a valued relation on R and 
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let R = #(i2), *R = Then by Definition 6.21 R and *R are dual fuzzy 
relations. 

Now, FLP problem (9.36) will be called the primal FLP problem (P). 

The dual FLP problem (D) is defined as 

minimize 6iyi + • • • +6m2/m 

subject to dijyi+ • • • +amjym*R~^Cj, j £ Af, 

2/i > 0, i £ M. 

Here, *R~^ is the inverse fuzzy relation to *R, that is, for all .4, B € ^(R) 

-®) = -^)- 

By Proposition 6.29, we can obtain a number of primal - dual pairs of FLP 
problems. 

Let i? be the usual binary operation <, let T = min, S = max. Let ^ ^ and 
^5 be fuzzy extension mappings defined by (6.28) and (6.29), respectively. 
Since T is the dual t-norm to S, by Proposition 6.29, the mapping ^ 5 is dual 
to , hence by Definition 6.21, 4^5 (<) is the dual fuzzy relation to ^^(<). 
For the sake of simplicity, we denote 

<^by^^(<), <sby«^5:(<), and >5by^^5^(<). 

~ T 

We obtain the primal - dual pair of FLP problems with the fuzzy relation < 
in (P) and the corresponding fuzzy relation >5 in (D). 

Now, consider the following pair of FLP problems 
(P): 

maximize cixi+ • • • +c„a:n 

subject to dtiXi+ • • • +dinXn < bi, i£M, (9.37) 

Xj >0, j £ H. 



(D): 

minimize 61 2/1 + • • • +6m2/m 

subject to dijyx + • • • +dmjyTn >s cj , j £U, (9.38) 

yi > 0, i£M. 



Let the feasible solution of the primal FLP problem (P) be denoted by X, 
the feasible solution of the dual FLP problem (D) by Y . Clearly, X is a fuzzy 
subset of R", y is a fuzzy subset of R'”. 

Notice that in the crisp case, i.e., when the parameters Cj, dij and bi are crisp 

~ J’ ~ 

real numbers, the relation < on R coincides with < and >5 coincides with 
>, hence (P) and (D) is a primal - dual pair of LP problems in the usual sense. 
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In the following proposition we prove the weak form of the duality theorem 
for FLP problems. 

Proposition 9.12 For alii ^ M and j ^ Af, let Cj,a.ij and hi be compact, 

~ T 

convex and normal fuzzy quantities. Let A = T = min, S = max. Let < = 
be the T-fuzzy extension of the binary relation < on R defined by 
(6.28) and >g = where ^s(^) the fuzzy extension of the relation 

< defined by (6.29). Let X be a feasible solution of FLP problem (9.37), Y be 
a feasible solution of FLP problem (9.38) and a € [0.5, 1). 

If a vector x = (xi, . . . , a;„) > 0 belongs to [X]a and y = {yi,..., ym) > 
0 belongs to [yja, then 

y~] Cj{\ - a)xj < ^ 6i(l - a)yi. (9.39) 

j€M ieM 



Proof. Let x e [X]a and y e [y]a, Xj >0,yi>0 for alH G M, j G fif. 
Then by Proposition 9.2 we obtain 

m 

Oij{l - oi)yi > Cj{l - a). (9.40) 

i—1 

Since a > 0.5, it follows that 1 — a < a, hence [X]a C [X]i_a. Again by 
Proposition 9.2 we obtain for alH G Ad 

n 

- a)xj < fej(l - a). (9.41) 

Multiplying both sides of (9.40) and (9.41) by Xj and yi, respectively, and 
summing up the results, we obtain 

n n m tti 

^Cj(l - a)xj < 5]) J]]oij(l - a)yiXj < J^&i(l - a)yi, 
j=l j=l 2=1 2=1 

which is the desired result. ■ 

Notice that in the crisp case, (9.39) is nothing else than the standard weak 
duality. Let us turn to the strong duality. 

For this purpose, we assume the existence of exogenously given additional 
goals d G .^(R) and h G .^(R). The fuzzy goal d is compared to fuzzy values 
cixi+ • • • +CnXn of the objective function of the primal FLP problem (P) by 
fuzzy relation > . On the other hand, the fuzzy goal h is compared to fuzzy 
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values 6iyi -f • • • +bmym of the objective function of the dual FLP problem (D) 
by fuzzy relation < 5 . In this way the fuzzy objectives are treated as constraints 

d, 61J/1+ • • • Ahfaym—sh- 

Let the optimal solution of the primal FLP problem (P), defined by Defini- 
tion 9.3, be denoted by X*, the optimal solution of the dual FLP problem (D), 
defined also by Definition 9.3, by Y*. Clearly, X* is a fuzzy subset of R”, Y* 
is a fuzzy subset of R”*, moreover, X* C X and Y* C Y. 

Proposition 9.13 For all i £ M. and j € M, let cj, dy and bi be compact, 
convex and normal fuzzy quantities. Let d,h £ .F(R) be fuzzy goals with the 
membership functions and satining the following conditions 

both and pj^ are upper semicontinuous, 

p^ is strictly increasing, pj^ is strictly decreasing, (9-42) 

^jim^/i^-(t) = = 0 . 

Let A — T — min, S = max. Let < — ^^(<) be the T -fuzzy extension 

of the binary relation < on R defined by (6.28) and >5 = where 

^s(<) is the fuzzy extension of the relation < defined by (6.29). Let X* be 
an optimal solution of FLP problem (9.37), Y* be an optimal solution of FLP 
problem (9.38) and a £ (0, 1). 

If a vector x* = {xl, . . .,x^) > 0 belongs to [X*]q, then there exists a 
vector 2 /* = (y*, . . . , y^) > 0 which belongs to [y*]i-a. <^nd 

jeAf ieM 



Proof. Let x* = {xl,...,xl)> 0, x* e [x*]^. By Proposition 9.6 

n 

Y^Cj{a)x* > d{a), (9.44) 

j=t 

n 

Y^aij{a)x* < bi{a), i £ M. (9.45) 

i=i 



Consider the following LP problem: 

(PI) 

maximize 

subject to aij(a)a;j < 6i(o!), % £ M, 

Xj > 0 , j £ M. 
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By conditions (9.42) concerning the fuzzy goal d, the system of inequalities 
(9.44) and (9.45) is satisfied if and only if a; * is the optimal solution of (PI). 
By the standard strong duality theorem for LP, there exists y* gH* being an 
optimal solution of the dual problem 
(Dl) 

minimize YT=i bi{a)yi 
subject to YliLi &ij {a)yi> Cj (a) , j eM, 
yi>0, i eM. 

such that (9.43) holds. 

It remains only to prove that y* e [y*]i_a. This fact follows, however, 
from conditions (9.42) concerning the fuzzy goal h, and from (9. 14). ■ 

Notice that in the crisp case, (9.43) is the standard strong duality result for 
LP. 

7. Special Models of FLP 

Several models of FLP problem known from the literature are investigated 
in this section. 



7.1. Interval Linear Programming 

In this subsection we apply the previous results to a special case of the FLP 
problem - interval linear programming problem. By interval linear program- 
ming problem (ILP) we understand the following FLP problem 

maximize ciXi+ • • • +CnX„ 

subject to aiixi+ • • • +dinXnRbi, ieM, (9.46) 

Xj > 0 , j e M, 



where the parameters Cj, dy and hi are considered to be compact intervals in 
R, i.e., Cj = [Cj , Cj] , dij = [a^ , Ojj] and = [^ , hi ] , where Cj , Cj , , dtj and 

hi are lower and upper bounds of the corresponding intervals, respectively. 
The membership fimctions of Cj, dij and hi are the characteristic functions of 
the intervals, i.e., X[c^,cj] : R [0, 1], : R ^ [0, 1] and X[b.,b,] ■ 

R — > [0, 1], i e M, j e M. The fuzzy relation R is considered to be the fiizzy 
extension of a valued relation R on R. We assume that R is the usual binary 
relation <, and A = T = min, S = max. Then, for fuzzy relation R, we have 



€ < 5 , <T,S, < 5 , t } • 



Then by Proposition 9.2 we obtain 6 types of feasible solutions of ILP prob- 
lem (9.46): 
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(i) 



X^T={ 






^ ^ 0, J G .A/" 

J=1 



(9.47) 



(ii) 






X e R” 



dijXj < ki, Xj >0, j eM \ . (9.48) 

j=i 



(iii) 



1 


r 


n 


X-T,s = = \ 

< St,S 1 


xgR” 


OijXj ^ Xj ^ 0^ j G ff ^ 


(iv) 

1 


1 

r 


(! 

n ) 


X^S,T = X^ = < 

^ Ss,T 1 


xgR" 

1 


Y ^3^3 - ^3 ^ 0. 7 € ^ > 

7=1 J 

(‘ 



(9.50) 



Clearly, feasible solutions (9.47) - (9.50) are crisp subsets of R”, moreover, 
they all are polyhedral. 

In order to find an optimal solution of ILP problem (9.46), we consider a 
fuzzy goal d E .T^(R) and a fuzzy extension of the usual binary relation > 
for comparing the objective with the fuzzy goal. 

In the following proposition we show that if the feasible solution of ILP 
problem is crisp then its max-optimal solution is the same as the set of all 
optimal solution of the problem of maxim izin g a particular crisp objective over 
the set of feasible solutions. 

Proposition 9.14 Let X be a crisp feasible solution of ILP problem (9.46). 
Let d E .F(R) be a fuzzy goal with the membership function p g satisfying 
conditions (9.22). Let Ac — A = T = min, S = max. 

(i) If Rq is > , then the set of all max-optimal solutions of ILP problem (9.46 ) 
coincides with the set of all optimal solution of the problem 

maximize 

subject to X E X. 



( 951 ) 
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(ii) If^ is >s, then the set of all max-optimal solutions ofILP problem (9.46) 
coincides with the set of all optimal solution of the problem 

maximize J2j=i9j^j 
subject to X e X. 

Proof, (i) Let a; € be a max-optimal solution of ILP problem (9.46), 
c = CjXj. By our assumptions, (6.29) and (9.22) give 

P^T{ciXi+---+CnXn,d) 

= sup{min{Mgi^i+...+c„;,„(ti),/id>)} i tt > t;} 

= sup{min{x[c,c](w),/id»} | ti > «} 

= Fd • 

Hence, x is an optimal solution of (9.51). Conversely, if x € is an optimal 
solution of (9.51), then by Definition 9.3 and by (9.22), x is a max-optimal 
solution of problem (9.46). 

(ii) Analogously to the proof of (i), we have 



^^^(cxXfp • • • +CjiXti, ^ 

= inf{max{l - Pstxx+-+cnxJ'^)^ 1 ~ I « > v} 

= inf{l - min{x[£,cl(«),Md(t^)} I « < v} 

= Pd (Si=i • 

By the same arguments as in (i) we conclude the proof. ■ 

We close this section with several observations about duality of ILP prob- 
lems. 

Let the primal ILP problem (P) be problem (9.46) with R = <^, i.e., (9.37). 
Then the dual ILP problem (D) is (9.38). Clearly, the feasible solution X of 
(P) is defined by (9.47) and the feasible solution of the dual problem (D) 
can be derived from (9.48) as 






m 



L OijVi > Cj, 2/i > 0, t € vM > 

i=l J 



maximize 

subject to X e X^T 



Notice that the problems 
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and 

minimize kVi 

subject to y 

are dual to each other in the usual (crisp) sense if and only if c^ = Cj and 
= bi for alH € Af and j G 

For ILP problems our results correspond to that of [119], [128], [129]. 

7.2. Flexible Linear Programming 

The term flexible linear programming is referred to the approach to LP prob- 
lems allowing for a kind of flexibility of the objective function and constraints 
in standard LP problem (9.3), that is 

maximize cixi H 1- CnXn 

subject to Oiiii -I 1- ainXn <bi, i E (9.52) 

Xj >0, j E M. 

see [138], [109]. The values of parameters Cj, Oij and bi in (9.52) are supposed 
to be uncertain, not confident, etc. Nonnegative values pi, i E {0} U M., of 
admissible violations of the objective and constraints ate (subjectively) chosen 
and introduced to the original model (9.52). 

For the objective function, an aspiration value do € R is also (subjectively) 
determined such that if the value of the objective function is greater or equal 
to do, then the decision maker (DM) is fully satisfied. On the other hand, if 
the objective function attains a value smaller than do— Po> then (DM) is fiilly 
dissatisfied. Within the interval (d o — Po ? . the satisfaction of DM increases 

linearly from 0 to 1. By these considerations a membership function pj of the 
fuzzy goal d is defined as follows 

(1 if f > do, 

~ ^ if do — Po ^ f (9.53) 

1 0 otherwise. 

Similarly, let for the ith constraint function of (9.52), i E M, a right hand 
side € R is known such that if the left hand side attains this value, or if it is 
below it, then the decision maker (DM) is fully satisfied. On the other hand, if 
the objective function attains its value greater than bi+pi, then (DM) is fully 
dissatisfied. Within the interval {bi, bi 4- pi), the satisfaction of DM decreases 
linearly from 1 to 0. By these considerations the membership function of 

the fuzzy right hand side hi is defined as 

ri if t<bi, 

P6.(t) = < 1 - ^ if bi<t< bi+pi, 

1 0 otherwise. 



(9.54) 
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The relationship between the objective function and constraints in the flexi- 
ble LP problem is considered as fully symmetric; i.e., there is no longer a dif- 
ference between the former and the latter. ’’Maximization” is then understood 
as finding a vector x E R” such that the membership grade of the intersection 
of all fuzzy sets (9.53) and (9.54) is maximized. In other words, we have to 
solve the following optimization problem: 

maximize A 
subject to 11 ^ (EjeAT 

f^bi > A, ieM, (9.55) 

0 < A < 1, 

Xj >0, j E M. 

Problem (9.55) can easily be transformed to the equivalent LP problem: 
maximize A 

subject to Ej€Ar ^ 3^3 ^d,Q + Xpo, 

HjeAf °‘i3^3 + A)pi, i E M, (9.56) 

0< A< 1, 

Xj >0, j E M. 

In Section 2, we introduced FLP problem (9.5). Now, consider the follow- 
ing, a more specific FLP problem: 

maximize c\X\-\ h CnXn 

subject to aiia;i -I H ainXn< h, i E M, (9.57) 

Xj >0, j E J\f. 

where Cj, aij and bi are the same as above, that is, crisp numbers, whereas d 

~ ~ 'J' 

and bi are fuzzy quantities defined by (9.53) and (9.54). Moreover, < is a T- 
fuzzy extension of the usual inequality relation <, with T = min. It turns out 
that the vector x E R” is an optimal solution of flexible LP problem (9.56) if 
and only if it is a max-optimal solution of FLP problem (9.57). This statement 
follows directly from Proposition 9.7. 

Notice that piecewise linear membership functions (9.53) and (9.54) can 
be replaced by more general nondecreasing and nonincreasing functions, re- 
spectively. In general, problem (9.55) cannot be equivalently transformed to 
the LP problem (9.56). Such transformation is, however, possible, e.g., if all 
membership functions are generated by the same strictly monotone function. 
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7.3. FLP Problems with Interactive Fuzzy Parameters 

In this subsection we shall deal with a fuzzy linear programming problem 
with the parameters being interactive fuzzy quantities introduced in Chap- 
ter 6.9. 

Let /, Qi be functions defined by (9.1), (9.2), i.e., 

.^(x, Cl, . . . , C71) = ^1^1 “b ' ’ * “b C71X71, 

Qx{x\ ttil, . . . , Utn) “ UiiXi * “b ^ ^ 

The parameters Cj, aij and hi will be considered as normal fuzzy quantities, 
that is normal fuzzy subsets of the Euclidean space R. Let ficj : R — > [0, 1], 
fJ’&ij : R -»■ [0, 1] and /j.^, : K ->■ [0, 1], i € M, j € be membership 

functions of the fuzzy parameters Cj,a^j and hi, respectively. 

Let Ri, i € M., be fiizzy relations on .F(R). Again, we have an exoge- 
nously given fuzzy goal d £ .^(R) and associated fuzzy relation Rq on R. 
Moreover, let Di = {dm, di 2 ,..., dim) be nonsingular n x n matrices - obliq- 
uity matrices, where all dij € R" are columns of matrices Di, i = {0} U M. 

The fuzzy linear programming problem with interactive parameters (FLP 
problem with IP) associated with LP problem (9.3) is formulated as 

maximize cixi-b b CnX„ 

subject to OiiXi+^’ • • • ^'dinXnRibi, i e M, (9-58) 

Xj >0, j £ M. 

Let us clarify the elements of (9.58). 

The objective function values and the left hand sides of the constraints of 
(9.58) have been obtained by the extension principle (6.15) as follows. By 
(6.40) we obtain 



Mai(®) — '^{l^a.ii ((•^il) tl)), Pa,i2{{di2i 0-)), • • • , ®)))- 



A membership function of 5 i(x; dj) is defined for each f G R by 







fl — (ui, 
OiXi -b • 



Otherwise, 



where ^(x; t) = {(oi, . . . , a„) £ R" ] oixi H b a„x„ = t}. Here, the 

fuzzy set gi{x; di) is denoted as OiiXi+^* • • • +^'dinXn, i.e., 

gi{x', Q>i) — fl2ia^l“b * * * “b dijiXji (9.59) 



for every i £ M and for each x € R”. 
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Also, for given interactive ci, . . . , c„ € ^(R), by (6.40) we obtain 

fJ-c{c) = T(ij,c^{{doi,c)),fj.c2{{do2,c)),...,n^{{dQn,c))). (9.60) 



A membership function of f{x; c) is defined for each f e R by 



= 




c= (ci, 

CiXi + • 



. ,Cn) € R”, 1 

"1“ f J 



iff 7^ 0, 

otherwise, 

(9.61) 



where / ^(x; t) = {(ci, . . . , c„) e R" | cixi -I 1- c„Xn = t}. Here, the 

fuzzy set /(x; c) is denoted as ciXi+^“ • • • +^°CnX„, i.e.. 



/(x; c) = CiXi+^° • • • +^°CnXn (9.62) 



for each x € R”. 

The treatment of FLP problem (9.58) is analogous to that of (9.58). The 
following proposition demonstrates how the a-cuts of (9.59) and (9.62) can be 
calculated. 

Let Do be a non-singular obliquity matrix, denote Dq^ = For 

X = (xi, . . . , Xn) 6 R” we denote 

= {* € A/” I Xj > 0}, /“ = {* € A/” 1 Xj < 0} 



and for alH G AT 

n 

x* = ^d*Xj. (9.63) 

j=i 

Given a G (0, 1], j G A/”, let 

Cj{a) = inf {c I c G [cj]a}, 

Cj(a) = sup{c 1 c G [Cj]a}. 

Proposition 9.15 Let ci, . . .,Cn € .^/(R) be compact interactive fuzzy 
intervals with an obliquity matrix Dq, x = (xi, . . . , Xn) € R”- Let T be a 
continuous t-norm and /(x; c) = ciXi+^° • • • +^'’cnX„ be defined by (9.61), 
a G (0, 1]. Then 




a 



Yi Cj{a)x*j+ Y 

jeC* jeC* 
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Proof. Observe that [cj]a = [Cj(q:)) 9 ( 0 )]- The proof follows directly from 
(9.60), (9.61), (9.63) and Theorem 6.5 1. ■ 

Analogical result can be formulated and proved for interactive fuzzy param- 
eters in the constraints of (9.58), i.e., if Cii, . . . , din € ^i(R) are compact 
interactive fuzzy intervals with an obliquity matrix Di, i € M.. Then we can 
take advantage of Theorem 9.2. 

The practical difficulty of FLP with interactive parameters is that the mem- 
bership functions of interactive parameters Cj, dij are not observable. Instead, 
marginal fuzzy parameters can be measured or estimated. The problem of a 
unique representation of interactive fuzzy parameters by their marginals has 
been solved in [47] and [94]. 

7.4. FLP Problems with Centered Parameters 

Interesting FLP models can be obtained if the parameters of the FLP prob- 
lem are supposed to be centered fuzzy numbers called 5-fuzzy intervals; see 
Definition 6.34 in Chapter 6, or [60]. 

Let Bhea. basis of generators ordered by inclusion C. Let < b be a partial 
ordering on the set 7 ^b(R) of all B-fuzzy intervals on R, defined by (6.37) 
in Definition 6.34. Obviously, if B is linearly ordered by C, then 7 ^b(R) is 
linearly ordered by <b- By Definition 6.34, each c € 7 ^b(R) can be uniquely 
represented by a pair (c, ju), where c G R and /i G B such that 

Mc(f) 



we can write c = (c, /x). 

Let o be either addition -h or multiplication • arithmetic operations on R 
and * be either min or max operations on B. Let us introduce on /"b(R) the 
following four operations: 

(a,/)oW (h,c?) = (ao6,/*p) (9.64) 

for all (a, /), {b,g) G 7^b(R). It can easily be proved that the pairs of opera- 
tions (+(™i"), (-f(min)^.(inax)^^ ^^(max)^ ^^(max) ^ .(max)^^ 

are distributive. For more properties of these operations, see [62]. 

Now, let Cj ./j')’ ^ij ^ {bil b% G 

6-fuzzy intervals, i € M,j G AT. Let o and * be either min or max operations 
on B. Consider the following optimization problem: 



maximize ci x\ -|-^*^ in 

subject to di\ xi -l-W din <B h, i G M, (9.65) 

Xj >B 6 , j G Af. 
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Here, maximization is performed with respect to the ordering <b. Moreover, 
Xj = (xj,^j), where xj € R and € B ,0 = (0, X{o})- The constraints 
ij 6, j € are equivalent to xj > 0, j € Af. Comparing to the previous 
approach, we consider a different concept of feasible and optimal solution. 

A feasible solution of the optimization problem (9.65) is a vector 

{X\,X2, • • • , x„) G J^b(R) X Jb(R) X • • • X .Fb(R), 

satisfying the constraints 

an din Xji <e bi, i G A4, 

ij 6> j € JV. 

The set of all feasible solutions of (9.65) is denoted by X g. 

An optimal solution of the optimization problem (9.65) is a vector 

{xl,x* 2 , ■■■,xl)e Tb{R) X J'b(R) X • • • X ,Fb(R) 



such that 

Z*=Cx » xl +W •••+(*) xl 

is the maximal element of the set 

Xg = {z \ Z = Cl Xi Cn Xn, {xi,X2,---, 5n) € Xfi}. 

Notice that for each of four possible combinations of min and max: in the 
operations and (9.65) defines in fact an individual optimization prob- 
lem. 

Proposition 9.16 Let B be a linearly ordered basis of generators. Let 
{xl,X 2 i-. - fX*) G .Fb(R)” be an optimal solution of (9.65), where Xj = 
(xj, ^j), j G AT. Then the vector x* = (xJ, . . . , x*) is an optimal solution of 
the following UP problem: 

maximize c\Xi 4 h CnXn 

subject to anXi-\ H < &i, i E M, (9.66) 

Xj >0, j e ff. 

Proof. The proof immediately follows from the definition (9.64) of the 
extended operations and from (6.37). ■ 

By Ax we denote the set of indices of all active constraints of (9.66) at 
x= (xi,---,Xn),i.e., 

Ax “ \i G Af I anXi aj/nXji — 
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The following proposition gives a necessary condition for the existence of a 
feasible solution of (9.65). The proof can be found in [60]. 

Proposition 9.17 Let B be a linearly ordered basis of generators. Let 
{xi,X 2 ,- • • ,Xn) € be a feasible solution of (9.65), where Xj = 

(xj,^j), j € AT. Then the vector x = (a;x, • • •,Xn) is the feasible solution 
of the LP problem (9.66) and it holds 

(i) ifo = max and * = min, then 

min{aij \j€M} <b h for all i e Ax ; 

(ii) ifo = max and * = max, then 

max{oij I j e M} <B bi for alii C. Ax- 

In this subsection we have presented an alternative approach to LP problems 
with fuzzy parameters. Comparing to the approach presented in the previous 
sections, the decision variables Xj considered here have not been taken as crisp 
numbers, they have been considered as fuzzy intervals of the same type as the 
corresponding coefficients - parameters of the optimization problem. From the 
computational point of view this approach is simple as it requires to solve only 
a classical LP problem. 

8. Illustrative Examples 

In this section we present two ”one-dimensional examples” illustrating the 
basic concepts. The examples could be, however, extended from R to R”. 

Example 9.18 Consider the following simple FLP problem in R. 

maximize cx 

subject to dx<b, (9.67) 

X > 0. 

Here, c, a and b are supposed to be crisp subsets of JL particularly, closed 
bounded intervals: c = [c,^, a = [^d], 6 = [6,6], with c,6 > 0. Let 
T = min. Remember that the membership functions of c, a and 6 are their 
characteristic functions. The fuzzy relation < and > is assumed to be a T- 
fuzzy extension of the binary relation < and >, respectively. 

(I) Membership functions of cx and ax. 

By (6.15) we obtain for every < € R: 

/•cx(t) = w I c € R, cx = t} = { J 
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Similarly, we obtain the membership function of ax as 
Haxit) = sup{x[a,5](a) | a e R, ax = t} = { J 

(9.68) 

Now, we derive the membership function /i<, of the fuzzy relations <, 
>, respectively. 

By (6.29) we obtain 

(cy, cx) = sup{min{/icj, (a) , Mcr (v) } | u > v} , 

- (9.o“) 

/i<(ax,6) = sup{min{^oa;(a),/ij(v)} | u < u}. 

A feasible solution can be calculated as follows. 

By (9.7) a feasible solution X of the FLP problem (9.67) is given by the 
membership function 

F'xix) = min{/i<(ax, 6), X[ 0 ,+oo)(a;)} (9.70) 

By (9.69) and (9.68), we get 



/z<(ax, b) = sup{min{x[ax,ax](«)> X[6,6](^)} I “ ^ 

_ 1 1 if ax < 6, 

\ 0 otherwise. 

Consider three cases of the value of a: 



(9.71) 



Case 1: a > 0. From (9.71) it follows that 

M< (ax, b) = X[o,6/o] (^)- 
By (9.70) and (9.72) we get 

Fxi^) = min{X[ 0 , 6 /a] (®)> X[o,+oo)(a;)} = X[o,6/a] (®)> (9-73) 

or, in other words, 

X= [0,6/^. 

Case 2: a = 0. Since 6 > 0, apparently by (9.70) and (9.71) we get 

= X[0,+oo)(a;), (9.74) 

or 

X = [0, +oo). 

Case 3: a < 0, then b/a < 0. From (9.75) and (9.71) it follows that 

^<(ax,6) =X[6/a,+oo)(®)- 



(9.75) 
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By (9.70) and (9.75) we get for all x > 0 

~ X[0,+oo)(^)i 



or 

X = [0, +oo). 

(n) optimal solution X* of FLP problem (9.67). 

Consider a fuzzy goal d given by the membership function 

/ij(f) = max{0, min{^t, 1}}, 

where j3 is sufficiently small positive number, e.g., ^ < ajb, to secure that 
/ij is strictly increasing function in a sufficiently large interval. By (9.20) 
and (9.21) we obtain 



fix.{x) = mm{nx^{x), Hxix)}, (9.76) 



= Ai>(aa;, b) = sup{min{x[cx,cil(^i),Mrf(^^)} I w > v} = /xj(cx). 

(9.77) 

Consider 2 cases corresponding to the value of a: 

Case 1: Case 1: a > 0. Then by (9.73), X = [0, b/a\ and by (9.76) and 
(9.77) we obtain 



u%ix) = hdi^'> ifxe [0,6/a], 

^ (0 otherwise. 

Let Q G (0, 1|. By Proposition 9.6, it is easy to verify that 

[X% = [a/^,b/a\. 

By Proposition 9.7 we obtain the unique optimal solution with maximal 
height 

X* = b/a. 

Case 2: a < 0. Then by (9.74), X = [0, +oo) and 
for all X G R. 

Again, by Proposition 9.6 we obtain the a-cut of the optimal solution 



[X*]a = [a/c/3, + 00 ). 
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The set of all optimal solution with maximal height is the interval 

[l/c/3, +oo) . 



□ 

Example 9.19 Consider the same FLP problem as in Example 9.18, but 
with different fuzzy parameters. The problem is as follows 

maximize cx 

subject to ax<b, (9.78) 

X > 0. 



Here, the parameters c, o and b are supposed to be triangular fuzzy numbers. 
To reduce the number of particular cases, we suppose that 

0<7<c, 0<Q!<a, 0</3<6. 

Piecewise linear membership functions /ic, fs. /ig are defined for each 
X G R as follows: 

Hc(x) 

fidix) 

Fbix:) 

see Figure 9.1. Let T = min. The fuzzy relation < is assumed to be a T-fuzzy 



= max 



= max 



= max 



•|o, min “ 



c — X , c — X 
,1 + 



7 



7 



}}• 






(9.79) 

(9.80) 

(9.81) 




extension of the binary relation <. 
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(I) Membership functions of cx and ax. 

Let X > 0. Then by (6.15) we obtain for every f € R: 



fj-cxify 



sup{;ic(c) I c e R, CX = f} 



m£LX 




71 7^ J i 



In the same way, we obtain the membership function of ax as 



Mdx(t) = max 




ax — t 
ax 



) 1 + 



ax — f 1 ) 
ax // 



Let X = 0. Then 



(9.82) 



(9.83) 



fj'cxit) = Xo{t) and fj.ax{t) = Xo(f) 

for every t € R. 

Second, we calculate the membership function of the fuzzy relation <. 
Let X > 0. Then, see Figure 9.2, 

/i<(ox, b) = sup{min{/iai(u),Atg(v)} | « < v}, 

For X = 0 we calculate 




/i<(ax, b) = sup{min{x{o}(«), Mg(v)} | « < v} = 1- 
(n) Feasible solution. 

By (9.7) a feasible solution X of the FLP problem (9.78) is given by the 
membership function 

= min{/i<(ox, b), X[o,+oo)(a:)}- 



(9.84) 
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Suppose that x >0. Using (9.79), (9.80) and (9.83), we calculate 

/i<(dx, b) = sup{min{/Xax(u), | tt < u} 

{ 1 if 0 < X, ax < 6, 

ifb<ax,{a-a)x<b + l3, 

0 otherwise. 

By (9.7) a feasible solution X of the FLP problem (9.78) is given by the 
membership function 

/ijf(x) = min{/i<(ax, b),X[o,+oo){x)}. 

Recalling (9.84), (9.87), we summarize, see Figure 9.3. 




Hxix) 



1 

b-\~l3—(a—a)x 

ax-\~l3 

0 



if 0 < X, ox < 6, 

if 6 < ax, (a — a)x < 6 + /?, 

otherwise. 



Let £ € (0, 1]. From (9.85) it follows that 



^lx{x) > £ 



if and only if 



b + ^ — {a — a)x 
ax + ^ 



> £ and X > 0, 



(9.85) 



or equivalently. 



b+(l-£)/3 
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In other words. 



I b+ {1 — e)f3 
’ a — (1 — e) 



(9.86) 



(III) Optimal solution. 

Consider a fuzzy goal d given by the membership function 

^j(x) = min{/?x, 1}, (9.87) 

for all X > 0, where (3 is sufficiently small positive number, e.g., (3 < a/b. By 
(9.20) and (9.21) we have 



= min{/x^^(x),/zj^(x)}, (9.88) 

d) = sup{min{/icx(ti), I « > 'y}- (9-89) 

By (9.82) and (9.87) we calculate for all x > 0 

/x^o(^) = min{5x, 1}, (9.90) 



where 



S = 



/3(c + 7 ) 

l + /?7 • 



The membership function of optimal solution given by (9.88) is depicted in 
Figure 9.4. Combining (9.86) and (9.90) we obtain the set of all max-optimal 
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solution X from formula (9.88) as 

VD-\06+{a-' 



where 



see Figure 9.4. 



X={ 2ai 
\[l/6,a/b] 



D = \p6 + {a — a 



^ ifa/6<l/<5. 

Otherwise. 

P + AaS{b + l3), 

□ 




Chapter 10 

FUZZY SEQUENCING AND SCHEDULING 



1. Introduction 

The early theoretical models of practical machine scheduling and sequenc- 
ing problems and their mathematical analysis were motivated mostly by prob- 
lems arising in manufacturing and service industries. Later models have also 
been influenced by new developments in flexible manufacturing, computer sys- 
tems and communication systems. Analogous problems arise, however, almost 
everywhere, and the number of various problem types is practically unlimited. 
Nevertheless, the resulting mathematical and computational problems often 
have the form of the following optimization problem: Given a finite number of 
jobs to be processed on a finite number of machines, find a feasible schedule 
that minimizes the value of a given objective function. 

To establish a clear framework for further analysis and discussion, we first 
recall elementary concepts and basic models of deterministic machine schedul- 
ing. Then we discuss some of them in nondeterministic situations with the 
emphasis on aspects that may be of special interest to the fuzzy set commu- 
nity. Starting with stochastic models, we present motivation examples char- 
acterizing difficulties which may occur under uncertainty of some parameters 
of the problem. Then we turn our attention to fuzzy models studying fuzzy 
due dates, fiizzy processing times and fuzzy precedence relations. Finally we 
discuss some directions of future research in fuzzy machine scheduling. 

We are not concerned with the project scheduling problems. The reader in- 
terested in the project scheduling problems in which the uncertainty in activity 
durations is modeled by fuzzy quantities should consult Chapter 9 in [1 18]. 
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2. Deterministic Models 

We begin with the simplest machine environment, namely, with the single 
machine problems. We assume that there are n jobs Ji , J 2 , Jn to be sched- 
uled for processing by a given machine within a given scheduling period under 
the following two assumptions: 

■ The machine is always available. In other words, the machine never breaks 
down and is available for job processing throughout a given scheduling 
period. For simplicity we assume that the scheduling period is the interval 
of all nonnegative real numbers. 

■ The machine cannot process more than one job at a time. Thus, at each 
point in time, the machine is either idle or is processing one of the available 
jobs. 

These assumptions make it possible to represent schedules with piecewise 
constant functions S that map the scheduling period into the set {0, 1, ... , n} 
by agreeing on the following interpretation of values S{t): For each t from the 
scheduling period, 

, _ j k if job Jfe is processed at time t, 

^ \ 0 if no job is processed at time t. 

By identifying schedules with piecewise constant functions, we obtain a well 
defined concept, which conveys all necessary information and can easily be 
graphically represented. 

An important observation is that each schedule S determines uniquely start- 
ing time Bk{S) and completion time Ck{S) of job Jfc in schedule S by 

Bk{S) = M{t\S{t)^k}, 

Ck{S) = sup{f 1 5(f) = fc}. 

Another important observation is that not every piecewise constant function 
5 that map the scheduling period into the set {0, 1 , . . . , n} represents a feasible 
schedule because a number of additional, problem dependent, requirements 
may restrict the feasibility of schedules. 

For example, quite often a job is required to be fully processed before some 
other jobs may be begun {precedence constraints). However, the most basic 
additional assumption arises from the requirement that every job must spend 
on the machine a prescribed length of time. In other words, we assume that 
there are given positive numbers p\,p 2 i---iPn-> so called processing times, 
and every job Jk must spend on the machine pk units of time to be completed. 
This assumption does not specify whether the processing of a job can be in- 
terrupted and resumed later. In this respect two types of problems are usually 
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distinguished: those in which the jobs must be processed nonpreemptively and 
those in which job preemption is permitted. 

Other types of restriction arise in situations where a job becomes available 
for processing later than at the beginning of the scheduling period or a job must 
be completed earlier than by the end of the scheduling period. The presence 
of such job release times and job deadlines makes scheduling problems so dif- 
ficult computationally that already the problem of deciding whether a feasible 
schedule exists is NP-hard if the jobs must be scheduled nonpreemptively. The 
reader who is not familiar with the concept of NP-hardness and other basic 
concepts of the computational complexity can consult the book [35]. In what 
follows we deal only with the nonpreemptive scheduling under the assump- 
tions that there are no deadlines and all jobs are available for processing form 
the beginning of the scheduling period. As a consequence, the question of the 
existence of a feasible schedule is trivial - there is infinite number of feasible 
schedules. 

Since there are many feasible schedules, the problem becomes that of find- 
ing & feasible schedule which is best in some prescribed sense. To specify the 
meaning of best, some suitable tools are needed for the mutual comparison of 
schedules. The standard approach is to compare schedules by means of a real- 
valued function / defined on the set of feasible schedules and constructed in 
such a way that / (5) < f[S') whenever schedule S is considered to be better 
than schedule S'. Then the problem of finding the best schedule among the set 
of feasible schedules becomes the problem of mi ni mi z ing /(5) over the set of 
feasible schedules. 

Such objective functions are often defined with the help of extremely sim- 
ple quantities involving due dates. In contrast to the notion of a deadline, a 
job can be processed after its due date but this may incur additional cost or 
penalty. This additional cost is usually expressed as a function of the differ- 
ence between the completion time and due date of the job. This difference is 
called lateness in spite of the possibility that the job is early and not late when 
it is completed before its due date. Such negative lateness may represent bet- 
ter service than required. When early jobs bring no reward, then the tardiness 
defined as the positive part of the lateness is a more appropriate quantity for 
constructing the objective function. In some situations, for instance in a just- 
in-time environment, also negative lateness may represent poorer service than 
required, and it should be penalized. 

Typically, objective functions are composed from these simple quantities 
through aggregation by summation or maximization. More generally, let jf = 
{1,2,..., n}, and assume that a real-valued function ipik is associated with job 
Jk, k ^ ff. Then these given penalty or cost functions are aggregated into the 
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objective function /sum or /max as follows: 



/sumCS-) = X; <pfc(C'fc(S')), 


(10.1) 


keN 




/max(-S') = max |(pfe(Cfc(5)) 1 k G jV|. 


(10.2) 



For example, if we use (10.1) with cost functions 

<Pk{t) = -{t-dk), keU, 
n 

where dk is the due date of Jk, then we obtain the problem of minimizing the 
mean lateness; if we use (10.1) with cost functions 

(fk{t) = max{0, sign(f - dk)}, keAf, 

then we have the problem of minimizing the number of tardy jobs . 

A very useful property of objective functions defined by (10.1) and (10.2) 
is that if all cost functions are nondecreasing, then both /sum and /max are 
monotone in the sense that f{S) < f{S') whenever Ck{S) < Ck{S') for all 
k £ Af. The objective functions that have this property are called regular ob- 
jective Junctions or regular measures of performance. Note that the regularity 
can be guaranteed for much broader class of objective functions by using the 
monotonicity of aggregating mappings discussed in Chapter 5. 

The significance of this type of regularity consists in the fact that, in cer- 
tain situations, the search for an optimal schedule can be limited to a small 
part of the set of all feasible schedules. For example, under our assumption 
that all jobs are available from the beginning of the scheduling period, no im- 
provement in the optimal value of a regular objective function can be gained by 
allowing inserted idle times between the processing of jobs or by preemption. 
In other words, it is sufficient to minimi z e only over the set of those schedules 
in which the machine starts processing at the beginning of the scheduling pe- 
riod and continues without interruption and preemption until all jobs are com- 
pleted. Such schedules are called permutation schedules because each such 
schedule is uniquely determined by the order (permutation) in which the jobs 
are processed. 

For later reference, we recall two well known algorithms that take advantage 
of objective function regularity. 

Lawler’S Algorithm [65] 

Step 1: Given n jobs with positive processing times pi,p2i--->Pn. set 

I :=Af, u := ^^pj, k := n. 
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Step 2: For given cost functions <^i, > fn'< select i G / such that 



= min{v?j(u) \jel}, 
and place Jj in the fcth position. 

Step 3: Update I, u and k by 

u:=u—pi, k := k — 1, 
and return to Step 2 until 7 = 0. 

It can be verified that Lawler’s algorithm delivers an optimal permutation 
for the problem with the objective function /max defined by (10.2) whenever 
all cost functions ipk are nondecreasing. In spite of its generality, Lawler’s al- 
gorithm is quite efficient; it can be run in 0(n ^)-time, provided that the values 
of the cost functions can be computed in constant time. For simplicity, we 
presented the algorithm for the case of independent jobs, that is, for the case 
of empty precedence relation. However, the algorithm can easily be extended 
to the case where the feasibility of schedules is constrained by a precedence 
relation given by an irreflexive partial ordering on the job set. 

The following simple algorithm solves the problem of minimizing the num- 
ber of tardy jobs in 0(n log n)-time where n denotes the number of jobs. 

Moore’s Algorithm [73] 

Step 1 : Given n jobs with positive processing times pi,P 2 , ■ ■ - ^Pn and non- 
negative due dates di,d 2 ,---, dn, sequence the jobs according to nonde- 
creasing due dates. 

Step 2: Find the first tardy job in the current sequence, say J*. If no such 
job exists, go to Step 4. 

Step 3: Find the longest job in the initial part of the sequence up to and 
including Jk, reject it from the sequence, and return to Step 2. 

Step 4: Form the final sequence by taking the current sequence and append- 
ing to it the rejected jobs in arbitrary order. 

We should note that an objective function, regular or not, is a tool for rep- 
resenting an underlying relation better than, and that some natural relations 
cannot be represented by a single objective function. As typical examples of 
such situations we can consider the problems involving comparison of sched- 
ules with respect to several conflicting objectives. Several functions can be 
used to deal with such situations, which results in a scheduling problem with 
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multiple objectives. The standard way is to construct a finite number of real- 
valued functions /i , /2? • • • /p such that the inequalities 

fi{S) < fi(S') for all 1 < i < p, 
fi{S) < fi{S') for at least one 1 <i <p 

are satisfied if and only if schedule S is considered to be better than schedule 
S'. The problem then becomes that of finding the set of Pareto-minimizers 
with respect to functions /i, /2, • • ■ > /p over the set of feasible schedules. 

One of the immediate extensions of single-machine models takes advantage 
of parallelism. We again assume that there are n jobs Ji, J 2 , ..., Jn to be 
processed, but now on a system of m machines Mi, M 2 , . . • , Mm- All ma- 
chines are again always available throughout a given scheduling period, and 
this period is machine independent. Each machine can process each job but 
again not more than one job at a time. Moreover no job can be processed 
simultaneously on different machines. Since the machines are not necessar- 
ily identical, the processing time of a job may vary from machine to ma- 
chine. Let M = {1,2,..., m}, and let pik > 0, i € A4, fc € A/", denote 
the processing time of job if it is processed only by machine Mi. Under 
these assumptions, each feasible schedule can be represented by an m-tuple 
S = { 81 , 82 , .. ., Sm) of schedules for individual machines. However not ev- 
ery such m-tuple represents a feasible schedule. If Lik{ 8 ) denotes the “length” 
of the set {t | Si{t) = fc}, then the requirement of processing all jobs to com- 
pletion can be expressed by the condition 

= keX. 

Moreover, since each job can be processed at most by one machine at a time, 
we have to require that Si{t) = k implies Sj{t) k for each job Jfc and for 
every j different from i. 

Usually we distinguish the following three situations. If there are positive 
numbers pi,p2,...,Pn such that pik = P 2 k = ■ ■ -Pmk = Pk for each k e 
J\f, then we say that our parallel machines are identical. If there are positive 
numbers Pi,P2, ■ ■ ■ ,Pn and si, S2, . . . , s„ such that pik = SiPk forieM 
and k G AA, then we speak about uniform parallel machines. If there is no 
special relation between various processing times, we say that the machines 
are unrelated. 

As in the single-machine case, each feasible schedule determines, for each 
job Jfc, completion time Ck(S) of job Jk under the schedule 8 . Consequently, 
everything concerning objective functions based on completion times (for ex- 
ample the concept of regular objective functions) can easily be extended to 
parallel-machine models. 
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Single-machine and parallel-machine models can be considered as single 
operation or single stage problems in the sense that each job consists of just 
one operation and has no inner structure. There are of course many problems of 
practical interest in which jobs are more complex and their processing requires 
more intricate system of machines. 

It is an established tradition to distinguish three basic types of such multi- 
operation models: flow shops, job shops, and open shops. In all three cases 
we again have n jobs Ji, J 2 , ..., Jn to be processed on the system of m ma- 
chines Ml , M 2 , . . . , Mm- However, now each job Jfe consists of m operations 
Oik, 02 k, ■■■, Omk- In an open shop, each operation Oik has to be processed 
by machine M{ but no particular processing order through the machines is pre- 
scribed. In a flow shop, a processing order through the machines is given and 
this order is the same for all jobs. In a job shop, the order through the machines 
is also prescribed for each job, but it may be different for different jobs. Again 
we suppose that each machine can handle at most one job at a time and no job 
can be processed by more than one machine simultaneously. Each operation 
Oik has its own positive processing time Pik depending on the machine which 
must execute the operation. 

Again, each feasible schedule determines uniquely the completion time of 
jobs. Therefore the concept of a regular objective function and all other con- 
cepts based on completion times can easily be extended to multi-operation 
models. Among the traditional multi-operation problems, the job shop prob- 
lems seem to be hardest. A theoretical proof of their intractability comes from 
the fact that even the problem of minimizing /max with (pk(t) = t for allk Eflf 
is NP-hard in the strong sense. A practical proof comes from the fact that it 
took more than 10 years to solve a particular “small” instance of this problem 
with 10 jobs and 10 machines posed in 1963, see [30]. 

There are several excellent books and surveys on deterministic machine 
scheduling. We refer the reader to the books [4], [16], [23], [34], [80]. For 
survey of complexity results, optimization algorithms and approximation al- 
gorithm, see [66]. 

3. Stochastic Models 

In the previous part of this chapter, we assume that the processing times, due 
dates and all other data defining a problem instance are known exactly in ad- 
vance. In practice, we are often confronted with situations where this assump- 
tion is not justified because various forms of uncertainty must be taken into 
account. For example, uncertainty can arise because we are unable to measure 
some quantities perfectly or because some operations involve human activities 
or depend on weather. In this section we illustrate how situations involving 
uncertainty are treated if a probabilistic description of uncertain parameters is 
available. 
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Mathematical models based on probability theory have been used to quan- 
tify uncertain data to facilitate formulation, analysis and solution of machine 
scheduling problems since the beginning of scheduling theory. Some of such 
stochastic problems have been studied in the framework of queueing theory or 
stochastic dynamic programming. However, gradually, the field of stochastic 
machine scheduling has been established with its specific methods, applica- 
tions and vast literature. The reader interested in this field can consult, for 
instance, the book [81] or the survey [107]. Here, similarly to the previous 
sections, we aim at providing a motivation for the next part devoted to the 
models based on fuzzy set theory. 

We begin with considering some stochastic counterparts of single machine 
problems discussed in the previous section. We assume that all problem data 
except the processing times are known with certainty in advance. Regarding 
the machine, we exclude the possibility of machine breakdowns, and again 
assume that the machine can process at most one job at a time. The only un- 
certainty arises from the assumption that the processing times are independent 
random variables whose distributions are known in advance. 

Randomness in the processing times implies distributions of job completion 
times, which makes the meaning of “better than” relation unclear. Obviously, 
some kind of stochastic dominance should be specified to make mutual com- 
parison of schedules possible. The simplest and quite common approach is to 
replace the values of objective functions used in the deterministic case with 
their expected values. Let us illustrate it on a simple example. The reader in- 
terested in applications of other types of stochastic dominance finds plenty of 
examples in [107], [81] and [19]. 

Example 10.1 Consider two jobs J\ and J 2 whose due dates are di = 2 
and d .2 = 5, respectively, and whose processing times are discrete random 
variables with probability distributions given by the following tables: 



Processing time of Ji 


Probability 


Processing time of J 2 


Probability 


1 


1/3 


2 


1/2 


2 

0. 


1/3 

1 /o 


4 


1/2 



3 1/3 



The problem is to establish which of the two possible permutation schedules is 
better when the measure of performance to be minimized is the expected value 
of the maximum lateness. 

Let Li and denote the lateness of J\ and J 2 , respectively. There are 
two cases: the case that job J\ is scheduled first and the case that job J 2 is 
scheduled first. Simple calculations show that the probability distributions of 
max{Lx) i's} in these two cases are respectively as follows: 




Fuzzy Sequencing and Scheduling 



Case: job Ji is scheduled first. 



Value o/max{Li , L2} 


Probability 


-1 


1/6 


0 


2/6 


1 


11% 


2 


1/6 
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Case: job J2 is scheduled first. 



Value o/max{Li , L2} 


Probability 


1 


1/6 


2 


1/6 


3 


2/6 


4 


1/6 


5 


1/6 



It follows that the expected value of the maximum lateness is 

E(max{Li, L 2 }) = I scheduled first, 

^ \ 3 if J 2 is scheduled first. 

Thus we conclude that the schedule in which job Ji is scheduled first is better. 

□ 

The example suggests that if, under the same assumptions, a finite set of 
jobs is to be scheduled with the objective to minimize the expected value of 
the maximum lateness, then the best schedule could be obtained by ordering 
the jobs in nondecreasing order of job due dates (EDD-rule). This is indeed 
so, see [81]. 

Example 10.2 Consider the same job data as in the previous example and 
calculate the expected values of the lateness of jobs Ji and J 2 in the case that 
job Ji is scheduled first. Again easy calculation gives the following probability 
distributions of L 1 and L 2 : 



Value of L\ 


Probability 


Value of L2 


Probability 


-1 


1/3 


-2 


1/6 


0 


1/3 


-1 


1/6 


1 


1/3 


0 


2/6 



1 1/6 

2 1/6 



Obviously the expected values of Li and L 2 are E{Lx) = E{L-^ = 0. Ob- 
serve that 

max{E{Li), E{L2)} < E(max{Li,L2}). 

□ 

This example indicates that the stochastic counterparts of the minimization 
of the maximum lateness in a deterministic environment may differ according 
to whether we wish to minimize the expected value of the maximum lateness 
or the maximum of the expected job latenesses. It turns out that the latter 
problem is also solved by the EDD-rule. However, this type of problems can 
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be solved by a modification of Lawler’s algorithm for arbitrary nondecreasing 
cost functions. It suffices to modify the second step of the algorithm as follows: 

Step 2* : Select i cl such that for given cost functions 

noo r roo 

j <Pi{t)fi{t)dt = min I J ‘Pj{t)fi{t)dt 

where fj denotes the convolution of the processing times of jobs with in- 
dices in I. 

Obviously, the efficiency of the algorithm depends on the ability to eval- 
uate the integrals. The properties of expected values imply that this task is 
particularly easy if the cost functions are linear. 

The previous two examples illustrate the difference between the minimiza- 
tion of the function 

fE,max{S) = E{max{ipk{Ck{S)) \ kcAf}) 

and the minimization of the function 

/max,E(5) ■ max{E{(pk{Ck{S))) \kcM} 

over the set of permutation schedules. Both these variants are stochastic coun- 
terparts of the deterministic problem whose objective function is based on the 
aggregation of cost functions through maximization. 

If the aggregation of cost functions is based on summation, then the differ- 
ence between the minimization of 




!bs{S) = B 



Yi Vk(CkiS)) 

.keN 



and the minimization of 

fzMS) = E ME{Ck{S))) 

keN 

can be much more drastic. As an convincing example, consider the problem of 
scheduling nonpreemptively n jobs Ji, J 2 , ..., Jn for processing by a single 
machine with the objective to minimize the weighted number of tardy jobs 
under the assumption that all jobs have common positive due date d. 

The objective function of the deterministic version is 

/sum(5) = E MCkiS)) 

keN 
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— max{0, Wksiga{t — d)}, k eM, 

where WkS are given positive weights. 

This problem is equivalent to the knapsack problem. Indeed, the common 
due date is equivalent to the size of the knapsack, the processing times are 
equivalent to the sizes of items, and the weights are equivalent to the values of 
items in the knapsack. Therefore the problem is NP-hard. 

Now consider the problem of minimization of the expected weighted num- 
ber of tardy jobs, that is, the minimization of the function 

fE,sum{S) = ■E’ [ XI ^i^jkSign(C'fc(5) - d)} 

\keM' 

over the set of permutation schedules. In [81] it is shown that if every Job J j 
has an exponentially distributed processing time with rate A j, then the problem 
is solved by the following simple rule: Sequence the jobs in nonincreasing 
order of XjWj. 

However, if the problem is to m i nimiz e the weighted number of jobs ex- 
pected to be tardy, that is, if the objective function is 

/sum, E (S) = X max{0, Wksign{E{Ck{S)) -d)}, 
keAT 

then the problem is again equivalent to the knapsack problem and therefore it 
is NP-hard, see [122]. 

An important distinction between the deterministic machine scheduling and 
stochastic machine scheduling consists in the possibility of adapting schedules 
to evolution of stochastic processes. So far we have tacitly assumed that, sim- 
ilarly to the deterministic environment, the order of jobs in a schedule is fixed 
at the beginning of the scheduling period and that this order is not changed 
during the processing. Since the processing times are random variables, we 
can consider also an alternative concept of a schedule. Namely, we may allow 
to change the order of unprocessed jobs at every point in time (not known in 
advance) at which some uncertain data became known. 

Let us clarify the difference between these two (static and dynamic) con- 
cepts of a schedule through a simple example. 

Example 10.3 Consider the problem of nonpreemptively scheduling three 
jobs with common due date d = 7 and with random processing times given by 
the following probability distributions: 
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Processing time of Ji 


Probability 


Processing time of J2 


Probability 


2 


4/10 


5 


3/10 


3 


6/10 


6 


7/10 



Processing time of J 3 


Probability 


2 


2/10 


6 


8/10 



First let us calculate the expected number of tardy jobs for the static schedules 
in which job Ji is scheduled first. There are two such permutation schedules: 
One with the job order (Ji, J 2 , J 3 ) and the other with the job order (Ji, J 3 , J 2 ). 
For both schedules, J\ is tardy with probability 0. For the former, J 2 is tardy 
with probability 22/25 (1 minus the probability that the processing time of J 1 
is 2 times the probability that the processing time of J 2 is 5), and J 3 is tardy 
with probability 1. Thus, the expected number of tardy jobs is 

0(0) + 1(3/25) + 2(22/25) + 3(0) = 1.88. 

For the latter, J 3 is tardy with probability 4/5 (the probability that the process- 
ing time of J 3 is 6 ), and J 2 is tardy with probability 1. Thus, the expected 
number of tardy jobs is 

0(0) + 1(1/5) + 2(4/5) -b 3(0) = 1.8. 

Now let us calculate the expected number of tardy jobs for the dynamic 
schedules in which again job Ji is scheduled first. There are four such sched- 
ules. 

1 Always schedule J 2 as the second job (i.e., the job order is always 

(Ji, J2, h))- 

2 Always schedule J 3 as the second job (i.e., the job order is always 
(Ji, J 3 , J 2 )). 

3 If the processing time of J\ is 2, then schedule J 2 as the second job (i.e., 
the job order is ( Ji, J 2 , J 3 )); if the processing time of J\ is 3, then schedule 
J 3 as the second job (i.e., the job order is (Ji, J 3 , J-^). 

4 If the processing time of J\ is 2, then schedule J 3 as the second job (i.e., 
the job order is (Ji, J 3 , J 2 ));iftheprocessingtimeof Ji is 3, then schedule 
J 2 as the second job (i.e., the job order is ( Ji , J 2 , Jz)). 

Again, for all four schedules, J\ is tardy with probability 0. For the first two 
schedules, the expected numbers of tardy jobs are 1.88 and 1 . 8 , respectively. 
For the third schedule, there are exactly two tardy jobs: 
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■ if the processing time of Ji is 2 and the processing time of J2 is 6, or 

■ if the processing time of Ji is 3 and the processing time of J3 is 6. 

The probability that there are exactly two tardy jobs is 

(4/10)(7/10)+ (6/10)(8/10) = 19/25. 

Thus, the expected number of tardy jobs is 

0(0) + 1(6/25) + 2(19/25) + 3(0) = 1.76. 

For the fourth schedule, there are exactly two tardy jobs: 

■ if the processing time of Ji is 2 and the processing time of J3 is 6, or 

■ if the processing time of Ji is 3 and the processing time of J2 is 6. 

The probability that there are exactly two tardy jobs is 

(4/10)(8/10) + (6/10)(7/10) = 37/50. 

Thus, the expected number of tardy jobs is 

0(0) + 1(13/50) + 2(37/50) + 3(0) = 1.74. 

As expected, better results may be achieved by allowing for dynamic type of 
schedules. □ 

4. Fuzzy Models 

For some time, machine scheduling models based on probability theory 
were considered the only sensible models for dealing with uncertainty in the 
problem data. However, the interest in scheduling models based on fuzzy set 
theory seems to grow rapidly, see the book [118]. We believe that more ap- 
plications of fuzzy set theory to the analysis of machine scheduling are to 
come and that a sound theory complementing the deterministic and stochas- 
tic scheduling theories will soon emerge. Here we present only a short sur- 
vey of existing approaches, discuss some new results in the area of algorithms 
working with fuzzy processing times and fuzzy precedences, and give some 
suggestions for future research. 

In what follows we assume that there are n jobs J\,J 2 i---iJn that have to 
be processed by a continuously available machine which can process at most 
one job at a time. Also we assume that the scheduling period is the interval of 
all nonnegative real numbers and all jobs are available from the beginning. In 
addition, we confine ourselves to nonpreemptive setting, and we assume that 
the only control we have is in the order in which jobs are processed. In other 
words, only permutation schedules are feasible. This is not always justifiable 
in practice. For example it may be advantageous to allow for inserted idle time 
if the objective function is based on just-in-time requirements. 
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Figure 10.1. 



4.1. Fuzzy Due Dates 

We begin with problems in which everything remains crisp except the job 
due dates. We assume that the uncertainty concerning due dates is modeled by 
means of fuzzy intervals as defined in Chapter 6. In other words, we assume 
that the crisp due dates di , ^2, . . . , dn of jobs Ji , J2, . . . , Jn used to define ob- 
jective functions in the deterministic case are now replaced by fuzzy intervals 
Di, £>2, . . . , Dji- Since the scheduling period begins at time zero, we assume 
that all these due dates are nonnegative in the sense that their membership func- 
tions are identically zero on the negative halfline. To simplify the notation we 
write Dk{t) to denote the value /xp^, (t) of the membership function of at t. 

The value Dfe(f) serves for expressing the degree of satisfaction with the 
completion of job at time t, and we assume that all due dates are exactly 
known in advance. For example, if Dfc is a right trapezoidal fuzzy interval 
defined by (see Figure 10 . 1 ) 

{ 1 iff <4, 

' " <*<<€• ( 10 - 3 ) 

0 if f > d^, 

where d^ and d^ are crisp real numbers such that 0 < d^ < d^, then we are 
completely satisfied when job Jk is completed by time t = and our degree 
of satisfaction decreases linearly with the job lateness to complete dissatisfac- 
tion if the job is not completed before t = d^. The limit case with d^ = dt 
and d^ converging to d^, that is, the case 




if f < dfc, 
if f > dk. 



( 10 . 4 ) 




Fuzzy Sequencing and Scheduling 



267 



1 



0 



dk 



t 



Figure 102. 

reflects the situation in which we are completely satisfied when job is com- 
pleted by t = df. and completely dissatisfied when job is late; see Fig- 
ure 10.2. 

A number of papers have appeared that deal with the problem of maximiz- 
ing the minimum degree of satisfaction or the total degree of satisfaction for 
various classes of fuzzy due dates and machine environments. For example, 
in [124] the problem of maximizing the minimum degree of satisfaction is 
studied in the case that the fuzzy due dates are given by (10.3), that is, the 
problem of maximizing 

FminiS) = mm{Dk{Ck{S)) \keAf}. 

The algorithm presented in [124] is based on the following observations. Let 
u be the maximum value of Fmm(<5) over all permutation schedules, and let 
6k : [0, 1] — i- R be defined by 

6k{a) = di + {d^ keM. (10.5) 



Observation 10.4 If v = 0 then, for each permutation schedule S, there 
exists a job Jk such that Sk{oi) < Ck{S)for all a G [0, 1]. 

Observation 10.5 Ifv > 0thenCk{S) < 5 k ( v ) for each optimal permu- 
tation schedule and each job Jk- 

Observation 10.6 Foreachae. [0, 1], a permutation schedule S satisjying 
the system of inequalities 



Ck { S )< Sk { a ), keff, 



( 10 . 6 ) 
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exists if and only if the permutation schedule in which the jobs are ordered 
according to nondecreasing values ofS{a) satisfies (10.6). 

Observation 10.7 If I is a subinterval of the unit interval [0, 1] such that 
there are no a & I and no i, j such that 

a{df - 4 - + df) = df - df, 

then the order of Sk(a), k Cff, does not change throughout interval I. 

A simple asymptotic analysis, see [124], shows that the resulting algorithm 
takes 0{n^ logn)-time. In [127] a modification of this algorithm is described 
which delivers an optimal solution in 0{{P + n log n) log P)-time, where P is 
the number of intersections of graphs of ^ ^s situated between the lines a = 1 
^md a = 0. 

It can easily be seen that this problem can also be solved by a straightfor- 
ward application of Lawler’s algorithm, because the problem is equivalent to 
a deterministic problem where objective function is of /max type with nonde- 
creasing cost fonctions. It suffices to replace every fuzzy due date D k with its 
complement Dk defined by 



Dk{t) = 1 - Dk{t). 

In other words, it suffices to minimize the maximum degree of dissatisfaction 
instead of maximizing the minimum degree of satisfaction. The problem then 
becomes that of minimizing /max with nondecreasing cost functions 

{ 0 if f < d^, 

1 iff>d^. 

Obviously, analogous transformations can be used not only in the case of 
“right trapezoidal” due dates but also for arbitrary fuzzy intervals. Also the 
maximization of the minimum degree of satisfaction is not essential for such 
transformation. In principle, similar transformation can be used for all prob- 
lems in which all data except due dates are crisp. As a consequence, all tech- 
niques of the deterministic machine scheduling are directly applicable and 
the study of these problems can be considered as a part of the deterministic 
scheduling. 

4.2. Fuzzy Processing Times 

The real challenge of fuzzy approach to machine scheduling begins with 
problems in which, in addition to fuzzy due dates, also some other problem 
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data are fuzzy. The reason is that in such cases fuzziness enters the con- 
straints defining the schedule feasibility. Such situations require incorporation 
of deeper results of fuzzy set theory. 

In this section we assume that also job processing times are allowed to be 
fiizzy. More precisely, we assume that each job Jfc has not only a fuzzy due 
date Dk but also a fuzzy processing time Pk, and that both are nonnegative 
fuzzy intervals. For convenience, we identify feasible schedules with permu- 
tations of job indices by agreeing that if tt is a permutation of the set M, then 
the equality j = 7r(i) indicates that job is the ith job to be processed. 

Similarly to the deterministic case, every schedule tt determines an ordered 
n-tuple {Cf, C 2 ,. . .,C^) of completion times. The only difference is that 
now every completion time is a fuzzy quantity determined for j = 7t(z) by 



Cj = Pn{l) © -P7t(2) © • • • © Pir(i) 

where © stands for a suitable addition of fuzzy intervals. 

Similarly to the stochastic case, it is not clear how to compare the quality 
of schedules on the basis of completion times. Obviously some type of fuzzy 
dominance between fuzzy quantities should be used. Tens of reasonable in- 
dices for the comparison of fuzzy quantities can be found in the literature, and 
the right choice depends on the type of the problem under consideration. 

In [53], the due dates Dk defined by (10.4) are considered, and schedules 
are compared by means of numbers Vk{CJ., Dk) defined by 



't’k{Ck,Dk) 



{I 



if BliDk) > XAl, 
otherwise. 



where 



■ A € [0, 1]. 

■ is the area below the membership function of C J; see Figure 10.3. 

■ B'^{Dk) is the area of the part of to the right of dk defining Dk', see 
Figure 10.3. 

The problem considered is that of minimizing the number of A-tardy jobs, 
where job Jk is called A-tardy in sequencing according to tt whenever 

BUDk) > \Al (10.7) 



It is shown how Moore’s algorithm could be extended for solving the problem 
when completion times are triangular fuzzy numbers. 

In [54], the due dates Dk defined by (10.3) are considered, and schedules 
are compared by means of the numbers 



"^kiCk i Dk) 



■-{I 



ifsupimin{C'J(f),Z)A;(f)} < A, 
otherwise. 
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Figure 103. 




Figure 10.4. 

where A is a given number in the interval [0, 1]; see Figure 10.4. Again the 
problem of minimizing the number of A-tardy jobs is studied, where now job 
Jfc is called A-tardy in the permutation schedule tt whenever 

supmin{C'J(f),Dfe(f)} < A. 

t 

This problem can be solved by an extension of Moore’s algorithm if comple- 
tion times are triangular fuzzy numbers. 

In both cases, the minimum number of A-tardy jobs and optimal permuta- 
tions depend on A. Therefore, strictly speaking, we deal with infinitely many 
problems. Since there are only finite number of permutations and since the 
optimal sequencing probably does not react chaotically to changes in the value 
of parameter A, it would be of interest to study this dependence and to obtain 
further algorithmic results. 

The above results together with applicability of Moore’s algorithm to min- 
imization of the number of tardy jobs in the deterministic case and in the 
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stochastic case with exponentially distributed processing times suggest the 
problem of finding general conditions for applicability of Moore’s algorithm. 
In this respect, the following results are established in [121]. 

V T> 

Let V and V be nonempty sets and let and be asymmetric negatively 
transitive relations on V and V, respectively. In other words, p ^ implies 
p! ^ p, and p ^ p' together with p' ^ p" imply p ^ pf', and similarly for y. 
We write p ~ p' if both p ^ p' and p' ^ p; if p ^ p' or p ~ p', that is, if 

p y- p, then we wnte p p , and similarly for 

Let f:'Px'P— ^Pbea binary operation on V such that 

'P 

i{p,p')^P, 

f(p,p') = f(p',p), 

P P 

^iPiP') ^ t{P:P") whenever p' >- p", 
iip,t(p',p")) = t{t{p,p'),p"). 

For every positive integer i, let 

i times 

Ti-.P xPx ■■■P ^P 

be a mapping such that 

■ Ti(p)=p, 

■ T 2 (pi,P 2 ) = f(pi,p 2 ), and 

■ Ti{pi,p2,...,pi) = t{Ti-iipi,p2,...,Pi-i),Pi)foTi > 3. 

Notice that 



Tiip^(l),Pn(2), ■ --^Pnii)) = Ti{pup2, . ..,Pi) 

for every permutation tt of {1, 2, . . . , i}, and 

P 

•••tPj—liPjiPj+lt •••iPi) l(Pl) •■•iPi) (10.8) 

for all 1 < j < i. 

Furthermore, let -c be a relation between P and T> such that 

p 

■ if p ^ p' and t{q,p) <^d, then t{q, p') <C d, and 

■ if d d' and p <c d', thenp <C d. 

To simplify the presentation of results on the following generalized version 
of the problem of minimizing the number of tardy jobs, we use the concept of 
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a sequence of a finite set defined as follows. A sequence of a nonempty set Q 
is a one-to-one mapping of {1, 2, , Card((5)} onto Q. Now we are ready to 
formulate an abstract version of problem of minimizing the number of tardy 
jobs. 

Let J = {Ji, J2, . . . , Jn} be a set of jobs such that Ji = di) with 
i eM,Pi eV, and di G V. That is, each job Ji is characterized by an ordered 
triple {i,Pi, di). For a sequence tt of Nf, we denote by T(7t) the subset of M 
defined as follows: j E M belongs to T (tt) if and only if, for i E M such that 
j = 7r(i), 

'^i(Pir(l)jPir{2)i • • •)Pir(i)) d.^(^iy 

The jobs Ji with i E T (tt) are called tardy in the permutation schedule given 
by sequence tt. The problem is to minimize the number of tardy jobs, that is, 
to find a sequence on M such that 

Card(T (tt)) < Card(T (a)) for every sequence a of J\f. 

Each such sequence is called optimal. 



Example 10.8 Let both V and I? be the set of all positive numbers, let )- 

and X be the natural ordering > of real numbers, and let t{p, p') mean p -I- p'. 
If p <C d means p < d, then all assumptions are satisfied, and the problem 
becomes the deterministic problem of minimizing the number of tardy jobs 
described in Section 2. 171 

Example 10.9 Let 'P be the set of random variables withp : R R such 
that the probability of the event p < t is zero for every nonpositive number t, 

and let p > p' means that E{p) > E(p'). Let TO be the set of all nonnegative 

'D 

numbers and be the natural ordering > of real numbers. Furthermore, let 
t{p,p') means p ® p' where © is the standard addition of random variables. 
If p -C d means sign(E(p - d)) = 0, then we have the minimization of the 
number of jobs expected to be tardy. D 

Example 10.10 Recall the fuzzy problem of minimizing the number of A- 
tardy jobs, in which the A-tardiness is defined by (10.7). This problem can also 
be described as follows. 

Let P and P be the set of (L, i?)-fuzzy intervals defined as follows. An 
(L, /?)-fiizzy interval p belongs to P if and only if its membership function p p 
is defined by 




max{0, Lp{ap — t)} 
max{0,Pp(f — ap)} 



if f < ap, 
if t > ttp. 
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where o.p is positive number, and Lp and Rp are decreasing functions satisfying 
Lp(0) = iZp(O) = 1. An (L, il) -fuzzy interval d belongs to T> if and only if its 
membership function Hd is defined by 




iff </?d, 
if f > Pd, 



V V 

where Pd is a positive number. Let p y p' and d y d' mean «p > Op/ and 
Pd > Pd', respectively. Furthermore let t{p,p') mean p © p', where p © p' is 
an {L, i7)-fuzzy interval with membership function 

, . _ J max{0, Lpep/((o:p -t- ap>) - f)} ift<ap + ap>, 

Ppep I max{0, Rp^ptit - (ap + ap/))} if f > Qp -t- aps 

such that 

Lp®p'{t) = sup{ip(fi) + Lp>{t2) I f = fi + <2} 
and 

-Rpep'(f) = sup{J7p(fi) -I- Rp>{t 2 ) I f = fi + * 2 }- 

Let A € [0, 1), and let p d means Bp{d) < XAp, where Ap is the area 
below the membership function pp of p, and Bp{d) is the area of the part 
Ap to the right of Pd defining d. Let J = {Ji, J 2 , . . ■,Jn} be the set of 
jobs Ji = (i,pi,di), for i G A/", such that Lp^ = Lp^ = — Lp^ and 

Rp^ = Rp 2 = • • • = Rp^. Then, the problem becomes the fuzzy problem of 
minimizing the number of A-tardy jobs. □ 



In the following analysis, we assume that 

T> V T> 

dn “n-1 di. 



T> 

Notice that the asymmetry and negative transitivity of guarantee that this 
assumption causes no loss of generality. 

Proposition 10.11 (Jackson’s Lemma) Let irx> be a sequence such that 
T^v{i) = i for every i E Jf. A sequence it of Af with T{tt) — 0 exists if 
and only ifT (tt £>) = 0. 

Proof. Obviously, it suffices to show that if T(7 t) = 0 for some sequence 
TT, then T(7T£)) = 0. Suppose that tt is such that T(7 t) = 0. Then 

Ti(p^{i ) , p^( 2 ), • • • ,P^(i)) < d^(j) for every 1 < i < n. 

If TT = 7T£), then we are done. Let tt ^ ttd. Then there is a number j E Af 
such that 

T> 

d^[j) >- 
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Let cr is a sequence obtained from tt by the interchange 

( 7r(j + 1) iU = j, 
cr(i) =<7r(j) ifi = j + l, 

^ Tv{i) otherwise. 

For i ^ {j, j + 1}, we have 

^i(P<t(1))P(t( 2)) • • • )P<r(i)) '^i{Pir{l)fPTr{2)i • • • )P7r(i)) ~ 

For i = j, we have • • • >Pa(i)) < because 

V 

^i+l(P7r(l)7 • • • 7P7r(2)?P7r(i+l)) '^i{P'ir(l)') • • • ’)PTr{i—l)fP7r{i-\-l)) 

~ ^i(Pcr(l) 5 Pcr(2)5 • * • 9Pa(i)) 

and 



^i+l(P7r(l)7P7r(2)5 • • • ’)PTv{i—l)^PTr{i)^P7r(i+l)) ^ ^7r(i+l) 

For i = j + 1, we have Ti(p^(i),p^( 2 ), . . . ,p^(i)) < because 

V 

^<r(i) ^7r(i— 1) ^Tr(i) 

and 

'^iiPa{\)iPtj(2)i • • • >P<r(i)) 'I'iiP'n{V)iPTt{2)i • • • ^Pir{i)') 

Therefore T{a) = 0. 

After 0(n^) times of such interchanges, a sequence a is obtained such that 
T(cr) = 0 and (T = 7T£). ■ 

Now suppose T{'K£)) ^ 0. Let fc be the smallest number in H such that 

'P 

k G T(7T£)), and let j be such that j 6 {1,2,..., k} and pj ^ pi for each 
i e {1,2,..., A:}. 

Proposition 10.12 Let a be a sequence ofJ\f such that for some 1 < I < 
n, 

■ {o'(l))Cr(2),...,cr(0} £ {1,2, ...,fc}\{j},and 

, , V X> 

■ 

Then, {ct(1),(t(2), . . .,(t(1)} n T(a) = 0. 

Proof. It is obvious that if z € {cr(l), cr(2), . . . , cr{l)} \ {fc}, then i ^ 
T(ttd)- From (10.8), we have i ^ T{a) for each i e {cr{l), <7(2), . \ 

{k}. Suppose k E {(j( 1),<7(2), . . .,<r(Z)}. Frompj pk we have 

V 

rfc_i(pi,p2, • • . ,Pfc-l) fc Ti(p^(l),p<^(2), . . . ,Po-(i)). 
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T> 

Moreover, since dk fe dk-i and Tk- 









TliPa(l),Pij(2), ■ < dk, 

and therefore k ^T{a). ■ 

Proposition 10.13 There exists an optimal sequence -n of M such that 

j € T(7t). 

Proof. Notice that, from Proposition 10.11, T(7T£)) ^ 0 implies T(7t) 0 

for all optimal sequences tt of TV. Let cr be an optimal sequence. If j € 7” (<r) 
we are done. Suppose j ^ T{a). Without loss of generality, we assume that 
there exists a number I such that 

J ® J ® ® J 

fe ■ ■ ■ fe ^cr{l), 



and 

T(ct) = {o(l + l),(7(Z + 2),...,£T(n)}. 

Notice that there exists a number m G {1, 2, . . . , Ic} such that m G T{a). 
Now consider a sequence tt satisfying 



{7t(1), 7t(2), . . . , 7r(/)} = ({a(l), <7(2), . . . , a{l)} \ {j}) U {m}, 



and 

T> T> 7 } 

dit(l) ‘^Tr(Z-l) • • • fe • 

Notice that 

{7t(1), 7t(2), . . . , 7t(/)} n ({1, 2, . . . , fc} \ {j}) = {7t(1), 7t(2), . . . , 7t(s)} 

for some 1 < s < 1, and thus we have m G {7 t(1), 7t( 2), . . .,7r(s)} and 
j G {cr(l), <j(2), . . . , <t(s)}. From Proposition 10.12, we have 

{7t(1), 7t(2), . . . , 7t(s)} n T(7 t) = 0. 

V 

For s + 1 < i < Z, we have 7 r(i) = <t(Z). From pj pm and 

{7t(1), 7t( 2), . . . , 7r(i)} = ({<7(1), <7(2), . . . , <r(i)} \ {j}) U {m}, 
we obtain 

V 

^iCPcr(l)?Por(2)5 * • • ^P(r{i)) '^i{P7r{l) ^ P'ir{2)i • * * ^P7r{i)) 

and 

'^i(P<T{l)TP(r{2): • • ‘TPcr{i)) ^ ^cr{i) ~ ^7r(2)* 
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Hence, Card(T'(7r)) < Card(T((T)), and therefore, tt is an optimal sequence 
of jV such that j eT{tt). ■ 

Proposition 10.13 guarantees the correctness of the following generalization 
of Moore’s algorithm. 

Algorithm 



Step 1: LetQ :=iV. 

Step 2: Let q := Card(<5). Find a sequence tt of Q such that 

j ® j ® j 

^Tz{q) ^Tr(q—1) ‘ ‘ ‘ fc d^(l)- 

Step 3: Find the smallest index \ < k < q such that 7r(fc) 6 T{it). If no 
such k exists, go to Step 5. 

V 

Step 4: Find a number 1 < 7 < k such that ^ PTr{i) for each 1 < i < k. 
Let Q :=Q\ {71(7)}. Return to Step 2. 



Step 5: Return an arbitrary sequence cr of TV such that a(i) = Tr{i) for each 
l<i<q. 

4.3. Fuzzy Precedence 

The problems involving fuzziness in precedence relations have not attracted 
much interest yet despite a well developed theory of fuzzy relations and a 
plenty of results on deterministic problems in the presence of precedence re- 
lations. Attempts in this directions can be found in [51] and [69]. Here we 
present recent result of [123] concerning a fuzzy variant of the deterministic 
problem studied in [134]. 

There are n -I- 1 jobs J», Ji, J2, . . . , Jn to be scheduled on a single ma- 
chine which is continuously available from time t = 0 and can process at 
most one job at at time. The jobs are also available from f = 0 and re- 
quire uninterrupted processing times p„ pi , p2, • • • ? Pn- In addition to process- 
ing time Pi, two numbers U and Ui are associated with each Ji from the set 
J = These numbers are assumed to satisfy the inequalities 

Q < li < Ui, and they serve to define a fuzzy number whose membership 
function Dj : R — [0, 1] is defined as follows: If < Ui, then 



Di{x) = 



'0 

X-lj 
Ui li 

u 



if X < li, 
if li <x < Ui, 

if Ui < X, 



and if li = Ui, then 




if X < li, 
if X > Ui- 



(10.9) 



( 10 . 10 ) 
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Furthermore, we assume that the feasibility of schedules is restricted by the 
followmg requirements; 

■ Jobs Ji, J 2 , . . . , Jn must be processed in the interval [0, T] where 

n 

r = Ep.. 

i=l 



■ Job J* must be processed last. 

■ For each Ji e J, the time between the completion time of Ji and the 
starting time of J* must be at least U time units. 

It follows that each feasible schedule can be represented by an ordered pair 
(tt, B) where tt is a permutation of the set AA representing the processing order 
of jobs from J and B is the starting time of processing J* such that 



B > max < 



^Tr(i) + y^P7r(j) 

J=1 



eA/" 



( 10 . 11 ) 



To evaluate feasible schedules we use three performance measures: 

■ themakespan, 

■ the minimum degree of satisfaction with the given fuzzy precedence con- 
straints, and 



■ the minimum degree of satisfaction with time delays. 

The values of these performance measures are denoted by vi (tt, 5), U2(7t, B), 
and vz{tt, B), respectively, and they are defined as follows. 

The makespan v\ (tt, B) of schedule (tt, 5) is calculated by 



ui(7T, B) = max 



max 



i 



J=1 



ieM 



, 5 -l- p* > . 



From (10.11), we have 

ui(7t, 5) = 5 -f-p*. 

To simplify the notation, we assume without loss of generality that p « = 0. 

To calculate the minimum degree of satisfaction with fuzzy precedence con- 
straints, we assume that the following types of fuzzy precedences are specified; 
see [51], [69], [124] for more details. For each ordered pair {Ji, Jj) of differ- 
ent jobs from J, a positive number n{i,j) less than or equal to 1 is given such 




278 



GENERAUZED CONCAVITY 



that if < 1, then n{j, i) = 1. The value n{i,j) expresses the degree of 

satisfaction or desirability of processing job Jj before job Jj; the higher num- 
ber represents higher degree of satisfaction. If = 1, then the 

jobs are independent in the sense that no preference between the two possible 
orders exists. 

Using the family {/x(i, j)}, we define the minimum degree of satisfaction 
with fuzzy precedence constraints by 

V2{-7r, B) = min{^(7r(i), 7r(j)) \i,j eU,i< j}. 

Note that this performance measure does not depend on B. 

As already mentioned, the degree of satisfaction with time delay between 
Ji and J* is given by Di, and the minimum degree of satisfaction with time 
delays is given by 



U3(7r,B) = min{i2^(i)(4(j)(B,7r)) I i € AT}, 

where 4(i)(5, n) = B - E}=iP^O)- 

We say that a schedule (tt, B) dominates a schedule (tt', B') if 

vi{Tt,B) <vi{Tr',B'), V2{Tr,B)>V2{iT',B'), vzin , B) > V3 {tt' , B') , 

and at least one of these inequalities is strict; and we say (tt, B) and (tt B') 
are equivalent if 

ui( 7 t,B) = ui( 7 t',B'), V2{'K,B) = V2{Tt\B'), V3 {tt,B) = vz{n',B'). 

The problem we are interested in is to find a suitable description of the set 
of nondominated feasible schedules. We solve this problem by proposing a 
polynomial time algorithm for finding a set of nondominated schedules that 
represent the whole set (usually uncoimtable) of nondominated feasible sched- 
ules. 

First we introduce some more notation. For each function Di defined by 
(10.9) or (10.10), we define its inverse D~^ : [0, 1] — > [U, Uj] by 

D~^{a) = aui H- (1 - a)li- 

Suppose the processing order of jobs from J and the minimum degree of sat- 
isfaction with time delays are specified by a permutation tt of AT and a G 
[0, 1]. Then, the schedule with the minimum makespan can be represented by 
(tt, jB(7t, a)), where 



B(7t, a) = max i ^(a) -F 



G A/" 
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It follows from the linearity of ^ that 5(7 t, •) is a piecewise linear function. 
Moreover, for each permutation tt of J\f, 

B{'K,a) < B{7T,a') 

whenever 0 < a < a' < 1, because each D~^ is strictly increasing. 

Now the main idea and stages of the algorithm can be described as follows: 

Stage 1. Initialization: 

■ For i,jEAf with i ^ j, let 

(Ij - Ij) 

{uj - Ij) - {ui - k) ■ 

Arrange all aij which are from the open interval (0, 1) in nondecreas- 
ing order and rename the resulting q different values so that 

0</3(l)</?(2)<-..</3(g)<l. 

Let /3(0) = 0 and /3{q -t- 1) = 1. 

■ Arrange all fx{i, j) from the open interval (0, 1) in nonincreasing order 
and rename the resulting k different values so that 

0 < v{\) < u{2) < • • • < u{k) < 1. 

Let u{k -M) = 1. 

■ For 1 < s < A: -I- 1, construct a precedence graph Gg = {J, Aj) such 
that (Ji, Jj) € As if /J,(i,j) = 1 and fx{j, i) < iy(s). 

Now consider the problem of finding a permutation tt which minimizes the 
makespan under the following conditions: 

■ The minimum degree of satisfaction with the fuzzy precedence constraints 
is at least z/(s). 

■ The minimum degree of satisfaction with time delays is exactly a G [0, 1]. 

This problem can be solved by applying Lawler’s algorithm to the problem 
with cost function fi{-, a) for each job Ji defined by 

fi{x,a)-x + D~'^{Q), ieN, 

and the precedence graph Gg- Lawler’s algorithm returns a permutation tt such 
that 

i G Tvl = 5(7t, a), 
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is minimized, and the schedule (tt, a)) satisfies U2(7 t, B(7t, a)) > u(s) 
andu2(7r, B(7 t, a)) = a. 

Notice that, for each 1 < f < 5 + 1, there exists a permutation at of Nf such 
that 

/<Tt(l)(^) ^ ^ fat{n)iTi ^)- 

for all a G [/?(f — l),/3(f)], since D~^{a) 7 ^ Dj^{a) for any i ^ j and for 
any a G (/3(f — 1), /3(f)). Essentially, the permutation obtained from Lawler’s 
algorithm depends only on at and the precedence graph Gs, and thus, Lawler’s 
algorithm returns the same permutation for all a G \j3{t — 1), /3(f)]. The time 
complexity of Lawler’s algorithm is O(n^). 

Stage 2. For 1 < s < fc + 1 and 0 < f < g + 1, run Lawler’s algorithm with 
cost function /i(-,/3(f)) and precedence graph Gg- Denote the resulting 
permutation by T^(s,t)- 

Now at least one schedule from each equivalence class of nondominated 
feasible schedules can be represented by (7T(s,t)>B(7r(g t)>0!)) for some a G 
[/3(f — 1), /3(f)]. The next step is to find an efficient method to exclude sched- 
ules which can be dominated, and to do it in such a manner that exactly one 
schedule of each equivalence class remains undeleted. 

To see how this can be realized efficiently, observe the following facts. For 
1 < s < A: -t- 1 , any two schedules from 

U {(^{s,t)> -B( 7 r(s,t), a)) I a G [/3(f - 1 ), /3(f))} 

do not dominate each other, since for 1 < t < < q + 1 and a € [/3{t — 

1), /3{t)) and a' G - 1), /?(t'))’ we have a < a' and 



> B(7T(s,t'),Q:) > 5(7r(s,t),o:). 



Also notice that 

B{Tr(s,t),o:) < B{TT(^s>,t),ot) 

and 

M'^{s,t),B{Tr(^s,t),a)) < U2(7r(s',t),-B(7r(s/,t),Q!)), 

whenever l<s<s'<fc-|-l, because Gg is a subgraph of Gg>. Therefore, 
( 7 T(s t), 5 ( 7 r( 5 _t), a)) with a G [/ 3 (f — 1 ), / 0 (f)] is dominated by or equivalent 
to ( 7 >'(s',t'))-B( 7 r(s/_t/),Q')) with q' g \j 3 {t' - l),/ 3 (f')] if s < s' and a = 
a' (i.e., f = if). Therefore by finding all a G [^^(f' — l),/ 3 (f')] such that 
■B( 7 r(s,t), a)) = jB( 7 T( 5 /_t), a)), we can exclude schedule ( 7 T(s_t), 5 ( 7 T(s_t), a))) 
which is dominated by or equivalent to some schedule (tt (^gi^t ) ) B{TT(^gi^t) :Ot)). 
It can be done in 0 {p?) for each pair of s and s' with s < s'. 
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Stage 3. For 1 < t < q + 1 and for 1 < s < s' < fc + 1, exclude sched- 
ule (7T(3 t), B(7T(s_t), a)) with a G [/?(f — 1), /3(f)] which is dominated by 
schedule (7T(s/,t) , , a)). 



Therefore, the problem of finding a set of nondominated feasible schedules 
which contains exactly one schedule from each equivalent class of nondomi- 
nated feasible schedule can be solved in polynomial time. A straightforward 
implementation leads to an 0(n®)-time algorithm. However, this complexity 
can obviously be improved. 

4.4. Concluding Remarks 

Let us return to the general situation and assume that a real number 
Ufe(CJ, Dk) is assigned to each pair {C^, Dfe). As a result, an ordered n-tuple 



u(7t) = (Ui (Cf, Di), V 2 (C^, D 2 ),..., Dn)) 



is associated with each permutation tt. The problem of optimal sequencing can 
now be considered either as a problem with multiple objectives vi,V 2 , ■ ■ - ,Vn, 
or it can be transformed to a deterministic problem with scalar-valued objec- 
tive by using a suitable aggregating mapping. The latter leads to an objective 
function 

F(x) = A(v(7r)) 

where A denotes the corresponding aggregating mapping. As a rule, this ap- 
proach is used either with the operator “min”, or with the operator “sum”. 
Studies dealing with other types of aggregation would be of interest both to 
theorists and practitioners. 

Another direction of research arises from the following approach. Usually 
the pairs (CJ, Dk) are first valuated and then an aggregating mapping operator 
is applied to obtain a crisp objective function. In other words, first fuzziness is 
dissolved and then crisp data are processed. 

It may be of interest to consider the following alternative procedure. Given 
a permutation tt of J\f, first the corresponding n-tuple 

((C^,Di),(ClD2),...,(C:,Dn)) 

of pairs of fuzzy interveds is aggregated into a fuzzy set A'(7t), and then a real 
number F'(7t) = v'(A'( 7 t)) is assigned to A'(7 t). Numbers F(7 t) and F'(7 t) 
may differ but both functions induce an ordering on the set of permutation 
schedules. 

Following Fodor and Roubens [32], we can form a valued binary relation on 
the set of permutation schedules equipped with a relation “better than” as fol- 
lows. The set of permutation schedules is viewed as “finite set of alternatives”, 
and the set of jobs is viewed as the set of “individuals with preferences”. For 
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each job Jfc, a valued binary relation Bk on the set of permutation schedules is 
formed by requiring 

■ Bfc (tt, cr) = 0 if 7T and a are equally good, 

■ Sfc (tt, cr) = 1 if 7T is definitely better than a, 

■ Bk{n,a) > Bk (tt', a') if tt is better than a is more credible than tt ' is better 
than a'. 

Obviously, if Sjfc(7r, a) G {0, 1} for all (tt, a), then Bk is a crisp relation. 
Since permutation schedules tt and a determine ordered n-tuples 

//^7T ^7T 

5 ^2 ? • • • 7 5 ^2 7 • • • 7 ^ n ) 

of completion times, we can define relations Bi,B 2 , ■ ■ ■ , Bnhy 
Bk{-K,a) = supmin{CJ(x),C^(y)}. 

x>y 

In the aggregation phase we can use either the operator 

B = mm{(pi{Bi), if2{B2), • • • , <Pn{Bn)} 

where functions ; [0, 1] — ♦ [0, 1] are nondecreasing and such that 

■ ¥?jfc(l) = 1 for each k, 

■ <Pfc(0) = 0 for at least one k; 
or the operator 



B = max{(pi{Bi),ip2{B2),. . .,(fniBn)} 
where functions (pk • [0, 1] — > [0, 1] are nondecreasing and such that 

■ <^fc(l) = 1 for at least one k, 

■ (fk (0) = 0 for each k. 

The resulting relation then becomes the starting point of a defuzzification pro- 
cedure. 

Probably most remarkable is the fact that almost all papers deal with per- 
mutation schedules only. It is remarkable because it may be advantageous to 
allow for the inserted machine idle time whenever the membership functions 
of fiizzy due dates are not monotone. It is also remarkable because the permu- 
tation schedule is a crisp concept. It is certainly desirable to study also fuzzy 
solutions to fuzzy scheduling problems. Another underdeveloped area is the 
investigation of dynamic schedules in fuzzy environment. 
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binary, 5 
fuzzy, 131 

fuzzy precedence, 276 
linear, 5 
reflexive, 5 
transitive, 5 
valued, 129 
release time, 255 

schedule 

feasible, 255 
permutation, 256 
scheduling 

m-machines, 258 
machine, 253 
multi-machine, 258 
parallel-machines, 259 
project, 253 
single-machine, 254 
separation 

by a cone, 28 

by family of functionals, 26 
by hyperplane, 25 
by linear functional, 26 
of two sets, 23 
set 

bounded, 9 
co-starshaped, 20 



co-starshaped from, 20 
compact, 9 
connected, 9 
convex, 1 1 
Dirichlet, 13 
fuzzy, 122 
invex, 35 
level, 10 

linearly independent, 7 
lower-level, 10 
Moon, 13 
open, closed, 9 
path-coimected, 34 
Phi-convex, 36 
regular, 9 
star, 12 
starshaped, 12 
starshaped from, 12 
strictly convex, 12 
strongly starshaped, 18 
strongly starshaped from, 19 
twin, 13 
univex, 36 
upper-level, 9 

shop 

flow, 259 
job, 259 
open, 259 
simplex, 12 
solid cone, 28 
space 

affine, 6 
Euclidean, 6 
vector, 6 
spread 

left, right, 138 
stellation, 14 
strict separation 

of two sets, 23 
strong kernel, 19 
subset, 5 
subspace 

affine, 7 
linear, 7 
supremum, 5 

t-conorm, 75 

bounded sum, drastic sum, 76 
maximum, probabilistic sum, 76 
T-fuzzy extension of relation, 132 
t-norm, 74 

Archimedian, strict, nilpotent,idempotent, 
78 

dual, 75 

minimum, product, Lukasiewicz, drastic, 
75 

Yager’s, 81 
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tardiness, 255 


vector 


theorem 


linearly dependent, 7 


Caratheodory, 1 1 


linearly independent, 7 


Helly, 18 


vertex, 12 


Krasnosselsky, 18 




translate, 8 




triangular conorm, 75 


x-star, 18 


triangular norm, 74 




union, 5, 126 


zero divisor, 77 




